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TO 
THE RIGHT REVEREND 


WILLIAM LORT MANSEL, D.D. 
LORD BISHOP OF BRISTOL, 


; AND 
MASTER OF TRINITY COLLEGE, 
IN THE UNIVERSITY OF CAMBRIDGE. 


My Lorp, 


It was enjoined me by your Lordship, 
when I had the honour of being appointed one of 
the Sadlerian Lecturers, that I should endeavour to 
execute my office in such a manner as might be 
most advantageous to the younger members of 
the Society: and the Lectures, of which the fol- 
lowing Elementary Work contains the substance, 
were accordingly drawn up. If, therefore, this 
treatise shall be found to contribute in any degree 
toward the advancement of sound mathematical 
learning, the credit, which it may deserve, belongs 
principally to your Lordship, without whose re- 
commendation it would not have been composed. 
But if, my Lord, I have failed of the success at 
which I aimed, your good intentions will, at least, 


iV 
have been recorded, although, from my want of 
judgment or ability, they have not been fulfilled. 
I can, indeed, with great truth affirm, that i 
was most desirous of being able to meet your 
Lordship’s wishes, when I applied myself to this 
attempt. But, besides my own deficiencies, 1 had 
to encounter an obstacle of another kind. It was 
difficult to discover a subject important in itself, 
and claiming the early attention of the mathema- 
tical student, which is not sufficiently illustrated 
in the Lectures constantly delivered by the Tutors 
of the College. This circumstance will, I trust, 
be accepted by your Lordship as my excuse, and 
it must, at the same time, be offered to the public 
as my apology, for not having accomplished more, 


nor attempted higher things. 


I gladly avail myself of this occasion publicly 
to acknowledge the several favours which your 
Lordship, with the utmost kindness, has been 


pleased to confer upon me. 


I am, my Lord, 
with the sincerest gratitude and respect, 
your Lordship’s 
most obliged 


and most. obedient servant, 


D. CRESSWELL, 


APPENDIX I. 


CONTAINING 


A SELECTION OF PROPOSITIONS 


DEDUCIBLE FROM 


THE FIRST SIX BOOKS 


OF 


EGuclid’s Elements. 


Censemus, autem, nibil utilius ad Geometriam penitius cog- 
noscendam haberi posse, quam hujusmodi contentio tyronis, 
in, deducendis theuvrematis, vel solvendis problematis: qua 
fit, ut Geometria ipsa ejus animo multo altius insideat, et 
investigationis fontes aperiantur. 

BoscovicuH. 


DEDUCTIONS 


FROM THE FIRST SIX BOOKS 


OF 


— Surlid’s Elements. 


GEOMETRICAL EXERCISES are peculiarly adapted 
tọ. the improvement of the chief powers of the 
mind; and the sole motive which has prompted 
the. pyblication of the following selection of Ques- 
tions, is a desire to engage the Academical Student 
ia that employment, from which he is likely to be 
most benefited in the beginning of his course. It 
ig by no means intended to recommend to him the 
quitivation of this department of Science, to the 
neglect.of all others; but he is advised to make it ' 
the ground-work of his future acquirements in the 
Mathematics, and never to advance until he has 
laid: that foundation well; because it is the firmest 
upon which the superstructure of solid mathema- 
tical knowledge can be built. 

_ No credit whatever is expected by the author to 
aecrue tọ him from the execution of this design, 

a2 
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unless it be of that very humble, but surely not 
dishonourable, kind, which belongs to an useful 
performance. Although some of the questions, 
which he has here published, are original, he is 
far from thinking it probable that even these have 
not occurred to others, at least as early as they did 
to himself. | 

His matcrials are, for the most part, taken 
from works of established reputation, both ancient 
and modern. Well known,-as they must be to 
the Icarned, they may, however, be useful, as a 
collection, to the student in Geometry. They have 
been chosen, either as exhibiting some remarkable 
property of lines or figures, omitted by Euclid, 
or as: furnishing a mere exercise of ingenuity. 
Some Propositions, that are very obvrous, and very 
easy of demonstration, are purposely inserted, as 
best suited to the ability of beginners; and, perhaps, 
it may not be improper to add, that many others 
are the Geometrical Solutions of Problems belong- 
“ing to the several: branches of Natural Philosophy. 

Such an arrangement has been given to the de- 
ductions, as will, in many cases, lead to at- least 
one method, it would be presumption to ‘say the 
best method, of solution. They are distributed 
according to the same order aš the several Books 
of Euclid, which are most studied; and further, 
they are placed, each under the last of the pro- 
positions upon which it may be made to depend, 
or which need be quoted in its proof. ‘They are 
not always, therefore, although they arè often, 
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strictly speaking, corollaries of the proposition to 
which they are immediately subjoined. Sometimes, 
indeed, it is best, to make use of one of these de- 
ductions as a step in the demonstration of another, 
which follows it; but this is not very often the 
case; and when it happens to be so, the reader is 
most commonly apprized of it. It is only, there- 
fore, in those particular cases, in which some of the 
following theorems, or problems, are, properly 
speaking, corollaries of the proposition from Euclid, 
which is placed at the head of them, that the 
mode of solution, intended to be pursued, is clearly 
intimated by the arrangement which has been here 
adopted. In other: cases, the difficulty of the 
geduction, such as it is, may mainiy depend upon 
some other antecedent proposition in Euclid’s book, 
although that, which is referred to, be also required 
In the course of the demonstration. To have dis- 
tinctly pointed out all the clements upon which 
each demonstration is made to depend, would have 
‘been to leave too little for the ingenuity of the 
learner to perform. If, however, this book should 
happen to be used, under the direction of a tutor, 
it would be easy for him to supply as many of these 
purposely suppressed references, as he may judge 
to be necessary. 

To this second edition is annexed a specimen 
of propositions belonging to Natural Philosophy, 
of which the solutions may very well be derived 
from the application of Geometry to that extensive 
and interesting subject. ‘These examples, it is hoped, 
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may serve still further to illustrate the elegancy 
of geometrical constructions, and also to stimulate 
the curiosity of the student, by the diversified and 
perhaps more engaging forms, in which the ques- 
trons thus involved are presented to his mind. As, 
in solving algebraical problems, his first step 1s to 
translate the conditions of the problem into the 
peculiar language of analytical calculation; so here, 
it will be for him, in the first place, making use 
of the principles of Natural Philosophy, to reduce 
the question, under his consideration, to the sub- 
stance of some geometrical proposition; which 
being solved, the question itself may be regarded 
as solved also. If he has any taste for Plane 
Geometry, this will be far from being a disagreeable 
exercise; and if he has acquired any skill in that, 
the most lucid of all the branches of mathematical 
learning, it will also be an easy task. 


DEDUCTIONS 


FROM THE FIRST SIX BOOKS 


OF 


Guclid’s Elements. 


BOOK I. 


Prop. IX. 


(1.) 


A civen plane rectilineal angle being divided 
into any number of equal angles, to divide the half 
of it into the same number of angles, all equal to 
one another. 


Prop. X. 


(11.) 


From the vertex of a given scalene triangle, 
to draw, to the base, a straight line which shall 
exceed the less of the two sides, as much as it 1s 
itself exceeded by the greater. 
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Prop. XT. 
(111.) 


_ Ina straight line given in position, but inde- 
finite in length, to find a point, which shall be 
equidistant from each of two given points, either 
on contrary sides, or both on the same side of the 
given linc, and in the same plane with it; but not 
situated in a perpendicular to it. 


(rv.) 

If the three sides of a given triangle be bisected, 
the perpendiculars drawn to the sides, from the 
three several bisections, shall all meet in the same 
point: And that point is equidistant from the 
three angular points of the given triangle. 


(v.) 
Hence, to find a point, in a given plane, which 
shall be equidistant from three given points in the 
plane, that are not all in the same straight line. 


Prop. XVI. 
(VI.) 


There cannot be drawn more than two equal 
straight lines, to another straight line, from a given 
point without it. 

Cor. A circle cannot cut a straight line in 
more points than two. 
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Pror. XVII. 


(VII.) 


The perpendicular let fall from the obtuse angle 
of an obtuse-angled triangle, or from any angle 
of an acute-angled triangle, upon the opposite side, 
falls within that side: But the perpendicular drawn 
to either of the sides containing the obtuse angle 
of an obtuse-angled triangle, from the angle op- 
posite, falls without that side. | 


(vrir) 


If a straight line, meeting two other straight 
lines, makes the two interior angles on the same 
side of it not less than two right angles, these 
lines shall never mect on that side, if produced 
ever so far. 

Cor. Two straight lines, which are both per- 
pendicular to the same straight line, are parallel 
to each other. 


SCHOLIUM. 


Parallel straight lines being thus defined, “ Two 
straight lines are parallel if they be in the same 
plane, and a straight line drawn from any point 
in: the one, perpendicular to either of them, be also 
perpendicular to the other,” the 35th Definition 
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of the First Book of Euclid becomes a corollary 
to the last article; and may-be cited in the de- 
monstration of Prop. 27. Book I.; also the 29th 
Proposition of this Book may be proved by a re- 
ductio ad absurdum, without the help of the 12th 
axiom, which itself becomes a corollary to that 
proposition. . Nothing seems to be wanting, to 
render the definition here substituted unobjection- 
able, but a proof, that if it be a property of two 
straight lines at any one point, it will also obtain 
at every other point of them. This proof has been 
given by Robert Simson in his Note upon E. 29. 
1.; and it is made to depend only upon an axiom 
and upon the 4th and 8th Proposition of the First 
Book of Euclid. It has also been given, under 
a somewhat different form, by Borelli, in a single 
proposition, clearly and elegantly demonstrated ; 
but the axiom borrowed from the Arabian mathe- 
maticians, which he premises, is, perhaps, less judi- 
ciously chosen, than that which is the foundation 
of Simson’s proof. The great object of this sub- 
stitution is to avoid the necessity of having re- 
course to the proposition, which Euclid has made 
his 12th axiom; but neither is his 35th definition 
itself the best that might be given; for, with the 
exception of the single supposition, that the two 
straight lines are in the same plane, it is wholly 
negative, and affords no practical test of the 
parallelism of two straight lines. 

A modern editor of the Elements, of great learn- 
ing and ability, has proposed the following axiom, 
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instead of the 12th :— Two straight lines cannot 
be drawn through the same point parallel to the 
same straight line, without coinciding with one 
another.” But this pre-supposes the 35th Definition 
of Euclid, and is, therefore, objectionable, in- 
asmuch as that definition is itself objectionable. 
Besides, if it be thus stated, according to its true 
meaning,—‘ Two straight lines cannot be drawn 
through the same point, neither of which, when 
they are produced ever so far both ways, meets 
another straight line, given in position, but in- 
definite in length,” it does not appear to have a 
much better claim to the title of axiom, than the as- 
sumption which it is intended to replace. Garnier 
has accordingly, in his Geometry, formally demon- 
strated this very proposition: It is, indeed, most 
certain, that the mind cannot conceive two straight 
lines in a state of infinite extension ; which, how- 
= ever, it is led to attempt, by the 35th definition, 
and the axiom last considered. 


—e aw 0 


Prop. XX. 


(1X.) 


The three sides of a triangle taken together, 
exceed the double of any one side, and are less 
than the double of any two sides. 
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(x.) 


Any side of a triangle is greater than the dif- 
ference between the other two sides. 


(xI.) 


Any one side of a rectilineal figure is less than 
the aggregate of the remaining sides. 
(XI1.) 


The two sides of a triangle are together, greater 
than the double of the straight line which joins 
the vertex and the bisection of the base. 


Prop. XXI. 


(XIIT.) 


If a trapezium and a triangle stand upon the 
same base, and on the same side of it, and the one 
figure fall within the other, that which has the 
greater surface shall have the greater perimeter. 


Prop. XXVI. 


'(XIV.) 


If two right-angled triangles have the three 
angles of the one equal to the three angles of the 
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other, each to each, and if a side of the one be 
equal to the perpendicular let fall from the right 
angle upon the hypotenuse of the other, then shall 
-a side of this latter triangle be equal to the hypo- 
tenuse of the former. 


(xv.) 

If the sides of any given equilateral and equi- 
angular figure of more than four sides, be produced 
so as to meet, the straight lines, joining their several 
intersections, shall contain an equilateral and equi- 
angular figure, of the same > number of sides as the 


given — 


Pror. XXVII. 


(XVI.) 

If two opposite sides of a quadrilateral figure 
be equal to one another, and the two remaining 
sides, be also equal to one another, the figure is 
aaron 

© Cor. 1. Hence may be deduced a practical 
metliod of. davin a straight line, through a given 
point, parallel to a given straight line. 


Cor. 2. A rhombus is a parallelogram. 
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Pror. XXIX. 


(XVH.) 


Every parallelogram which has one angle a right 
angle, has all its angles right angles. 


: X (XVIIL) 


"Fo trisect a right angle; i. e. to 7 it into 
ee equal parts. 


(XIX.) 


Hence, to trisect a given rectilineal angle, which 
is the half, or the quarter, or the eighth part, and 
so on, of a right angle. 


Prop. XXXI. 


(xx.) 

' To find a point, in either of the equal sides 
of a given isosceles triangle, from which, if 2 
straight line be drawn, perpendicular to that side, 
so as to meet the other side produced, it shall be 
equal to the base of the triangle. 


(XXI) 


In the hypotenuse of a right-angled triangle, 
to find a point, the perpendicular distance of which 
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from one of the sides, shall be equal to the seg- 
ment of the hypotenuse between the point and 
the other side. 


(XXIL ) 


In the base ‘of a given acute-angled triangle, 
to find a point, through which if a straight line 
be drawn perpendicular to one of the sides, the 
segment of the base, between that side and the 
point, shall be equal to the segment of the per- 
pendicular, between the point and the other side 
produced. 


(XXIII) 


From a given isosceles triangle to cut off a 
trapezium, which shall have the same base as the 
triangle, and shall have its three remaining z sides 
equal to each other. 


(XXIV.) 


To draw to a given straight line, from a given 
point without it, another straight line which shall 
make with it an angle equal to a given rectilineal 
angle. 


(XXV.) 


The two sides of a triangle are, together, greater 
than the double of the straight line drawn from 
the vertex to the base, bisecting the vertical angle. 
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Prop. XXXII. 


(XXVI.) 


If two triangles have two angles of the one equal 
to two angles of the other, the third angle of the 
one shall also be equal to the third angle of the 
other. 


(XXVII.) 


The angle at the base of an isosceles triangle 
is equal to, or is less, or greater, than the half of 
the vertical angle, accordingly as the triangle is 
a right-angled, an obtuse-angled, or an acute-angled 
triangle. 


(XXVIII.) 


If either of the equal sides of an isosceles tri- 
angle be produced, towards the vertex, the straight 
line, which bisects the exterior angle, shall be 
parallel to the base. 


(XXIXx.) 
The distance of the vertex of a triangle from 


the bisection of it’s base, is equal to, greater than, 
or Jess than the half of the base, accordingly as 


GÖ Qe 
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the vertical angle is a right, an acute, or an obtuse 
angle *. 

Cor. 1. If any number of triangles have a 
right angle for their common vertical angle, and 
have equal hypotenuses, the locus of the bisections 
of the several hypotenuses is a quadrantal arch of 
a circle, having the common vertex for its center, 
and the half of any hypotenuse for its radius. 

Cor. 2. A circle described from the bisection 
of the hypotenuse of a right-angled triangle as a 
center, at the distance of half the hypotenuse, will 
pass through the summit of the right angle. 


(XXX.) 


If either of the acute angles of a given right- 
angled triangle be divided into any number of 
equal angles, then, of the segments of the base, 
subtending those equal angles, the nearest to the 
right angle is the least; and, of the rest, that which 
is nearer to the right angle is less than that which 


is more remote. 


* Tt is intended that this proposition should be demonstrated, 
ex absurdo, by the help of E. 32. 1. E. 5. 1. and E. 18. 1. But 
it is evidently deducible, with equal facility, from E. 31.3. 
It will, doubtless, often happen to the reader, in other instances, 
as well as in this, very readily to find out another mode of proof, 
when he does not, at the first attempt, discover the principle of 
solution, intimated by the arrangement which has been adopted 
in this Appendix. 


b 
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(XXXI.) 


If either angle at the base of a triangle be a 
right angle, and if the base be divided into any 
number of equal parts, that which is adjacent to 
the right angle shall subtend the greatest angle at 
the vertex; and, of the rest, that which is nearer 
to the right angle shall subtend, at the vertex, 
a greater angle than that which is more remote. 


(XXXII-) 


To trisect a given finite straight line. 
Cor. Hence, to inscribe a square in a given 
right-angled isosceles triangle. 


(XXXIII.) 


To describe a triangle which shall have its 
three sides, taken together, equal to a given finite 
straight line, and its three angles equal to three 
given angles, each to each; the three given angles 
being together equal to two right angles. _ 


(XXXIV.) 


If, in the sides of a given square, at equal dis- 
tances from the four angular points, four other 
points be taken, one in cach side, the figure con- 
tained by the straight lines which join them, shall 
also be a square. | 
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(XXXV.) 


If the opposite angles, of a quadrilateral figure 
be equal to each other, the figure shall be a 
parallelogram. 


(XXXVI.) 


In a given square to inscribe an equilateral 
triangle, having one of its angular points upon one 
of the angular points of the square, and its two 
remaining angular points one in each of two ad- 
jacent sides of the square. 


(XXXVIL.) 


If, at the extremities of the base of a given 
triangle, two straight lines be drawn, both above 
the base, and each of them equal to the adjacent 
side, and making with it an angle equal to the 
vertical angle of the triangle; then, if two straight 
lines, let fall from the extremities of the two so 
drawn, make, with the base produced, two angles 
that are equal each of them to the vertical angle, 
they shall cut off equal segments from the base 


produced. 


(XXXVIIL.) 


To inscribe a square in a given rhombus. 


62 
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(XXXIX.) 


If four straight lines cut each other, without in- 
cluding space, but so as to make three internal 
angles, towards the same parts, which together 
are less than four right angles, the two lines, 


which are not joined, shall meet, if produced far 
enough. 


(XL.) 


If the straight line, drawn from a point in the 
produced diameter of a circle to the convex cir- 
cumference be equal to the half of the diameter, 
the angle, at the center, subtended bv the concave 
circumference included between the diameter and 
the line so drawn, is the triple of the angle, at the 
center, subtended by the convex circumference in- 
cluded between the same two lines. 

The converse of the proposition is also true. 

Cor. Hence, ifa straight line could be drawn 
from any point in the curve of a semi-circle to 
mect the diameter produced, so that the part of 
the line without the curve should be equal to the 
radius, any angle might be trisected. 


(XLI.) 


One of the two sides, which are about the right 
angle of a right-angled triangle, and the aggregate 
of the hypotenuse and the remaining side, being 
given, to construct the triangle. 
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Pror. XXXIV. 


(XLII.) 


The diameters of a parallelogram bisect each 
other. 


(XLIII.) 


The diameters of an equilateral four-sided plane 
rectilineal figure bisect one another at right angles. 


(XLIV.) 
The diameters of a rectangle are equal to one 
another. 
(XLV.) 


If two opposite sides of a parallelogram be di- 
vided each into the same number of equal parts, 
the straight lines, joining the opposite points of 
division, shall also divide the diameter of the 
parallelogram into the same number of equal parts. 


_ (XLVI. 


To divide a given finite straight line into any 
given number of equal parts. 
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(XLVIT.) 


Upon a given finite straight line, as a diameter, 
to describe a square. 


(XLVIIT.) 


Upon a given finite straight line to describe an 
equilateral and equiangular octagon. 


(XLIX.) 


If either diameter of a parallelogram be equal 
to a side of the figure, the other diameter shall 
be greater than any side of the figure. 


(L.) 


From a given point to draw a straight line 
cutting two parallel straight lines, so that the part 
of it, intercepted between them, shall be equal to 
a given finite straight line, not less than the per- 
pendicular distance of the two parallels. 


( LI.) 


If, from the summit of the right angle of a sca- 
lene right-angled triangle, two straight lines be 
drawn, one perpendicular to the hypotenuse, and 
the other bisecting it, they shall contain an angle 
equal to the difference of the two acute angles of 
the triangle. 
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Prop. XXXVI. 


(LII.) 


To bisect a parallelogram by a straight linę 
drawn through a given point in one of its sides. 


(LIIL) 


A trapezium, which has two ofits sides parallel, 
is the half of a rectangle between the same paral- 
lels, and having its base equal to the aggregate of 
the two parallel sides of the trapezium. 


Prop. XXXVII. 


(LIV.) 


A plane rectilineal figure of any number of sides 
being given, to find an equal rectilineal figure, 
which shall have the number of its sides less, 
or greater, by one, than that of the given figure. 


(LV.) 


Hence, first, to find a triangle, which shall be 
equal toany given plane rectilineal figure: secondly, 
to find a polygon of any given number of sides 
which shall be equal to a given triangle. 
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Pror. XXXVIII. 


(LVI.) 


The diameters of any parallelogram divide it 
into four equal triangles. 


(LVIE.) 


Of all triangles, which are between the same 
parallels, that which stands on the greatest base 
is the greatest. 


(LVIII.) 


The straight line, joining the vertex and the 
bisection of the base of any triangle, bisects every 
other straight line that 1s narallel to the base and 
is terminated by the two remaining sides of the 
triangle. 


(LIX.) 


Hence, if two opposite sides of a trapezium 
be parallel to one another, the straight line, Joining 
their bisections, bisects the trapezium. 


(LX.) 


To bisect a given trapezium by a straight line 
drawn from any of its angles. 
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(LXI.) 


To bisect a given triangle, bya straight line 
drawn through a given point in any one of its 
sides. 


"Pace OC. 


(LXII.) 


Equal triangles, which have their bases in the 
same straight line and which are between the same 
parallels, stand upon equal bases. 


Prop. XLI. 


(LXIII) 


To describe a parallelogram, the area and peri- 
meter of which shall be respectively equal to the 
area and perımeter of a given triangle. 


(LXIV.) 


The two triangles formed by drawing straight 
lines, from any point within a parallelogram, to 
the extremities of either pair of opposite sides, are, 
together, half of the parallelogram. 


(LXV.) 


If two sides of a trapezium be parallel, the tri- 
angle contained by either of the other sides, and 
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the two straight lines drawn from its extremities 
to the bisection of the opposite side, is the half 
of the trapezium. | 


(LXVI.) 


The triangle contained by the straight lines join- 
ing the points of the bisection of the three sides 
of a given triangle, is one-fourth part of the given 
triangle, and is equiangular with it. 


( LXVII.) 


Hence, if the four sides of any given quadrila- 
teral rectilineal figure be bisected, the figure con- 
tained by the straight lines joining the several 
points of the bisection, shall be a parallelogram, 
which is the half of the given figure; also the four 
sides of this parallelogram shall be, together, equal 
to the two diagonals of the given figure. 

Cor. Itis manifest that the straight lines, which 
join the opposite points of bisection of the sides 
of any trapezium, bisect each other. 


Pror. XLIII. 


(LXVIII.) 


To describe a parallelogram, which shall be of 
a given altitude, and equiangular with, and also 
equal to, a given parallelogram. 
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Cor. Hence, a rectangle may very readily 
be found, which shall be equal to a given square, 
and shall have one of its sides equal to a given 
straight line. 


Pror: XLV. 


(LXIX.) 


If there be any number of rectilineal figures, 
of which the first i is greater than the second, the 
second than the third, and so on, the first of them 
shall be equal tothe last together with the aggregate 
of all the differences of the figures. 


(LXX.) 


To find a rectangle, which shall have one of 
its sides equal to a given finite straight line, and 
which shall be equal to the excess of the greater 
of two given rectilineal figures above the less. 


SCHOLIUM. 


From the twenty-second, and the forty-fifth 
propositions, of this first book of Euclid, may be 
deduced a method of surveying, planning, and 
measuring irrecular plots of ground, which have 
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rectilineal boundaries: and this method, which 
is purely geometrical, does not require the use of 
any instrument constructed for the purpose of 
estimating the magnitudes of angles ; its operations 
being performed, all of them, by means of a rule 
containing a scale of equal parts, a compass, and 
some standard measure of linear magnitude. 

It is manifest, that any rectilineal plot of ground 
may be divided into triangles; and that the lengths 
of the sides of those several triangles may be found 
by the application of the standard measure, whether 
it be a foot, a yard, or any other standard measure 
of length, which has been chosen. ‘Then, by the 
help of E. 22.1, and of the scale of equal parts, 
an exact plan of the ground may be laid down 
on paper: and, lastly, a rectangle may (KE. 45.1. Cor.) 
be described which shali be equal to the figure 
representing the plot of ground, and which shall 
have cone of its sides equal to one, or to any given 
number, of the equal parts of the scale. If, there- 
fore, one of its sides be made equal to one of the 
equal parts of the scale, it is plain that the number 
of such parts in the adjacent side, will shew the 
dimension of the plot of ground in square measure. 
For, it will indicate how many squares, each having 
one of the equal parts for its side, are contained in 
the rectangle that is equal to the plan of the 
ground ; and so many squares, it is evident, each 
having the standard measure, that was used, for its 
side, will there be in the plot of ground itself. 

If the side of the rectangle, constructed by 
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means of E. 45.1, be taken any given multiple 
of one of the equal parts of the scale, then, if that 
multiple constitute any other standard measure 
of length, the dimension of the ground will still 
be found, as before, by finding how many of those 
multiples there are in the adjacent side; but it will 
be of a different denomination. 

But if the multiple, assumed for one side of the 
equal rectangle, be not any standard measure of 
length, the number of equal parts contained in the 
adjacent side must be counted ; and the product of 
this latter number, multiplied by the number of 
equal parts in the assumed side, will shew the di- 
mension of the constructed rectangle, and of the 
plot of ground, also, which is required to be 
measured. 

For, although a rectangular surface can only 
be measured, in a direct manner, by the application 
of some lesser standard square, to its several parts 
in succession, yet, since it is evident, even from 
inspection, that any rectangle may be divided into 
a number of lesser squares, equal to the product 
of the numbers which shew how often a side of 
one of those lesser squares is contained in each 
of the two adjacent sides of the rectangle, that 
direct method of measurement is never employed. 
Hence, no such instrument as a standard square 
is wanted for the measurement of surfaces, and no 
such instrument is in use. By means of E. 35. 1, 
E. 41. 1, and E. 45. 1. the mensuration of parallel- 
ograms, triangles, and other rectilineal figures, is 
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reduced to the mensuration of a rectangle, which 
is effected, in the manner already described. 

Thus a parallelogram is denoted, in square 
measure, by the product of the number of standard 
equal parts in its base multiplied by the number 
of such parts in its altitude: and a triangle is also 
denoted, by the half of the product of the number 
of standard equal parts in its base multiplied by the 
number of such parts in its altitude. 

The plan of the piece of ground, required to 
be measured, having been previously drawn, if the 
deduction from E. 37. 1, set down in this book, 
be had recourse to, a triangle will be obtained, that 
is equal to the rectilineal figure so drawn : and the 
operations by which this result is arrived at, will be 
very easily and expeditiously performed, by the 
help of a parallel ruler. It will then only remain, 
to let fall, from the vertex of the triangle, a per- 
pendicular on its base ; to measure both the perpen- 
dicular and the base; and, lastly, to take the half 
of the product of the resulting numbers. 

The mode of planning and measuring which 
has here been described, is not, it is true, sufficient 
for all practical purposes. It contains, however, 
the first principles of the mensuration of plane 
surfaces. It has the advantage of being very simple 
and very easy to be understood : and it may, perhaps, 
afford some degree of satisfaction to the mathema- 
tical student, to consider with how small a stock 
of Geometry he may be enabled to solve a problem 
of no small utility and importance. 
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Pror. XLVII. 


(LXXI.) 


If two triangles have two sides of the one equal 
to two sides of the other, each to each, and if the 
angles opposite to either pair of equal sides be each 
a right angle, the triangles shall be equal, and 
similar to each other. 


(LXXII.) 
To find a square which shall be equal to any 
number of given squares. 


(LXXIII.) 


Two unequal squares being given, to find a 
third square, which shall be equal to the excess 
of the greater of them above the less. 


(LXXIV.) 


If the side of a square be equal to the diameter 
of another square, the former square shall be the 
double of the latter. 


(LXXV.) 


In any right-angled triangle, the square which 
is described on the side subtending the right angle, 
as a diameter, is equal to the squares described 
upon the other two sides, as diameters. 


DEDUCTIONS 


VROM THE FIRST SIX BOOKS 


OF 


GCuclid’s Elements. 


__ BOOK I. 


Ir two given straight lines be divided, each into 
any number of parts, the rectangle contained by 
the two straight lines, is equal to the rectangles 
contained by the several parts of the one and the 
several parts of the other. 


Prop. V. 


(11.) 
If a straight line be divided into two unequal 
parts, in two different points, the rectangle con- 
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tained by the two parts, which are the greatest 
and the least, is less than the rectangle contained 
by the other two parts; the squares of the two 
former parts, together, are greater than the squares 
of the two latter, taken together; and the differ- 
ence between the squares of the former and the 
squares of the latter, is the double of the difference 
between the two rectangles. 


(f11.) 


In any isosceles triangle, if a straight line be 
drawn from the vertex to any point in the base, 
the square upon this line, together with the rect- 
angle contained by the segments of the base, is 
equal to the square upon either of the equal sides. 


ee Me aM 


Prop. VI. 


(IV.) 


The rectangle contained by the aggregate and 
the difference of two unequal straight lines is equal 
to the difference of their squares. 


Cor. If there be three straight lines, the differ- 
ence between the first and second of which is equal 
to the difference between the second and third, the 
rectangle contained by the first and third, is less 
than the square of the second, by the square of 
the common difference between the lines. 

c 
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Prop. VII. 


(v.) 


The square of the excess of the greater of two 
given straight lines above the less, is less than the 
squares of the two lines, by twice the rectangle 
contained by them. 


(VI.) 


The squares of any two unequal straight lines 
are, together, greater than twice the rectangle con- 
tained by those lines. 


Prop. VIII. 


(vit.) 


If a straight line be divided into five equal 
parts, the square of the whole line is equal to the 
square of the straight line, which is made up of 
four of those parts, together with the square of the 
straight line which is made up of three of those 
parts. 


(VIII.) 


Upon a given straight line, as an hypotenuse, 
to describe a right-angled triangle, such that the — 
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hypotenuse, together with the less of the two re- 
maining sides, shall be the double of the greater of 
those sides. 


Pror. X. 


on 


(IX.) 


In any triangle, the squares of the two sides are, 
together, the double of the squares of half the base, 
and of the straight line joining its bisection and 
the opposite angle. 


(X.) 


Hence, the squares of the sides of any paral- 


lelogram are, together, equal to the squares of its 
diameters taken together.* 


(xL) 


If either diameter of a parallelogram be equal 
to one of the sides about the opposite angle of the 
figure, its square shall be less than the square of 
the other diameter, by twice the square of the other 
side about that opposite angle. 


Tee r n e 


* This proposition may also be readily deduced from 
E, 13. a. 


Ch 
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Pror. XII. 


(XIL) 


If two sides of a trapezium be parallel to each 
other, the squares of its diagonals are, together, 
equal to the aggregate of the squares of its two 
sides, which are not parallel, and of twice the rect- 
angle of its parallel sides. 


Pror. XIII. 


(XIII.) 


The square of the base of an isosceles triangle 
is the double of the rectangle contained by either 
side, and by the straight line intercepted between the 
perpendicular, let fall upon it from the opposite 
angle, and the extremity of the base. 


(XIV.) 


If from any point, in the circumference of the 
greater of two given concentric circles, two straight 
lines be drawn to the extremities of any diameter 
of the less, their squares shall be, together, the double 
of the squares of the two semi-diameters of the two 
given circles, 


DEDUCTIONS 


FROM THE FIRST SIX BOOKS 


OF 


Guclid’s Elements. 


~ BOOK ILL. 


ee re ee aa 
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(1.) 


Ir two circles cut each other, the straight line 
joining their two points of intersection is bisected, 
at right angles, by the straight line joining their 
centers. 

Cor. Hence, if a trapezium have two of its 
adjacent sides equal to one another, and also tis two 
remaining sides equal to one another, its diameters 
bisect each other at right angles. 
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SCHOLIUM. 


It is evident from the above deduction, that the 
double of the perpendicular, let fall from the vertex 
of a triangle on its base, may very readily be found 
by the compass alone: And a reference to the 
Scholium in the twenty-seventh page, of.this Ap- 
pendix, will shew that this expedient might be 
of great utility in Practical Geometry, for the men- 


suration of the surfaces of triangles and other rectilt- 
neal figures. 


Prop. Tit 


(II.) 


Through a given point within a circle, which is 
not the center, to draw a chord Ean shall be 
bisected in that point. 


Pror. XIV. 


(II) 


If two isosceles triangles be of equal altitudes, 
and the side of the one be equal to the side of the 
other, their bases shall be equal. 
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(tv.) 


Any two chords of a circle which cut a dia- 
meter in the same point and at equal angles are 
equal to one another. 


(v.) 


Through a given point, within a given circle, to 
draw two equal chords, making with one another 
an angle equal to a given rectilineal angle. 


Pror. XVI. 


- - ae e 


(vr.) 


If the diameters of two circles are in the same 
straight line, and have a common extremity, the 
two circles shall touch one another. 


(VII.) 


To draw a tangent to a circle, which shall be 
parallel to a given finite straight line. 

Cor. Hence, to draw a tangent to a circle, 
which shall make, with a given straight line, an 
angle equal to a given rectilineal angle. 
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(VIII.) 


“To describe a circle which shall have a given 
radius, and its center in a given straighc line, and 
shall also touch another straight lin., inclined at 
a given angle to the former. 


(1X.) 


To describe a circle, the circumference of which 
shall pass through a given point, and touch a given 
straight line in another given point. 


(x.) 


To describe a circle, the circumference of which 
shall pass through a given point, and touch a given 
circle in another given point; the two points not 
lying in a tangent to the circle. 


(XI.) 


To describe a circle, which shall touch a given 
straight line in a given point, and also touch a 
given circle. 


(XII.) 


Hence, if two circles touch each other exter- 
nally, to describe another circle, which shali touch 
the one of them in a given point, and also touch 
the other. 
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(XIIL) 


To describe two circles, each having a given 
radius, which shall touch the same given straight 
line, both on the same side of it, and shall also 
touch each other. 


(XIV.) 


To describe two equal circles, each having it’s 
diameter equal to a given straight line, each touch- 
ing a given circle, and each also passing through a 
given point without that circle: The given straight 
line being greater than the shortest distance, between 
the given point and the circumference of the given 
circle. 


| Pror. XVII. 


(xv.) 


To find a point in the diameter, produced, of a 
given circle, from which, if a tangent be drawn to 


the circle, it shall be equal to a given straight 
line. 


(XVI.) 


Through a given point, either within, or with- 
out a given circle, to draw a straight line, so that 
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the part of it within the circle shall be equal to a 
given finite straight line, which is less than the 
diameter. 


(XVII) 


To draw a tangent to a given circle, such that 
it’s segment, contained between the point of contact, 
and an indefiuite straight line, given in position. 
shall be cqual to a given finite straight line. 


Prop. XVIII. 


(XVIII) 


If a straight line touch the interior of two con- 
centric circles, and be terminated both ways by 
the circumference of the outer circle, it shall be 
bisected in the point of contact. 


(XIX.) 


If a polygon be described about a circle, the 
straight lines joining the several points of contact 
will contain a polygon of the same number of 
angles as the former; and any two adjacent angles 
of the circumscribed figure shall be, together, the 
double of that angle, of the inscribed figure, which 
lies between them. 
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Pror. XX. 


(xx.) 


If two chords of a given circle intersect each 
other, the angle of their inclination is the half of 
the angle at the center standing upon the aggre- 
gate, or the difference, of the arches intercepted 
between them, accordingly as they meet within, 
or without the circle. 


(XXI.) 


To divide a given circular arch into two parts, 
so that the ageregate of their chords may be equal 
to a given straight line, greater than the chord of 
the whole arch, but not greater than the double 
of the chord of half the arch. 


(XXII.) 


To divide a given circular arch into two parts, 
so that the excess of the chord of the one above 
the chord of the other, may be equal to a given 
straight line, less than the chord of the whole 
arch. 


(XXIII.) 


If from any given point, in the circumference 
of a circle, two straight lines be drawn to the ex- 
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tremities of a given chord, the angle which the 
one makes with any perpendicular to the chord, 
shall be equal to the angle which the other makes 
with the diameter of the circle that passes through 
the given point. 


Pror. XXI. 


(XXIV.) 


The perpendiculars let fall from the three angles 
of any triangle upon the opposite eea intersect 
each other in the same point. 

Cor. This point is equidistant from the three 
straight lines joining the points in which the per- 
pendiculars meet the three sides of the triangle. 


(XXV.) 


If from a given point within a circle, which is 
not the center, straight lines be drawn to the cir- 
cumference, making with each other equal angles, 
the two, which are nearer to the diameter passing 
through the given point, shall cut off a greater 
circumference than the two, which are more re- 


mote. 


( XXVI.) 


From either of the two given points, in which 
two given circles intersect each other, to draw a 
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chord cutting the one circumference, and meeting 
the other, such that the part of it, contained be- 
tween the two circumferences, shall be equal toa 
given finite straight line. 


Pror. XXII. 


(XXVII.) 


If two opposite angles of a trapezium be to- 
gether equal to two right angles, a circle may be 
described about it. 


(XXVIII.) 


A circle cannot be described about a rhombus, 
nor about any other parallelogram which is not 
rectangular. 


- (XXIXx.) 


If from any point, in the circumference of a 
given circle, straight lines be drawn to the three 
angles of an inscribed equilateral -viangle, the 
greatest of them shall be equal to ihe aggregate 
of the two less. 
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(XXX.) 


The first, third, fifth, &c. angles of any polygon, 
of an even number of sides, which 1s inscribed in 
a given circle, are together equal to the remaining 
ade of the figure; any angle apes being as- 
sumed as the first. * 


(XXXI.) 


To make a trapezium, about which a circle 
may be described, having its four sides respec- 
tively equal to four given straight lines, two of 
which are equal to each other, and any three to- 
gether greater than the fourth ; the two equal 
sides of the trapezium, also, being opposite to 
each other. 


* The Proposition may be adapted to the case of a polygon 
of an odd number of sides inscribed in a circle, by dividing any 
one of its angles into two, by a straight line drawn trom the 
center, and reckoning the two segments of that angle, cach as 
one of the angles of the figure ; the number of angles is thus 
made even. 

The converse of thts Theorem, and the second deduction from 
Prop. 18, may be applied to discover the relation which the 
angles of a polygon must have in order that it may admit of a 
circle being described about it, or inscribed in it. 
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Pror. XXIV. 


(XXXII.) 


If upon the two greater sides of an oblong, as 
diameters, two semi-circles be described, lying to- 
ward the same parts, the figure contained by the 
two remaining sides of the oblong, and the two 
curve lines, shall be equal to the oblong. 


Pror. XXVI. 


(XXXIII.) 


The straight lines joining the extremities of 
the chords of two equal arches of the same 
circle, toward the same parts, are parallel to 
each other. 


(XXXIV.) 


The arches of a circle that are intercepted 
between two parallel chords are equal to one 
another. 


(XXXV.) 


In equal circles the greater angle stands upon 
the greater circumference ; whether the angles com- 
pared be at the centers or circumferences. 
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(XXXVI.) 


If from any given point, without a circle, 
there be drawn two straight lines cutting the cir- 
cle, then of the circumferences which they inter- 
cept, that which is the nearer to the given point : is 
less than the other. 


Pror. XXVII. 


(XXXVII.) 


In equal circles, the greater of two circum- 
ferences subtends the greater angle, whether the 
angles compared be at the centers or circum- 
ferences. 


Prop. XXVIII. 


(XXXVIII.) 


In equal circles, the greater chord subtends the 
greater circumference. 


Pror. XXIX. 


(XXXIX.) 


In equal circles, the greater circumference has 
the greater chord. 
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If any equilateral and equiangular polygon be 
inscribed in a circle, a straight line drawn, from 
any of its angles, through the center of the circle, 
bisects the opposite side at right angles. 


(XL.) 


The two straight lines in a circle, which join 
the extremities of two parallel chords, are equal 
to each other. 


Pror. XXX. 


(XLI.) 


If from any point, in the diameter of a semi- 
circle, there be drawn two straight lines to the 
circumference, one to the bisection of the circum- 
ference, the other at right angles to the diameter, 
the squares upon these two lines are, together, the 
double of the square upon the semi-diameter. 


Prop. XXXI. 


(XLII.) 


If the chords of two arches of any the same 
circle cut each other at right angles, the squares 
of the four segments of the chords, are, together, 
equal to the square of the diameter. 

Cor. Hence, if the diagonals of a quadrila- 
teral rectilineal figure, inscribed in a circle, cut 


d 
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each other at right angles, the aggregate of the 


squares of the sides is the double of the square of 
the diameter of the circle. 


(XLIII.) 


To draw a straight line, cutting two concentric 
circles, so that the part of it which hes within 
the greater circle may be the double of the part 
which les within the less. 


(XLIV.) 


To draw a straight lne which shall touch two 
given circles. 


(XLV.) 


If the point, in which two straight lines that are 
perpendicular to each other meet, be applied to 
the circumference of a circle so that the straight 
lines themselves cut the circumference, the center 
of the circle is in the bisection of the straight line 
joining those two intersections. 

Thus the center of a given circle may readily 
be found by means of the instrument called a 
square. 


(XLVI.) 


If from the extremities of any diameter, of a 
given circle, perpendiculars be drawn to any chord 
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of the circle, that is not parallel to the diameter, 
the less perpendicular shall be equal to the segment 
of the greater contained between the circumfer- 
ence and the chord. 


(XLVII.) 


If from the extremities of any diameter, ef 
a given circle, perpendiculars be drawn to any chord 
of the circle, they shall meet the chord, produced, 
in two points which are equidistant from the center. 


(XLVIIL.) 


If upon either radius bounding a quadrantal cir- 
cular arch as a diameter, a semi-circle be described, 
any chord of the semi-circle drawn from the center 
of tue quadrant shall be equal to the perpendicular 
distance of the point, in which the chord produced 
meets the quadrantal arch, trom the other radius. 


Prop. XXXII. 


(XLIX.) 


If the angle contained by two straight lines, 
one of which cuts a circle and the other meets it, 
be equal to the angle in the alternate segment of 
the circle, the straight line which meets, shalt touch 
the circle. 

d 2 
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(L.) 
A straight line touching a circular arch in the 
bisection of that arch, is parallel to its chord. 


(11.) 


If an equilateral triangle be described about a 
given circle, the straight lines joining the points 
of contact shall contain another equilateral tri- 
angle; and the side of the circumscribed triangle 
is the double of the side of the inscribed triangle 
so contained, 


ee 


Pror. XXXIII. 


(LII.) 


Upon a given finite straight line to describe a 
segment of a circle, which shall be similar to a 
viven segment of another circle. 


(LIII.) 


If any equilateral rectilineal figute, of an even 
number of sides, be inscribed in a given circle, a 
curvilineal figure may be found that 1s equal to it, 
and that is bounded by arches of circles, each of 
which circles is equal to the given circle. 


(LIY.) 


The base, the vertical angle, and the altitude of 
a triangle being given, to construct the triangle. 
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(LV.) 


To find a point in a given straight line, from 
which if straight lines be drawn to two given 
points, on the same side of the given line, they 
shall contain an angle equal to a given rectilineal 
angle. 


(LVI.) 
The vertical angle, the base, and the aggregate 


of the three sides of a triangle being given, to 
construct the triangle. 


(LVII.) 
The perimeter and the three angles of a triangle 
being given, to construct the triangle. 
(LVIIT.) 


From two given points, in the circumference of 
a circle, to draw two equal chords of that circle, 
which, produced if necessary, shall make with one 
another an angle equal to a given rectilineal angle. 


Pror. XXXV. 


(LIX.) 


To produce a given straight line so that the 
rectangle, under the given straight line, and the 
part of it produced, shall be equal to a given square. 
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(LX.) 


If through any point in the common chord of 
two circles, which intersect one another, there be 
drawn any two other chords, one in each circle, 
their four extremities shall all lie in the circum- 
ference of a circle. 


(LXI.) 


If through the given extremity of any diameter 
of a circle straight lines be drawn to meet an inde- 
finite straight line without the circle, which is 
perpendicular to the diameter produced, the rect- 
angles contained by the segments of these lines 
lying between the given point, the point in which 
each of them cuts the circumference again, and 
the indefinite line, shall be equal to each other. 


(LXII.) 


From the obtuse angle of an obtuse-angled tri- 
angle, to draw a straight line to the base, the 
square of which shall be equal to the rectangle 
contained by the segments, into which it divides 
the base. 


(LXIII.) 


To make a rectangle which shall be equal to a 
given square, and shall have its two adjacent sides, 
together, equal to a given straight line; the side 
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of the given square being less than the half of the 
given straight line. 


Prop. XXXVI. 


(LXIV.) 


If two tangents be drawn toa given circle, from 
any the same point without it, they shall be equal 
to each other; only two tangents can be drawn 
to a circle from the same given point without it; 
and if from a given point without a circle, two 
equal straight lines be drawn to the convex cir- 
cumference, one of which touches the circle, the 
other shal] also touch it. 


(LXV.) 


If a quadrilateral rectilineal figure be described 
about a circle, the angles subtended, at the center 
of the circle, by any two opposite sides of the figure, 
are, together, equal to two right angles. 


(LXVI.) 


If two given straight lines touch a circle, and 
if any number of other tangents be drawn, all on 
the same side of the center, and all terminated by 
the two given tangents, the angles which they sub- 


tend, at the center of the circle, shall be equal to 
one another, 
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Cor. The two segments, which any two tan- 
gents, so drawn, cut off from the two given tan- 
gents, also subtend equal angles, at the center of 
the circle. 


(LXVII.) 


To produce a given straight line, so that the 
rectangle contained by the whole line thus pro- 
duced, and the part of it produced, shall be equal 
to a given square, 


(LX VIII.) 


If, from the bisection of any given arch of a 
circle, a straight line be drawn cutting the chord 
of that arch, or the chord produced, and the cir- 
cumference also of the circle, the rectangle con- 
tained by the two parts of the straight line so drawn, 
the one lying between the point of bisection and 
the circumference, the other between the point of 
bisection and the chord, shall be equal to the square 
of the chord of half the arch. 


(LXIX.) 


Hence, from the bisection of a given arch of a 
circle, to draw a straight Ine, such that the part of 
it intercepted between the chord, or the chord pro- 
duced, of the given arch and the circumference, 
shall be equal to a given straight line. 
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(LXX.) 


Hence, through any given angle of a given 
equilateral four-sided figure, to draw a straight line 
terminated by the sides produced, coutaining the 
angle opposite to the given angle, which shall be 
equal to a given straight line. 


SCHOLIUM. 


In the application of Algebra to Geometry, the 
equation upon which the construction of a Pro- 
blem depends may, sometimes, be of more di- 
mensions than two, and yet the solution may be 
obtained by means of Plane Geometry. If, there- 
fore, the resulting equation be of an higher order 
than a quadratic, a trial must be made whether it 
be not divisible by some binomial, one of the 
terms of which is a divisor of the last term of the 
equation, and the other a similar power of the un- 
known quantity; it may thus, perhaps, be reduced 
to a quadratic equation. If it be a biquadratic, 
Des Cartes’ method (Woop’s Alg. Art. 329.) 
should be had recourse to. 

Thus the last question, if the figure be a square, 
may be solved by a simple and elegant Geome- 
trical construction. But, if it be treated algebrai- 
cally, the resulting equation is a biquadratic. 

For, let a denote the side of the square, b the 
given straight line, and x and y the two segments of 
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the sides produced, cut off by the line which is to 
be drawn through the angular point equal to b. 


Then, (1.) 2° +y?=b? (E. 47. 1.), and 
(II.) (x-a). y =ax (E. 4.6) 


Whence, zt — 2ax’ + (2a? — B)£ + 2abx - a’? = 0: 
which equation is reduced, by Des Cartes’ method, 
to this cubic; 

y” xH (a° 2m 2b") y*—(a’ — b*)y? N (a° + 244b? à, a’ b*) = 0; 
and a’+6° being one of the divisors of the last 
term, y’—a—b’ is found, upon trial, to divide 
this equation without a remainder; the quotient 
is y*+(2a° — b?) y+ (a'+a'°b*) =0; which is an 
equation of the quadratic form, and, therefore, 
the question may be solved by means of Plane 
Geometry. 


But, now, the straight line, which is to be in 
vestigated, being supposed to have been actually 
drawn, let x be put for the segment between either 
of its extremities, and the angular point of the square 
through which it passes; from its other extremity 
let a perpendicular be drawn to it, so as to meet 
the opposite side of the square produced; and let y 
denote the segment of the produced side of the 
square, lying between that angular point and the 
perpendicular: Then, the side of the square being 
denoted, as before, by a, and the given straight 
line by b, it follows from Ded. I. Prop. 26. B. 1, 
that the perpendicular is equal to x; and by the 
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help of E. 47. 1, and E. 4. 6, the following equa- 
tions are easily deduced : 


y= (doa ta 
= Y—Q(b—-wxv).x 
le. y= b-—2ay; 
A y = setba. 
And, thus, the straight line, required to be drawn, 
is determined by the solution of an equation, which 
presents itself, in the very first instance, in the com- 
mon form of an adfected quadratic. 

If, in the analytical investigation of this ques- 
tion, whether the figure be a square or a rhom- 
bus, Trigonometrical forms be introduced, the re- 
sulting equation will be a quadratic; and, as the 
sine of any angle is also the sine of its supple- 
ment, that equation gives four different positions 
of the line to be placed between the two sides of 
the figure produced. So that when the problem 
is made general, the sides must be produced both 
ways. 


(LXXI.) 
If two circles cut each other, and from any 
point, in the straight line produced, which joins 


their intersections, two tangents be drawn, one to 
each circle, they shall be equal to one another. 


(LXXII.) 


If two circles cut each other, and if two tan- 
gents drawn, one to each circle, from any point 
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without them, be equal, the straight line, joining 
the intersections of the circles, shall, if it be pro- 
duced, pass through the common extremity of the 
equal tangents, 


(LXXIII.) 


The straight line which passes through the 
intersections of two circles, that cut one another, 
bisects the straight line which touches both the 


circles. 


(LXXIV.) 


Two circles being given, neither of which hes 
within the other, to draw a straight line, such that 
the tangents to the two circles, drawn from any 
point of the line, shall be equal to one another. 


(LXXV.) 


To divide a given straight line into two parts, 
so that the square of the one shall be equal to the 
rectangle contained by the other and a given 


straight line. 


(LXXVI.) 


If a given circle be cut by any number of 
circles, which all pass through the same two given 
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points without the given circle, the straight lines, 
Joining the points of each of these intersections, 
are either all parallel, or all meet when produced 
in the same point. 


(LXXVII) 


If a perpendicular be let fall from the right 
angle, of a right-angled triangle, on the hypote- 
nuse, the rectangle contained by the hypotenuse 
and either of the segments, into which itis divided 
by the perpendicular, is equal to the square of the 
side adjacent to that segment. 


(LXXVIII.) 


To draw a tangent to a circle, such, that the 
part of it intercepted between two straight lines, 
given in position, but of indefinite length, shall be 
equal to a given finite straight line: 


Ist, When the indefinite straight lines both pass 
through the center of the circle: 


2dly, When they are parallel to one another : 


3dly, When they are not parallel, but are equi- 
distant from the center. 


(62) APPENDIX I. 


(LX XIX.) 


If two straight lines, which touch two given 
circles, the one touching both the circles on the 
one side of them, the other on the other, be cut by 
a third tangent, which touches the two circles on 
contrary sides of them, then, of the segments into 
which the two first tangents are thus divided, those 
which are alternate are equal to one another. 


(LXXx.) 


The perimeter, the vertical angle, and the alti- 
tude of a triangle being given, to construct the 


triangle. 


(LXXXI.) 


If from the intersection of any two tangents to 
a circle, any straight line be drawn cutting the 
chord which joins the two points of contact and 
again meeting the circumference, it shall be divided 
by the circumference and the chord into three seg- 
ments, such, that the rectangle contained by the 
whole line and the middle part, shall be equal to 
the rectangle contained by the extreine parts. 


(LXX XII.) 


To make a rectangle which shall be equal toa 
given square, and have the difference between its 


two adjacent sides equal to u given straight line. 
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(LXXXIII.) 


From a given point without a circle, to draw a 
straight line cutting the circle, so that the rect- 
angle contained by the part of it without, and 
the part within, the circle, shall be equal to a given 
square. * 


Pror. XXXVII. 


(LXXXIV. ) 


To describe a circle whieh shall touch a given 
straight line, and pass through two given points, 
both on the same side of the given line, 


(LXXXV.) 


To describe a circle which shall touch two 
given straight lines, and pass through a given 
point between them. 


(LXXXVI.) 


To describe a circle which shall touch two given 
straight lines, and also touch a given circle. 


ee ca -~ 


* The limitation to this Problem is evident from the con- 
struction by which it is solved: The same remark may also 
be applied to several other problems, in this Appendix, in the 
enunciations of which the necessary limitation 1s not specified. 
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(LXXXVII.) 


To describe a circle which shall pass through a 
viven point, and touch both a given circle, and a 
given straight line. 


(LXXXVIII.) 


In a straight line of indefinite length, but given 
in position, which cuts a given circle, to find a 
point, from which if a straight line be drawn to 
touch the circle, it shall be equal to a given finite 
straight line. 


( LXXXIX.) 
To describe a circle that shall touch a given 


straight line, and that shall also touch two given 
circles, neither of which lies within the other. 


(XC.) 


To describe a circle which shall touch a given 
circle, and pass through two given points, either 
both without the circle, or both within it. 


(xci) 


To find a point in a straight line given in posi- 
tion from which if two straight lines be drawn to 
two given points, without the given line, they shall 
have, first, their difference, and, secondly, their 
aggregate, equal to a given finite straight line. 
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(XCII.) 


The base and the altitude of a triangle being 
given, together with the ageregate or the dif- 
ference, of the two remaining sides, to construct 
the triangle. 


(XCIII.) 

Three points being given, to find a fourth, from 
which if straight lines be drawn to the other three, 
two of them shall be equal, and the difference 
between either of these and the third shall be equal 
to a given straight line. 


(XCIV.) 


To describe a circle that shall touch three given 
circles, of which two are equal to one another. 


(XCV.) 


To find a point, in the circumference of a given 
circie, from which if two straight lines be drawn to 
two given points, without the circle, the chord 
joining the intersections of the lines so drawn and 
the circumference, shall be parallel to the straight 
line joining the two given points. 


DEDUCTIONS 


FROM THE FIRST SIX BOOKS 


OF 


Guclid’s Clements. 


BOOK IV. 


Pror. IV. 


(I.) 

Turee straight lines being given, which, when 
produced, do not all three meet in the same point, 
and of which the middle line is not parallel to 
either of the others, to describe a circle which shall 
touch each of them. 


(LI.) 
The three straight lines, which bisect the three 
angles of a triangle, meet in the same point. 


(111.) 


If a circle be inscribed in a right-angled tri- 
angle, the excess of the two sides, containing the 
right angle, above the third side, is equal to the 
diameter of the inscribed circle. 
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(1V.) 


The straight line bisecting any angle of a tri- 
angle, inscribed in a given circle, cuts the circum- 
ference in a point which is equidistant from the 
extremities of the side opposite to the bisected 
angle, and from the center of a circle inscribed in 
the triangle. 


(v-) 


In a given circle, to inscribe three equal circle 
touching re other and the given circle. 


(vi.) 


To inscribe three circles in an isosceles triangle, 
touching each other, and each of them: touching 
two of the three sides of the triangle 


ernea = eee 


Prop. VI. 


A te e 


(Vit. ) 


The square, tuscribed in a circle, is equal to 
the half of the square upon its diameter 


VIEL.) 
In a given circle, to inscribe a rectangle equal 


to a given rectilineal figure, not exceeding the 


half of the square upon the diameter. 
Ee. 
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(1x.) 


If from any point, in the circumference of a 
given circle, straight lines be drawn to the four an- 
gular points of an inscribed square, the aggregate 
of the squares of the four lines, so drawn, shall be 
the double of the square of the diameter. 


Pror. VII. 


(x.) 


In a given circle, to inscribe four circles equal 
to each other, and in mutual contact with each 
other and the given circle. 

Cor. Inthe same manner, four equal circles 
may be inscribed in a given square, touching each 
other and the sides of the square. 


Proe. VIIL 


(XI.) 


To inscribe a circle in a given rhombus. 


(XII.) 


To inscribe a circle in a given trapezium, of 
which two opposite sides are, together, equal to 
the other two sides taken together. 
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Pror. X. 


(XIII.) 


Upon a given finite straight line, to describe 
an equilateral and equiangular decagon. 


Prop. XI. 


(XIV.) 


Upon a given finite straight line, to describe an 
equilateral and equiangular pentagon. 


(XV.) 


The angle of a regular pentagon exceeds a 
right angle by one-fifth part of a right angle; and 
is three times as great as the angle contained by 
any two sides of the figure, which are not adjacent 
to each other, produced so as to meet. 


(XVI.) 


If isosceles triangles could be described, having 
their angles at the base, any required multiple of 
the angle at the vertex, any regular rectilineal 
figures whatever of an uneven number of sides, 
might be inscribed in a circle; and if isosceles tri- 
angles could be described, having each of the angles 
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at the base to the angle at the vertex, in the ratio 
of any odd numbers to two, any regular figures 
whatever of an even number of sides might be in- 
scribed in a given circle; the bases of these several 


triangles being the sides of the several inscribed 
heures. 


SCHOLIUM. 


It is manifest, that, by the help of E. 9. 1, 
E. 2.4, E. 6.4, EF. 11.4, and E. 16. 4, the cir- 
cumference of a circle may be divided into three, 
six, twelve, &c. equal parts; into four, eight, sixteen, 
&c. equal parts; into five, ten, twenty, &c, equal 
parts; and into fifteen, thirty, sixty, &c. equal parts. 
But the problem, announced in the last deduction, 
has not yet been solved geometrically: Nor has 
any other general method, depending upon plane 
geometry, been discovered, by which the circum- 
ference of a circle may be divided into any given 
number of equal parts. 


Pror. XV. 


tee og <e 


~ 


(XVIL) 


The square of the side of a regular pentagon, 
mscribed in a given circle, is equal to the square 
of the side of a regular decagon, together with the 
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square of the side of the regular hexagon, both in- 
scribed in that given circle. 


(XVIII.) 


Upon a given finite straight line, to describe an 
equilateral and equiangular hexagon. 


DEDUCTIONS 


FROM THE FIRST SIX BUOKS 


OF 


Guchds Clements. 


Prop. XII. 


reg eee 


(1.) 


le any number of equal ratios be each greater 
than a given ratio, the ratio of the sum of their 
antecedents, to the sum of their consequents, shall 
be greater than that given ratio. 


Prop. XIII. 


( 11.) 
If the first of four magnitudes have a greater 
ratto to the second than the third has to the fourth, 
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the second shall have to the first a less ratio then 
the fourth has to the third. 


a ee = - — 


Prop. XVI. 


(111) 


If the first of four magnitudes have a greater 
ratio to the second than the third has to the fourth, 
the first shall have to the third a greater ratio than 
the second has to the fourth. 


Prop. XVIL 


(IV.) 


If the first, together with the second, of four 
magnitudes, have a greater ratio to the second, 
than the third, together with the fourth, has to 
the fourth, the first shall have a greater ratio to 
the second than the third has to the fourth. 


ee eee 


~ Prop. XVIII. 


(v.) 


If the first of four magnitudes have a greater 
ratio to the second than the third has to the fourth, 
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the first, together with the second, shall have to 
the second a greater ratio than the third, together 
with the fourth, has to the fourth. 


(VI.) 


If the first term of a ratio be less than the 
second, the ratio shall be increased by adding the 
same quantity to both terms; but if the first term 
be greater than the second, the ratio shall be dimi- 
nished by adding the same quantity to both. 


(VIT.) 

If the first of four magnitudes have a greater 
ratio to the second than the third has to the fourth, 
the first, together with the third, shall have to the 
second, together with the fourth, a greater ratio 
than the third has to the fourth, and a less ratio 
than the first has to the second. 


(VIII.) 


If the first, together with the second, have to 
the second, a greater ratio than the third, together 
with the fourth, has to the fourth, then shall the 
first, together with the second, have to the first, a 
less ratio than the third, together with the fourth, 
has to the third. 


(1X.) 


If the first, together with the second, nave to 
the third, together with the fourth, a greater ratio 
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than the first has to the third, then shall the second 
have to the fourth a greater ratio, than the first, 
together with the second, has to the third, together 
with the fourth. 


Prop. XIX. 
(x.) 
If any number of magnitudes be proportionals, 
their differences shall, also, be proportionals. 


“Prop. XXII. 


(xI.) 


If there be three magnitudes, and other three, 
and if the first have a greater ratio to the second, 
in the former set, than the first has to the second, 
in the latter; and if, also, the second have to the 
third, in the former set, a greater ratio than the 
second has to the third, in the latter; then shall 
the first have a greater ratio to the third, in the 
former set, than the first has to the third, in the 
latter. 


Pror. XXIII. 


(XI1.) 


If there be three magnitudes, and other three, 
and if the first have to the second, in the former 


(46) APPENDIX I. 


set, a greater ratio than the second has to the third, 
in the latter; and if, also, the second have to the 
third, in the former set, a greater ratio than the 
first has to the second, in the latter; then shall the 
first have to the third, in the former set, a greater 
ratio, than the first has to the third, in the latter. 


Prop. XXV. 


(XIII.) 


If three magnitudes be proportionals, the two 
extremes are, together, greater than the double of 
the mean. 

Cor. An arithmetic mean proportional, be- 
tween two given magnitudes, is greater than a 
geometric mean proportional betwecn the same 
two magnitudes. 


(XIv.) 


If three magnitudes be proportionals, the 
excess of the greatest above the mean, is greater 
tban the excess of the mean above the least of them. 


(xyv.) 


If there be two sets of magnitudes, the one 
geometric, and the other arithmetic, proportionals, 
and if the two first magnitudes be the same in both, 
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any other magnitude in the former set, shall be 
greater than the corresponding magnitude in the 
latter. 

Cor. The two first magnitudes, in both the sets, 
being the same, if the second of the geometric pro- 
portionals be greater than the second of the arith- 
metic proportionals, then, much more, will every 
other magnitude, in the former set, be greater than 
the corresponding magnitude in the latter. 


(XVI.) 


If there be two series of magnitudes, the one 
arithmetically proportional, the other geometrically 
proportional, but each having the same magnitude 
for its first term, and if the last term of the arith- 
metic series be not less than the last term of the 
geometric series, any other term of the former series 
shall be greater than the corresponding term in the 
latter. 


DEDUCTIONS 


FROM THE FIRST SIX BOOKS 


Guclid’s Clements. 


BOOK VI. 


(1.) 


Ir the bases of four rectangles be proportionals, 
and their altitudes be also proportionals, the rect- 
angles themselves shall likewise be proportionals. 

Cor. 1. If four straight lines be proportionals, 
their squares shall also be proportionals. 

Cor. 2. Conversely, if four squares be propor- 
tionals, their sides shall likewise be proportionals., 


Prope. LL. and A.— Simsons Euclid., 


a So ee o a -a - 


-ee oa 


(11.) 
To cut a given straight fine in harmonie pro- 
portion. 
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Prop. IV. 


(IIT-) 


If the base of an isosceles triangle be produced 
to meet a straight line drawn from the opposite 
angle perpendicular to either of the equal sides, that 
side shall be a mean proportional between the base 
and the half of the line which is made up of the 
base and of the part produced. 


(Iv-) 


The diameter of a circle is a mean proportional 
between the sides of an equilateral triangle and 
hexagon described about the circle. 


(v.) 


Through a given point, within a triangle, to 
draw a straight line cutting the sides, either of 
them being produced, 1f necessary, so that the rect- 
angle contained by the segments between the vertex 
and the cutting line, may be equal to a given 
square. 


(V1.: 


If from a given pomt, without a circle, two 
atraight lines be drawn to the concave circum- 
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ference, they shall be reciprocally proportional to 
the parts of them between the given point and the 
convex circumference. 


(VII.) 


The straight lines, drawn from the bisections of 
the three sides of a triangle to the opposite angles, 
meet in the same point. 


(VITI) 


To find, within a given rectilineal angle, the 
locus of all the points, from each of which, 1f two 
straight lines be drawn, so as to meet the lines con- 
taining the given angle, and so as always to be 
parallel to two straight lines given jn position, they 
shall be to one another in a given ratio. 


(1X.) 

Ifa circle be touched, in the same point, both 
externally and internally, by two other circles, and 
through the point of contact two straight lines be 
Paes the parts of them intercepted | ae the 
circumference of the given circle, and that of the 
circle which touches it internally, shall have to 
one another the same ratio as the parts which are 
chords of the other circle. 


(x.) 
From the center of a given circle, to draw a 
straight line to meet a given tangent to the circle, 
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so that the segment of the line between the circle 
and the tangent shall be any required part of the 
tangent, 


(XI.) 


From a given triangle to cut off a rhombus ; the 
base of the rhoinbus being part of the base of the 
triangle, and having its extremity in a given point 
of that base. 


(XII.) 


If two given circles touch each other internally, 
and a chord of the greater, which is perpendicular 
to the straight line joining their centers, also touch 
the less, to describe a circle which shall touch 
the two given circles, and also touch the chord on the 
same side as the less circle touches it. 


(XIIT.) 


If two triangles have one angle of the one, equal 
to one angle of the other, and also another angle of 
the one, together with another angle of the other, 
equal to two right angles, the sides about the two 
remaining angles shall be proportionals. 


(XIv.) 


If, from the extremities of the base of a given 
triangle, there be drawn two straight lines, both on 
the same side of the base, and each equal to the 
adjacent side, and making with that side an angle 


Jt 
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equal to the vertical angle of the triangle, then the 
straight lines which join the extremities of the lines 
so drawn, and the further extremities of the base, 
shall cut off, from the sides, equal segments towards 
the vertex; and each of those segments shall be a 
mean proportional betwcen the other segments, 
that are towards the base. 


(XV.) 


If at the extremities of the hypotenuse of a 
right-angled triangle two straight lines be drawn, 
on the same side of the hypotenuse as the right 
angle, cach equal to, and each perpendicular to, the 
adjacent side, the two straight lines joining each 
of their extremities and the further extremity of 
the hypotenuse, shall cut each other in the same 
point of the perpendicular drawn to the hypote- 
nuse from the right angle.* 


(XVI.) 


The semi-circumference of a circle having been 
divided into any number of equal parts, and chords 
having been drawn, from either extremity of the 
diameter, to the several points of division, the first 
chord has to the second, the same ratio which the 
second has to the aggregate of the first and third ; 


* This proposition explains a circumstance belonging to the 
figure of E. 47. 1; and it may very easily be proved, ex absurdo, 
by the help of the third deduction from E. 82. x. x11, set down 
in this Appendix. 
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or the same ratio which any other chord has to the 
aggregate of the two chords that are next to it. 


Pror. VI. 


(XVII.) 


If two trapeziums have an angle of the one 
equal to an angle of the other, and if, also, the sides 
of the two figures, about each of their ongles, be 
proportionals, the remaining angles of the one shall 
be equal to the remaining angles of the other. 


— 


Prop. VIH. 


- as 


(XVITI.) 


To divide a given finite straight line into two 
parts, such, that another given straight line, not 
greater than the half of the former, shall be a mean 
proportional between them. 


(X1X.) 


If two straight lines touch a circle at opposite 
extremities of its diameter, any other tangent of 
the circle, terminated by them, 1s so divided in its 
point of contact, that the radius of the circle is a 
mean proportional between its segments. 


f 2 
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(xx.) 


If two given circles touch each other, and also 
touch a given straight line, the part of the line 
between the points of contact, 1s a mean propor- 
tional between the diameters of the circles. 


(XxI.) 


Two straight lines being given, which are the 
two first of a series of proportionals, to find the 
rest; and, if the series decrease, to find a line 
which shall be greater than the aggregate of any 
number, whatever, of its terms, but to which the 
aggregate may approximate indefinitely. 

Cor. The first term of a decreasing series of 
proportionals is a mean between the excess of the 
first term above the second, and the line which 1s 
the limit of all the terms. 


Prop. X. 


(XXII.) 
‘Yo describe a square which shall have a given 
ratio to a given rectilineal figure. 
(XXIII) 


To divide a given finite straight line into two 
parts, the squares of which shall be to one another 
in a given ratio. 
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(XXIV.) 


To cut off from a rectangle a similar rectangle 
which shall be any required part of it. 


(xxv.) 


To find two points, situated in two adjacent sides 
of a given oblong, at equal distances from two 
opposite angles, from which, if two straight lines 
be drawn parallel to the sides of the figure, they 
shall cut off from it any part required. 


(XXVI.) 


Hence, within a given rectangle, to describe 
another rectangle which shall be any required part 
of it, and shall have its four sides all equally distant 
from the four sides of the given rectangle. 


(XXVII.) 


To divide a given straight line into two parts, 
such, that the rectangle contained by the whole 
line and one of its parts, shall have a given ratio 
to the square of the other part. 


(XXVIII.) 


The base, the vertical angle, and the ratio of 
the two sides of a triangle being given, to con- 
struct it. 


(86) APPENDIX f, 


(XXIX.) 


One given circle lying within another, to find a 
point from which, if two tangents be drawn, one 
to each of tue given circles, they shall be to each 
other in a given ratio. 


(XXX.) 


A given finite straight line being divided into 
any two given parts, to divide it again, so that the 
rectangle contained by the two former given parts 
shall have a given ratio to the rectangle contained 
by the two latter parts. 


(XXXI.) 


To draw a straight line to touch a given arch 
of a circle, so that being terminated by the semi- 
diameters, produced, which bound the arch, it shall 
he divided by the point of contact, into two parts 
that are to one another in a given ratio. 


(XXXIIL) 


Pwo points being given, one in each of two 
parallel straight lines, and a third point being also 
given, without them, to draw, from that third 
point, a straight line so to cut the parallels, as that 
the segments of the parallels, between it and the 
two first points, shall be to one another in a given 


ra o; 
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(XXXIII.) 
fo find a point within a given triangle, from 
which if three straight lines be drawn to the three 
angles of the triangle, it shall thereby be divided 
into three parts that are each to each in given ratios. 


(XXXIV.) 
The base, the perpendicular distance of the 
vertex from the base, and the ratio of the two 
sides of a triangle being given, to construct it. 


(XXXvV.) 
To divide a given circular arch into two parts, 


so that the chords of those parts shall be to each 
other in a given ratio. 


(XXXVI.) 


To inscribe a square in a given trapezium, which 
has the two sides about any angle equal to one 
another, and the two sides about the opposite angle 
also equal to one another. 


(XXXVII.) 


To inscribe a square in a given trapezium. 


a 


Prop. XI. 


(XXXVIII.) 


To determine the locus of the vertices of all the 
triangles which can be described on a giverr base, 
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so that each of them shall have its two sides in a 
given ratio. 


(XXXIX.) 


Hence, to find a point, from which if three 
straight lines be drawn to three given points, they 
shall be each to each in given ratios. 


(XL.) 


Hence, a straight line being divided into three 
given parts, to find a pomt without it, at which 
the three parts shall subtend equal angles. 


(X LI.) 


To find a point in a straight line, given in posi- 
tion, from which, if two straight lines be drawn to 
two given points, both on the same side of the 
given line, they shall be to each other in a given 
ratio. 


(XLIT.) 


In a given parallelogram to inscribe a parallel- 
ogram that skall have it’s two adjacent sides in a 
given ratio to one another, and that shall be the half 
of the given parallelogram. 


Prop. XII. 


wee SN 


(XLIII.) 


Through the bisection of the base of a given 
triangle, to draw a straight line cutting the sides, 
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of which one is produced, so that the segments of 
the line, between the bisection of the ase and the 
two sides, shall be to one another in a given ratio. 


(XLIV.) 


From a given point, without a given rectilineal 
angle, to draw a straight line cutting the two lines 
which contain the angie, so that the distances of 
the two intersections from the given point, shall be 
to one anoiier in a given ratio. 


(XLV.) 


From a given point, without a given rectilineal 
angle, to draw a straight line cutting off from the 
lines which contain the angles, segments, towards 
the summit of the angle, which shall be to one 
another in a given ratio. 


(XLVI.) 


From a given point, to draw a straight line to 
cut a given circle, so that the distances of the two 
intersections from the given point, shall be to each 
other in a given ratio. 


(XLVIL.) 


To find, between two given parallel straight 
lines, the locus of all the points, from each of which 
if two straight lines be drawn to the two given 
parallels, so as always to make with them, towards 
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the same parts, given angles, they shall be to one 
another in a given ratio. 


(XLVIII.) 


Two given circles lying wholly without onc 
another, through a given point, which is between 
the two circles, and which is posited in the straight 
line joining their centers, to draw a straight line 
that shall be terminated by the convex circum- 
ferences, and divided, by the given point, into two 
parts, that are to one another in a given ratio. 


(XLIX.) 


To find a point, from which if three straight 
lines be drawn to meet as many given straight lines, 
so as to make, each with the line on which it falls, 
an angle equal to a given angle, the lines so drawn 
shall be, each to each, in given ratios. 


Prop. XV. 


(L.) 


To make an isosceles triangle, which shall be 
equal to a scalene triangle, and shall also have an 
equal vertical angle with it. 
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Prop. XVI. 


(LI.) 

If a straight line, drawn from the vertex of an 
isosceles triangle cutting the base, be produced to 
meet the circumference of a circle described about 
the triangle, the rectangle contained by the whole 
line so produced, and the part of it between the 
vertex and the base, shall be equal to the square 
of either of the equal sides of the triangle. 


(LIT.) 


Of four straight lines which are continual pro- 
portionals, the two extremes being given, and also 
a line which is equal to the difference of the other 
two, to find those two lines. 


(LIIT.) 


The semi-aggregate of two straight lines, and 
also another straight line, which is a mean pro- 
portional between them, being given, to find the 
two lines, 


(LIV.) 


To make a triangle, which shall have its two 
sides equal to two given straight lines, each to 
each, and shall have its base equal to the perpen- 
dicular distance of the vertex from the base. 
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(LY.) 


If from any point in the diameter, or the dia- 
meter produced, of a given parallelogram, perpen- 
diculars be let fall on the two adjacent sides, pro- 
duced, if necessary, which meet the diameter, the 
perpendiculars shall be reciprocally proportional to 
the sides on which they fall. 


(LVI.) 


Through a given point, within a triangle, to 
draw a stroight line to meet the sides, either of 
them being produced, if necessary, so that the rect- 
angle contali.cd by the segments, into which the 
line is divided by the piven point, may be equal to 
a given square. 


l 


(LVII.) 


To find a point, from which if three straight 
lines be drawn to three given points, their dif- 
ferences shall be severally equal to three given 
straight lines; the difference of any two of the 
straight lines to be drawn, not being greater than 
the distance of the two points to which they are 
to be drawn. 


(LVIII.) 


To describe a circle, which shall pass through 
a given point, and touch two given circles. 
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(LIX.) 


To describe a circle that shall touch three 
eiven circles. 


Prop. XVIII. 


(LX.) 


Upon a given finite straight line, to describe an 
equilateral and equiangular polygon, having the 
number of its sides equal to four, eight, sixteen, 
&e.; or to three, six, twelve, &c.; or to five, ten, 
twenty, &c.; or to fifteen, thirty, sixty, &c. sides. 


Prop. XIX. 
(LXI.) 


To cut off from a given triangle any part 
required, by a straight line drawn parallel to a 
given straight line. 


Prop. XX. 


(LXII.) 


To describe a polygon, similar to a given poly- 
gon, and having a given ratio to it. 


(94) APPENDIX I 


(LXIII.) 


Any regular polygon, inscribed in a circle, is a 
mean proportional between the inscribed and cir- 
cumscribed regular polygons of half the number 
of sides. 

(LXIV.) 

If from two points similarly situated, one in 
each of any two homologous sides of two similar 
polygons, two straight lines be drawn making equal 
angles with those sides, they shall cut off from the 
polygons two similar figures; and the one shall be 
the same part of the one polygon, that the other is 
of the other. 


— - 


Prop. XXII. 


(LXV. ) 


If any two chords of a circle intersect each 
other, the straight lines joining their extremities 
shall cut off equal segments from the chord which 
passes through the commen intersection of the two 
former chords and 1s there bisected. 


(LXVI.) 


Two similar rectilineal figures being given, to 
find a third figure also similar to then and a mean 


proportional between them. 
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Pror. XXIII. 


(LXVII.) 


Equiangular parallelograms have to one another 
the same ratio as the rectangles contained by the 
sides about equal angles in each, 


Cor. ‘Triangles, having equal vertical angles, are 
to one another as the rectangles contained by the 
sides about those equal angles, 


(LXVIII.) 


Through a given point, either without or within 
a given triangle, to draw a straight line which 
shall cut off from the triangle any part required. 

Cor. Hence, and by the help of Trigonometry, 
any given rectilineal figure may be divided into 
two parts, which are to each other in any given 
ratio, by a straight line drawn from a given point, 
situate without the given figure. 


(LXIX.) 


If two sides of a trapezium be parallel, and a 
straight line be drawn cutting them, and meeting 
also the other two sides, (any of the sides being 
produced, if necessary) the two rectangles con- 
tained by the respective segments of the parallel 
sides, have to each other the same ratio, as the 
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two rectangles contained by the segments into 
which the line, so drawn, is severally divided by 
each of the two parallels. 


Prop. XXX. 


(LXX.) 

A given straight line being cut in extreme and 
mean ratio. if from the greater segment the less 
be taken, the greater segment also will thus be 
cut in extreme and mean ratio; and if a straight 
line, equal to the greater segment, be added to 
the given line, the line which is made up of the 
given line and this segment, is also cut in ex- 
treme and mean ratio. 


(LXXT.) 


Upon a given straight line as an hypotenuse, to 
describe a right-angled triangle, which shall have 
its three sides continual proportionals. 


(LX XII.) 


The perimeter being given of a right-angled 
triangle, having its three sides proportionals, to 
construct the triangle. 


(LXXIII.) 


The radius of a given circle having been divided 
in extreme and mean ratio, the greater segment 
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shall be equal to the side of an equilateral and 
equiangular decagon inscribed in the circle. 


Pror. XX XI. 


(LXXIV.) 


Any rectangle is the half of the rectangle con- 
tained by the diameters of the squares of its two 
sides. 


Prop. XXXIII. 


(LXXV.) 


In different circles the semi-diameters which 
bound equal sectors contain angles reciprocally 
proportional to their circles; and conversely. 


( LXXVI.) 


To trisect a given circle, by dividing it into three 
equal sectors. 


(LXXVII.) 


If, from the greater of two unequal sides, of 
a given triangle, be cut off a part equal to the 
less, that segment shall have to the remaining seg- 
ment, a ratio greater than the ratio which the 
angle adjacent to the remaining segment, has te 
the angle adjacent to the segment first cut off. 


8 
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{LXXVIIL.) 


The greater of any two unequal arches, of a 
given circle, has a greater ratio to the less arch, 
than the chord of the greater has to the chord of 
the less. 

Cor. The greater angle, at the base of a scalene 
triangle, has a greater ratio to the less angle, than 
the greater side has to the less side. 


Pror. D.—Simson’s Euclid. 


(LXXIX.) 


if, from the center of the circle, described about 
a given triangle, perpendiculars be drawn to the 
three sides, their aggregate shall be equal to the 
radius of the circumscribed circle, together with 
the radius of the circle inscribed in the given 


triangle. 


In the investigation of the six nert following 
deductions, it ts necessary to quote the theorem, 
which is the Second Proposition of the Twelfth 
Book of Euclid’s Elements. 


(LXXX.) 


To divide a given circle into any required num- 
ber of equal parts, by circles described within it, 
about its center. 
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(LXXXI.) 


To find a circle, which shall be equal to the 
excess of the greater of two given circles above 
the less. 

(LXXXII.) 


If, in any given circle, two chords cut each 
other at right angles, the four circles described 
upon their segments, as diameters, shall, together, 
be equal to the given circle. 


(LXXXIII.) 


A circle is a mean proportional between any 
regular polygon, described about it, and a similar 
polygon, the perimeter of which is equal to the 
circumference of the circle. 


(LXXXIV.) 


If a figure be bounded by two circular arches, 
subtending at their respective centers angles reci- 
procally proportional to the circles to which they 
belong, a square may be found, that shall be 


equal to ìt. 
(LXXXV.) 


A circle is equal to the half of the rectangle 
contained by its circumference and its semi- 
diameter. 

Cor. The circumferences of circles are to one 
another as their semi-diameters. 


g 2 
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The following Propositions were omitted in their 
proper places : | 


= BOOK I. | 


a m a a a a 


"Phebe XXXIV 


(XLII. A.) 


lf any number of parallelograms be inscribed in 
a given parallelogram, the diameters of all the 
figures shall cut one another in the same point. 


Prop. XXXVIII. 
(LVI. A.) 


If two triangles have the two adjacent sides of 
a parallelogram for their bases, and have their 
common vertex situated in the diameter, or in the 
diameter produced, they shall be equal to’ one 
another. | 


— 


BOOK III. 


Prop. XVI. 


(vir. A.) 
The diameter of a circle having been produced 
to a given point, to find in the part produced, a 
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point from which if a tangent be drawn to the 
circle, it shall be equal to the segment of the part 
produced, that is between the given point and the 
point found. 


Pror. XXXVI. 


(LXXIV. A.) 


To find a point from which if straight lines be 
drawn to touch three given circles, none of which 
lies within another, the tangents so drawn shall be 
equal to one another. 


Pror. XXXVII. 


(LXXXV. A.) 

To describe a circle which shall have its center 
in a given straight line, which shall pass through a 
given point, and shall, also, touch another given 
straight line. 


APPENDIX II. 


CONTAINING 


A SERIES OF PROPOSITIONS 
MAY BE SOLVED AND DEMONSTRATED 


THE PRINCIPLES 


OF 


Natural Philosophy 


AND 


Geometrical Constructions. 


APPENDIX I 


—e 


PROPOSITIONS 


IN 


NATURAL PHILOSOPHY. 


(1.) l 
To determine the directions in which two 
forces, represented, in quantity, each by a given 
straight line, must act, so that the equivalent com- 
pound force may be represented by another given 


straight line; the two former straight lines being, 
together, greater than the latter. 


(11.) 


To resolve a given force into two forces, of 
which the directions shall make with one another 
an angle equal to a given angle, and the quantities 


shall, together, be equal to the quantity of another 
given force. 


(111-) 


To resolve a given force into two forces, of 
which the directions shall make with one another 
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an angle equal to a given angle, and which shall 
have the difference of their quantities equal to 
another given force. 


(IVv.) 


To resolve a given force into two forces, the 
quantities of which shall be to one another in a 
given ratio, and the directions shall make with 
each other an angle equal to a given angle. 


(V.) 

There being given the quantity and the direc- 
tion of one of the two forces which act upon a 
body, the direction of the other force, and also 
the force which is equivalent to them both, to find 
the quantity of the other force. 


(v1.) 
Three points 4, B, C, being given upon any 


plane, it 1s required to determine a point, P, on 
the same plane, to which if straight lines be drawn 
from 4, B, and C, they shall be the directions in 
which three forces, each given in quantity, must act 
upon a body at P, so as to keep it at rest. 


(vit.) 


The quantity and the direction being given of 
a force, which acts upon a body at rest, to deter- 
mine the quantities and the directions of three 
equal forces, which also acting upon the body, 
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each in a direction at right angles to the directions 
of the other two, shall keep it at rest. 


(VIII.) 


The quantities and the directions being given, 
of two forces which act upon a given straight lever, 
at the extremities of its arms, and thereby keep 
the lever at rest on a fulcrum, to determine, geo- 
metrically, the place of the fulcrum. 


(1X.) 


The place of the fulcrum in a straight lever 
being given, and the quantities of two forces which 
are to act at its extremities, to determine the direc- 
tions in which the two forces must act, so that 
these forces and the pressure on the fulcrum may 
be to each other as three given straight lines, of 
which any two are greater than the third. 


(x.) 


Two forces, each given in quantity, are to act 
upon a straight lever, of indefinite length, at two 
given points, both on the same side of the ful- 
crum: It is required to determine the place of the 
fulcrum, and the directions of the given forces, so 
that the pressure on the fulcrum may be to each of 
the given forces, as each of two given straight lines 
to a third given straight line, and may take place 
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in a direction which shall make with the lever an 
angle equal to a given angle.* 


(xı) 


The force of gravity being supposed to tend to 
the earth’s center, but to be a constant force, the 
pressure on the fulcrum of a straight lever, at the 
ends of which two given weights are appended, is 
the less, the nearer the lever is to the earth’s center. 


(XII.) 


To determine the position of a given straight 
lever, loaded at a given point with a given weight, 
so that it may rest when placed between two planes, 
each of them inclined to the horizon at a given 
angle. 


(XIII.) 


The arms of a bent lever being given, in length, 
and the angle being given, which they make at 
the fulcrum, to determine the position of the lever, 
when two given weights, appended at its extremi- 
ties, balance one another. 


(XIV.) 


A flexible string, loaded at one of its ends with 
a given weight, and passing over a fixt pulley, has 


* Any two, of the given straight lines, are supposed to be 
greater than the third, 
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its other end fastened to a given point in the same 
vertical plane with the pulley, and it is further 
loaded, at a given point between the pulley and the 
fastened end of the string, with another given 
weight: It is required to determine any number 
of positions of this latter weight, in each of which 
it will balance the former weight. 


(xv.) 

Three given weights being affixed to the same 
string, and the two extreme weights being made to 
act upon the middle weight, by means of two fixt 
pullies, which are in the same vertical plane, to 
determine the position of the string, when the whole 
system of weights is at rest. 


(XVI.) 


The position being given of a string, loaded 
with two weights, at two given points, and having 
its ends fastened at two given points in its vertical 
plane, it is required to find two straight lines, 
which shall be to one another as the two weights. 


(XVII.) 


A string of given length being supposed to be 
fastened at two given points in a vertical plane; to 
find the point in the string at which a given ring 
will rest. 
(XVIITI.) 

A system of given spheres, of equal weights 
and magnitudes, being so placed, as that the two 
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extreme spheres resting on two inclined planes, the 
whole system is supported in the form of an arch, 
it is required to determine the places of the centers 
of the spheres, and the position of the two inclined 
planes. 


(XIX.) 


To find the center of gravity of a trapezium, 
which has two of its sides parallel to one another. 


(XX.) 


If the sides of a given triangle, taken in order, 
be cut proportionally, and the points of section be 
joined; the center of gravity of the triangle so 
formed will be the same as that of the given 
triangle. 


(Xx1.) 


The centers of gravity of all the parallelograms 
which can be inscribed in a given parallelogram, 
will be in the same point as the center of gravity 
of the given parallelogram: And the center of a 
circle is the common center of gravity of all the 
rectangles that can be inscribed in it. 


(XXII.) 


If a given body remain at rest either within or 
without a given circle, or in its circumference, and 
another given body describe the circumference; 
to find the path of their center of gravity. 
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(XXIII.) 


If any number of equal bodies be placed in the 
circumference of a given circle, to determine the 
locus of the several centers of gravity of any one 
of them, and each of the rest. 


(XXIV.) 

To find the path of the common center of 
gravity of two bodies, which move uniformly 
through two sides of a given triangle, in the same 
time, and are to one another inversely as those two 
sides. 

(XXV.) 

The paths of two bodies, which move with 
known uniform velocities, being given, so that their 
places at any given instant are known, it 1s required 
to determine the relative path, and the relative 
velocity, of the one, as seen from the other. 


(XXVI.) 


The position being given of two perfectly elastic 
balls on a table, the sides of which constitute a 
given polygon, to find the direction in which the 
one ball must be sent, so that after impinging 
successively on each of the sides, it may at last 
strike the other ball. 


(XXVII.) 


The positions being given of two perfectly elastic 
balls (4) and (B), on an horizontal table, whichis 
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in the form of a rectangular parallelogram, to find 
the direction in which (4) must be sent, so that 
impinging (1) on one side, (2) on two of the sides, 
(3) on three of the sides, or (4) on four of the sides, 
it may at last strike the other ball. 


(XXVIIT.) 


Given the position of a perfectly elastic ball (4), 
on an horizontal plane, to find the locus of the 
points in which another given elastic ball (B) can 
be placed, so that after (4) impinges upon (B), (4) 


and (B) may strike two given points respectively. 


(X XIX.) 


Two planes, which rest upon the level ground, 
30 as to have their common section perpendicular 
to the horizon, are inclined to one another ata 
given angle, and a perfectly elastic ball, sent along 
the ground, so as always to strike a given point in 
the one, is reflected towards the other: It is required 
to determine the locus of the points, on the ground, 
from which if the ball be sent, it shall, in each case, 
after the two reflections, return to its point of 
projection. 


(XXX) 


If the secant of a circular arch be in a vertical 
position, the times in which a heavy body, falling 
from a state of rest, would describe the secant, the 
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tangent, and the radius drawn through the extremity 
of the arch, are all equal. 


(XXXI.) 


If any number of heavy bodies be let fall, at 
the same instant, the one from the upper extremity 
of the vertical diameter of a given circle, the rest 
from the several upper extremities of chords drawn 
to the lower end of that diameter, so as to describe 
the diameter and the chords respectively, it is re- 
quired to find the locus of the positions of the 
bodies, at any given time of their descent. 


(XXXII.) 


To determine the position of a straight line to 
be drawn from a given point to a given inclined 
plane, so that the time in which a heavy body falls 
from rest, down that line, may be equal to the 
time in which it would fall down the giveu plane. 


(XXXIII.) 


From a given point in an horizontal plane, to 
draw a straight line to a given perpendicular to the 
plane, which shall be described by a heavy body, 
falling from rest, in the same time as the given 
perpendicular would be described. 


(XXXIV.) 


From the right angle of a given right-angled 
triangle, having one of the sides containing the 


h 
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right angle parallel to the horizon, to draw to the 
hypotenuse a straight line, such, that the times of 
descent down the line so drawn, and down the 
hypotenuse, shall be equal. 


(XXXV.) 


To place between an horizontal straight line of 
indefinite length, and a given perpendicular to it, a 
straight line of given length, less than the given 
perpendicular, which shall be described by a heavy 
body, falling down it from a state of rest, in the 
same time as the perpendicular. 


(XXXVI.) 

To place between an indefinite horizontal 
straight line and a given perpendicular to it, a 
straight line which shall make with the horizon an 
angle equal to a given angle, and shall be described 
by a heavy body in the same time as the given 


perpendicular. 


(XXXVII.) 


In a given circle, the plane of which is vertical, 
to draw a diameter which shall be described by a 
heavy body, in any given time, greater than the 
time in which the vertical diameter is described. 


(XXXVIII.) 


If, from any point in the circumference of a 
vertical circle, straight lines be drawn to the extre- 
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mities of the vertical diameter, and if these lines be 
cut by a parallel to that diameter, the times of 
descent down the two segments, which are towards 
the diameter, shall be equal. 


(XXXIX.) 


If two straight lines, drawn from a given point 
of an horizontal plane, to a given vertical straight 
line, be equidistant from the straight line which 
makes with the horizon, at the given point, an 
angle equal to half a right angle, they shall be 
described, by falling bodies in equal times. 


(XL-) 


The time in which a heavy body, moving with 
the velocity acquired in falling down a given inclined 
plane, describes a given horizontal space, is to the 
time of its falling down the plane, as the half of 
the given space so described, is to the length of the 
inclined plane. 


(XLI.) 


If the plane of a scalene triangle be vertical, and 
the greater side exceed the less by the half of the 
base, the time of falling down the greater side is 
equal to the time of falling down the less, together 
with the time of describing the base, with the 
velocity thence acquired. 

h2 


(116) APPENDIX II. 


(XLIT.) 


The base and one side being given in length, 
of a scalene triangle, the plane of which is vertical, 
to construct the triangle, so that the time of falling 
down the greater side may be equal to the time of 
falling down the less, together with the time of 
describing the base, with the velocity thence ac- 


quired. 
(XLIII.) 


The plane of a scalene triangle being vertical, 
and one side and the angle which it makes with 
the base being given, to construct the triangle, so 
that it shall have the same property as that described 
in the last problem. 


(XLIV.) 


If the plane of a scalene triangle be vertical, 
the time of falling down the greater side shall be 
equal to the time of falling down the less, together 
with the time of describing, with the velocity eire 
acquired, a part of the base, that is equal to the 
double of the excess of the greater side above the 
less. 


(XLV.) 


If two bodies, after falling from the summit of 
a vertical scalene triangle, down the sides, begin 
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to move along the base, each with its acquired 
velocity, to determine the point in which they will 
meet. 


(XLVI.) 


To find a point, in an horizontal plane, such, 
that if two straight lines, of given unequal lengths, 
be drawn from it to a given vertical straight line, 
the times of falling down them shall be equal. 


(XLVII.) 


The tangent of a circular arch being horizontal, 
if a body, after falling down the vertical radius to 
the center, move along the secant with its acquired 
velocity, the space which it will describe, in the 
same time as that of its fall, shall be equal to the 
radius, together with the perpendicular distance of 
the point, in which the secant cuts the circumfer 
ence, from the tangent. 


(XLVIII-) 


If two heavy bodies let fall, at the same time, 
from two given points in a vertical straight line, 
move, after reaching the ground, with their acquired 
velocities, along the same horizontal straight line, 
to determine the point at which the one will over- 
take the other. 


(XLIX.) 


Two given parallel straight lines, of unequal 
lengths, being equally inclined to the ground plane 
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in which they terminate, and being at a given 
distance from each other, if two heavy bodies, let 
fall at the same instant from their summits, move 
after reaching the ground, with their acquired velo- 
cities, along the same horizontal straight line, to 
determine the point in which the one will overtake 
the other. 


(L.) 


The data being the same as in the last problem, 
excepting that the two given straight lines, al- 
though equally inclined to the horizon, are not 
parallel to one another, to find where the two bodies 
will meet. 


(LI.) 


To place, on the ground, two given unequal 
vertical straight lines, at such a distance asunder, 
as that the time of falling down the greater, and 
then moving, with the velocity acquired, to the 
less, shall be equal to the time of falling down the 
less, and then moving, with the velocity thence 
acquired, to the greater. 


(LII.) 


The plane of a given right-angled triangle being 
vertical, and one of the sides containing the right 
angle being parallel to the horizon, and being taken 
as the base, to find a point in the perpendicular, 
produced, if necessary, such that the time of falling 
from it to the base, and afterwards describing the 
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base, with the acquired velocity, shall be equal to 
the time of falling down the perpendicular and then 
describing the base, with the velocity so acquired. 


(LIII.) 


If the vertical diameters, of two vertical circles, 
be in the same straight line, and have a common 
lower extremity, from which several straight lines 
are drawn cutting both the circumferences, the 
times in which heavy bodies fall down the segments 
of these lines, between the two circumferences, arc 
all equal. 


(LIV.) 


If the plane of a circle be vertical, and a tangent 
be drawn to it at the upper extremity of its vertical 
diameter, the time in which a heavy body falls, 
from any point in the tangent, to the convex cir- 
cumference, and afterwards with its acquired velocity, 
describes a chord drawn parallel to the tangent, 
from the point in which the body strikes the convex 
circumference, is equal to the time of falling from 
the same point to the concave circumference, and of 
afterwards describing, in like manner, the chord 
drawn parallel to the tangent, from the point in 
which the concave circumference is struck. 


(LV.) 


Of all inclined planes having a common base, 
to determine that which shall be described by a 
falling body in the least time. 
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(LVI.) 


Two sides of a triangle being given, the plane 
of which is vertical, to construct it, so that the time 
of falling down the third side may be a minimum. 


(LVII.) 


Two points, equidistant from an horizontal 
plane, being given, to find a point in the plane, 
such, that if straight lines be drawn from it to the 
two given points, the time in which a heavy body 
falls down the one and then ascends the other, may 
be a minimum. 


(LVIII.) 
To find the straight line of quickest descent to 
a given plane, from a given point above it. 
(LIX. ) 


To find the straight line of quickest descent 
from a given plane, to a given point below it. 


(LX.) 


To find the straight lines of quickest descent to 
the circumference of a given vertical circle, from a 
given point, either within or without the circle, but 
in the same plane with it. 
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(LX1.) 


To find the straight lines of slowest descent, (1) 
to the convex, (2) tothe concave circumference of a 
given circle, from a given point above, and in the 
same plane with, the circle. 


(LXII.) 


Two given circles being in the same vertical 
plane, to find the straight lines of quickest and of 
slowest descent, drawn from the circumference of 
the one to the circumference of the other. 


(LXIIE.) 


If a body descend from the highest point of a 
vertical cycloid of which the base is parallel to the 
horizon, and the vertex downwards, the time of 
falling down any arch of the cycloid varies as the 
arch of the generating circle, intercepted between 
the base of the cycloid, and a paraliel to the base 
drawn from the place of the body at the end of that 
time. 


(LXIV.) 


If any number of bodies fall down different 
vertical cycloids, that have their bases in the same 
parallel to the horizon, and terminated at one 
extremity in the same point, from which the bodies 
begin their motion, at the same instant, each of 
them will arrive, sooner than the rest, at that per- 
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pendicular to the horizon, which is the axis of its 
curve. 
(LXV.) 

A given point on the ground, and two given 
points in the opposite sides of a vertical rectangle 
being all in the same vertical plane, it 1s required 
to find the direction and the velocity of projection, 
with which a ball, sent from the given point on the 
øround, shall pass through the other two given 
points. 

(LXVI.) 

The velocity of projection being given, to find 
the direction in which a body must be thrown, so 
that the aggregate of the altitude and amplitude 
shall be a maximum. 


(LXVII.) 


If a body be projected from a given point on 
the ground, with a given velocity, in a direction 
making with the horizon an angle equal to half a 
right angle, and if another body be thrown hori- 
zontally, with an equal velocity, from a point 
directly above the given point, and at a distance 
from it equal to the space duc to the common velo- 
city of projection, the two bodies so thrown will 
strike the ground in the same point. 


(LXVIII.) 


The velocity with which a ball is shot from a 
cannon at a mark on the ground, and also the velo- 


APPENDIX II. (123) 


city of sound, being given, to find a point in the 
perpendicular drawn, from the mark, to the straight 
line joining the place of the cannon and the mark, 
at which the explosion of the cannon, and the blow 
upon the mark, will be heard at the same time. 


(LXIX.) 


If any number of bodies be projected from the 
same given point, with equal and given velocities, 
the focus of the parabola described by any one of 
them shall be in the surface of a sphere, having the 
point of projection for its center, and the space due 
to the common velocity for its radius: And the 
vertex of the parabola described by any of the bodies 
shall be in the surface of a spheroid, of which the 
major-axis is horizontal, and is the double of the 
minor-axis. 


(LXX.) 


If any number of projectiles be thrown from a 
given point, at the same instant, and with equal 
velocities, at any given time, they shall all of them 
be found in the circumference of some circle, the 
center of which is in the vertical straight line 
drawn through the given point of projection. 


(LXXI.) 


To find a point in a given horizontal plane, 
and the direction in which a body must be projected 
from that point, with a given velocity, so that a 
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given point above the plane may be the highest 
point of the trajectory described. 


(LX XII.) 


To find the velocity with which a perfectly 
elastic ball must be projected up a given inclined 
plane, so that, being reflected at the top by a ver- 
tical plane, it may come to the hand again. 


(LXXIII.) 


To find the locus of all the points from which, 
if a perfectly elastic ball be successively thrown, 
with a given velocity, so as always to strike a given 
vertical plane in the same given point, it shall in 
each case return to the point from which it was 
projected. 

(LXXIV.) : 


To find the least velocity with which a body 
projected from the top of a given inclined plane, so 
as to describe a parabola, shall strike the bottom of 
the plane. 

(LXXV.) 

To determine the furthest point, in a given 
horizontal plane, which can be hit by a body pro- 
jected with a given velocity, from a given point 
without the plane. 


(LXXVI.) 


To find the locus of the foci of all the parabolas 
described by perfectly elastic balls, let fall from a 
given horizontal line, upon a given inclined plane. 
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(LX XVII.) 


The same supposition being made as in the 
preceding problem, to find the point in the horizon- 
tal line, from which, if a perfectly elastic ball be 
dropped upon the inclined plane, the range shall 
be a maximum. 


(LXXVIII.) 


To determine the highest and lowest points in 
a given vertical plane, which can be hit by a body 
projected, with a given velocity, from a given point 
without the plane. 


(LXXIX.) 


To determine the highest and lowest points in 
a given inclined plane, which can be hit by a body 


projected, with a given velocity, from a given point 
without the plane. 


(LXXX.) 


The base of an inclined plane being given, to 
find its altitude, so that a ball being projected up 
the plane with a given velocity, may, after leaving 
the plane, strike the base produced in a given 
point. 

(LXXXI.) 


If a perfectly elastic ball projected from an 
horizontal plane, perpendicularly upwards, with a 
given velocity, impinge upon a perfectly hard and 
immoveable plane, inclined to the horizon, ata 
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given angle, to find where the ball will again strike 
the horizontal plane. 


(LXXXII.) 


A perfectly elastic ball being supposed to be let 
fall from a given point, above an horizontal plane, 
to find where a given inclined plane must be placed, 
so that the ball, after impinging upon it, may strike 
the horizontal plane in a given point. 


(LXXXHI.) 


If any number of given inclined planes have a 
common section which is parallel to the horizon, 
to determine the locus of the furthest points of 
the planes, which can be hit, by a body projected 
from a given point in the common section, with a 
given velocity. 

(LXXXIV.) 


If any number of bodies, projected with equal 
velocities, from the same given point, in different 
horizontal directions, all strike a given plane, which 
is situated below the given point, to determine the 
locus of the points of the plane that are hit; (1) if 
the given plane be horizontal; (2) if the given plane 
be vertical; and (3) if the given plane be inclined 
to the horizon. 

(LXXXV.) 


To determine the graduation of a given glass 
cylinder, so that the several numbers of degrees may 


APPENDIX II. (127) 


indicate the specific gravities of different fluids, in 
which the cylinder floats, the specific gravity of 
pure water being represented by unity. 


(LXXXVI.) 


A cylinder filled with water being given, the 
altitude of which is (a) inches, to divide it into (n) 
parts, on which the lateral pressures shall be equal. 


(LXXXVII.) 


The place of the lateral orifice, in a close cylin- 
drical vessel, containing water, being given, and 
also the point of the ground struck by the issuing 
fluid, to find the altitude of the water in the vessel. 


(LXXXVIII.) 


The direction of a tube, inserted at a given 
point in the side of a close cylindrical vessel, con- 
taining water, being given, and also the point of the 
ground struck by the spouting fluid, to determine 
the altitude of the water in the vessel, and the track 
of the spouting fluid. 


(LXXXIX.) 


To find the place of an orifice to be made in the 
side of a given cylinder, filled with water, and 
inclined to the horizon at a given angle, so that 
the effluent fluid may just strike the base of the 
cylinder. 
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(xc.) 


To find the place of an orifice to be made in 
the side of a given cylinder filled with water, and 
inclined to the horizon at a given angle, so that 
the fluid may spout the farthest from its base on an 
horizontal plane. 


(XCI.) 


If a hollow sphere elevated above the ground 
and filled with the water, be supposed to be bored 
through, in every point of its surface, to find a con- 
cave surface, which shall be touched by the several 
streams of the spouting fluid. 


(XCII.} 


A prismatic vessel las, at a given point in its 
side, a circular orifice of given dimensions, and is 
kept full by a certain supply of water: It is required 
to find the dimensions of another such an orifice to 
be made at another given lower point in the side, 
so that the same supply of water may keep the vessel 
full, when this lower orifice is open, and the upper 
orifice closed. 


(XCIII.) 


A vessel, from which the water issues, at the 
bottom, is supplied at a given rate with water, 
poured into its top, and the surface is thus kept at 
a certain known altitude: It is required to find the 
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proportionate additional supply of water, with which 
the vessel must be fed, so that the surface of the 
fluid may be kept at any greater given altitude. 


( XCIV.) 


In the straight line joining the extremities of 
two given finite straight lines, to find a point from 
which the two given lines being seen, they shall be 
of the same apparent magnitude. 


(XCV.) 


In a straight line, parallel to the straight line 
which joins the extremities of two given finite 
straight lines toward the same parts, to find a point, 
from which the two given lines being seen, they 
shall be of the same apparent magnitude. 


(XCVI.) 


To find a point, from which two sides of a given 
triangle being seen, they shall be of the same given 
apparent magnitude. 


(XCVII.) 


The vertical angle of a triangle being less than 
the exterior angle of an equilateral triangle, to find 
within it a point, from which if the three sides be 
seen they shall be of the same apparent magnitude. 


(XCVIII.) 


In a given indefinite straight line, to find a 
point, seen from which a given finite straight line, 
1 
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lying wholly without the indefinite line, shall be of 
the greatest apparent magnitude. 


(XCIX.) 


To find the locus of all the points, in which an 
eye can be placed, so that two unequal straight 
lines, both lying in the same straight line, may 
always appear of the same magnitude. 


(C.) 


To find the point, in which an eye must be 
placed, so that three given straight lines, all situated 
in the same straight line, may appear of the same 
magnitude. 


(CI.) 


Two points being given, one on each side of a 
given indefinite straight line, to find a portion of 
the indefinite linc, such that its apparent magni- 
tude, when scen from one of the given points, shall 
be the double of its apparent magnitude, when seen 
from the other. 


(CII.) 


To find a point in the circumference of a circle, 
seen from which two given unequal portions of a 
given straight line, without the circle, shall be of 


equal apparent magnitudes. 
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(CHI.) 


If a plane mirror revolve about an axis, the 
angular motion of the image of any object is the 
double of the angular motion of the mirror. 


(CIV.) 


A given straight line being inclined to the 
horizon at a given angle, to find the position of 
a plane mirror, from which the image of the given 
straight line shall be inclined to the horizon at 
any other given angle. 


(cv.) 


A given vertical object being supposed to be at 
a given height above an horizontal plane, to find 
the point in the plane, where the apparent mag- 
nitude of the object is greatest. 


(CVI.) 


The eye being supposed to be placed in any 
point of a given parallelogram, to determine the 
least length and breadth of a parallel plane mirror, 
in which the whole of the image of the given figure 
shall be visible. 


(CVII.) 


A circle which is inclined at a given angle to 
the horizon, is placed opposite to a plane vertical 
i 2 
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mirror: it is required to determine the greatest 
length and breadth of the least portion of the 
mirror, in which the whole image of the circle 
shall be visible to an eye placed in its center. 


(CVITI.) 


The eye being in the bisection of a given 
straight line, which 1s parallel to a vertical mirror, 
to draw through the place of the eye another 
straight line, of a given length, so that its image 
shall be of the same apparent magnitude as the 
image of the first-mentioned given straight line. 


Cee 


The eye and a given luminous point being 
situated between two plane mirrors, inclined to one 
another, the eye’s distance from any one of the 
images of the given point is equal to the aggregate 
of the incident ray and the refiected rays, belonging 
to that image, 


(CX.) 


A radiant point, and the position of the eye, 
being given, both on the same side of a plane 
mirror, and the mirror being supposed to move in 
a direction perpendicular to its own plane, to find 
the locus of the several points of the mirror, from 
which rays are reflected to the cye. 
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(cxi.) 


To find an incident ray, parallel to the axis of 
a given reflecting circular arch, which shall be 


reflected so as to pass through a given point in the 
AXIS. 


(CXII.) 


Yo find an incident ray, parallel to the axis of 
a given reflecting circular arch, that shall be re- 
flected so as to pass through a point in the circum- 
ference, which is at the distance of half a quadrant 
from the intersection of the axis and the mirror. 


(CXIII.) 


If two rays fall on the convex side of a re- 
flecting circular arch, parallel to its axis, the arch 
of the mirror intercepted between the two incident 
rays, is one-third of the arch contained between the 
directions of the reflected rays, on the contrary 
side of the point in which they cross one another. 


(CXIV.) 

A reflecting circular arch, and two points in the 
same plane with it, being given, to find a ray pro- 
ceeding from the one, supposed to be a luminous 
point, which shall be reflected in a direction 
passing through the other; (1) when both points 
are in the circumference; (2) when only one of 
the points is in the circumference; (3) when both 
points are equidistant from the center, but are not 
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in the circumference; (4) when both points are in 
the axis of the reflector. 


(CXxv.) 


Two points, one of which is a radiant point, 
being given, both situated in the same perpendi- 
cular to a refracting surface, and both on the same 
side of the surface, to find a ray proceeding from 
the one, which shall be refracted in a direction 
passing through the other; the ratio of the sine of 
incidence to the sine of refraction being also given. 


(CXVI.) 


If a luminous point describe a circle, having 
its center in the axis of a double convex, or a double 
concave lens, and its plane perpendicular to the axis, 
the image shall describe another circle, having its 
plane also perpendicular to the axis. 


(CXVITI.) 


To find a point in the axis of a given glass 
lens, such that when it is the focus of incident rays, 
the focus of emergent rays shall be at an equal 
distance from the center of the lens. 


(CXVIII.) 


To find a sphere, such that if a luminous point, 
placed before a double convex lens, move in any 
track over part of its surface, the image shall 
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describe a similar track, and shall move over an- 
other part of its surface. 


(CXIXx.) 


One of the surfaces of a given glass lens being 
coated with a reflecting substance,* to find a point 
in the axis of the lens, such that all rays which 
fall upon the lens diverging from it, or converging 
to it, shall pass through it again, after being once 
reflected, and twice refracted, by the lens. 


(CXX.) 


To find the focus of a small pencil of parallel 
rays, falling upon a given glass lens-mirror, of ins 
considerable thickness. 


(CXXI.) 


If one side of a meniscus, bounded by con- 
centric spherical surfaces, be coated with a reflecting 
substance, the distance of the principal focus of 
rays, will be the same as in the case of simple 
reflexion from the spherical mirror. 


(CXXII.) 


The radius of the refracting surface of a glass 
lens-mirror, of inconsiderable thickness, being 


* A lens so prepared, is called, in two of the following 
propositions, a lens-mirror. 
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given, to find the radius of the reflecting surface, 
so that when a very small pencil rays proceeds front | 
a given point in the axis, the directions of the rays, 
after one reflection, and two retractions, shall again 
pass through the given point. 


(CXXIII.) 


Jf a ray parallel to the axis of a glass sphere, 
one half of which is covered with a reflecting 
substance, fall upon the refracting half of the 
sphere, after refraction it shall be reflected to a 
point in the axis, at a distance from the reflecting 
surface nearly equal to one-sixth part of the sphere’s 
diameter. 


(CXXIV.) 


The orbits of the earth and a planet being 
supposed to be concentric circles, and to be in the 
same plane, to find the point in which the planet, 
seen from the earth, appears to be stationary. 


(CXXV.) 


To determine the angle which, at any given 
time, the straight line joining the moon’s cusps will 
make with the horizon; the moon’s orbit being 
supposed to coincide with the ecliptic. 


(CXXVI.) 


According to the Simple Elliptic Hypothesis, 
the carth being situated mn one focus of the moon’s 
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orbit, the plane of the same lunar meridian will 
continually pass through the other focus. 


(CXXVII.) 


The earth being supposed to be a sphere, and the 
angles being observed, which the straight line, join- 
ing the tops of two distant mountains, makes with 
the plumb-line, at each of the tops, to determine 
the dimensions of the earth. 


(CXXVIIL.) 


The time of the beginning of morning twi- 
light, or of the end of evening twilight, being 
given, to find the altitude of the atmosphere, 
which reflects the sun’s light. 


(CXXIX.) 


The annual parallax of a fixt star being sup- 
posed to be sensible, to determine the points of the 
earth’s orbit in which the annual parallax in lati- 
tude, and the annual parallax in longitude, are the 
greatest. 


(CXXX.) 


The earth being supposed to move with an 
uniform velocity, in a circular orbit, and the sun 
being supposed to be placed in a given point, which 
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is not the center of the orbit, to determine in what 
points of the orbit the difference of the angles, de- - 
scribed about the center of the circular orbit and 
the center of the sun, is a maximum; the angles 
being measured from the apogee. 


ON 


MAXIMA anp MINIMA. 


INTRODUCTION. 


(Gromertry, like every other system of useful 
knowledge, is said to have had its rise in the actual 
necessity of inventing it. What is wanting in au- 
thentic history on this point, is compensated by 
the highest degree of probability. Not only does 
the name itself indicate the occasion upon which 
it was given, but the natural features of the par- 
ticular region, which has been assigned as the 
nursery of this science, are such as to give credi- 
bility to the traditionary account of it. In a 
country where the quantity of cultivated soil is 
necessarily small, where the population has always 
been numerous, where fertility is placed in imme- 
diate contrast with the extreme of barrenness, and 
where the boundaries of property are hable to be 
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2 INTRODUCTION. 

swept away by an annual inundation, the practice 
and the theory of the correct mensuration of plane 
surfaces could hardly fail to originate. But if such 
be the origin of Geometry, that particular branch 
of it, which is the subject of the first of the follow- 
ing Sections, was not, perhaps, unknown to the 
ancient Egyptians. Where there was a choice 
of figure, some consideration is likely to have 
been bestowed on the most ceconomical plan of 
division, or enclosure: and many of the mathe- 
matical truths which belong to this subject are so 
obvious, that they could not well escape even a 
cursory survey. If a field, in the form of a rect- 
angular parallelogram, were to be divided equally 
between two persons, it might be done either by 
drawing the diagonal, or by drawing a straight line 
perpendicular to one of the sides through the point 
of its bisection. Which of these two methods of 
bipartition would require the least fencing is suffi- 
ciently evident. ‘The advantage of the square, in 
this respect, compared with an equal triangle or 
patallelogram, and some other elementary truths 
of the same kind, may also be supposed to have 
been early known. ‘The error arising, in common 
cases, from considering the earth’s surface as plane, 
instead of treating it as a convex surface, is al- 
together inconsiderable: Not to mention, that 
some of the leading propositions, relating to 
maxima of enclosed space, and to minima of boun- 
dary, are found to be the same in Plane and in 
Spherical Geometry. 
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It must, however, be allowed, that the full investiga- 
tion ofsuch maxima and minima would not be called 
for by the wants of men. The case which would 
prompt it, the transfer ofa learned nation into a 
country wholly unenclosed, and not abounding, in 
any part of it, with materials for fencing, has never 
yet occurred. The mythology of the ancients, in- 
deed, exhibits an instance, which might have afforded 
full scope for speculations of this kind. But this 1s 
fabulous. In long established communities the divi- 
sions of land have taken place gradually, and upon 
no regular plan; nor is there often an opportunity 
of making any extensive application, in this way, 
of the principles of science. It is, however, worth 
knowing, how a given quantity of surface may be 
most ceconomically fenced, in a given manner, 
and which is the best of all figures in this respect, 
where there is no restrictions, or the best figure of 
its kind, if the number of sides be prescribed : it is 
not an uninteresting problem to determine, what 
form a given length of outline must be made to 
assume, in order that it may contain the greatest 
area; or, what is the best method of subdividing a 
given space into a given number of equal and 
similar parts, so as to leave no interstices. We 
cannot wonder, then, that the immutable relation 
which exists between the space enclosed and the 
species of its boundary, should have engaged the 
attention of the ancient mathematicians. 

Apollonius of Perga, who flourished under 
Ptolemy Euergetes, treated largely of Maxima 
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and Minima, in the fifth book of his work on 
Conic Sections. This work of the “ Great Geo- 
metrician,” consisting of eight books, remained 
entire until the fourth century, when it was in the 
hands of Pappus. It appears, indeed, to have 
been known, in its perfect state, to Eutocius, at 
the latter end of the fifth century. But, from that 
time to the year 1658, the first four books only 
were known to be extant. The discovery of a 
Compendium of the three following books in Ara- 
bic, by Borelli, and the publication of the very 
ingenious attempt of Viviani to supply from con- 
jecture the matter of the fifth book, bear nearly 
the same date: but it is very certain that that emi- 
nent scholar of Galileo could not have previously 
seen the Arabic manuscript, which was found by 
accident in the Medicean Library at Rome. 

The Mathematical Collections of Pappus 
have reached us in a mutilated state. They are 
now hardly accessible at all, excepting through 
a Latin translation which is full of errors. This 
author appears to have been led to the considera- 
tion of Geometrical Maxima and Minima by ob- 
serving the cells of bees: and it is to be regretted 
that we have not his complete investigation of that 
most astonishing structure. What he has deli- 
vered, in his fifth book, has found its way into 
the writings of many modern mathematicians. 

In the literary correspondence which took place 
between Torricelli, Fermat, and Roberval, toward 
the beginning, and the middle, of the seventeenth 
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century, geometrical questions of this kind seem 
to have been proposed: there is one, in particular, 
sent from Fermat to Torricelli, the solution of 
which will be given in the course of this work. 

Dr. Barrow, in the Addenda to his Lectiones 
Geometric, a work of great originality and eru- 
dition, has shewn how theorems relating to maxima 
and minima may be deduced from the considera- 
tion of tangents. His two fundamental theorems 
are demonstrated with admirable perspicuity and 
elegance. 

Amongst the works of later mathematicians, 
not to mention those of D’ Huilher and other 
foreigners, the Elements of ‘Thomas Simpson con- 
tain a series of propositions, ‘on the Maxima and 
Minima of Geometrical Quantities,” in which there 
is not much that is original. 

Waring, in his Treatise on Curve Lines, has 
determined several maxima and minima, of which 
it may be said, that they are curious rather than 
useful. 

But the two last-mentioned authors, as well as 
Pappus among the ancients, and most of the 
modern writers upon this subject, have admitted 
into their reasonings what appears to be a sophism. 
It is easily shewn, for example, that of all triangles 
standing upon the same base and of equal perimeter, 
that which is isosceles is the greatest: hence they 
have concluded, at once, that whatever the rectili- 
neal figure be, of a given perimeter, when it is 
greatest, its sides are all equal. ‘Thus they have 
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taken for granted that the quantity under con- 
sideration has a maximum value: which ıs not al- 
lowable in any geometrical proposition. Such an 
assumption may be properly made in the analytical 
investigation of maxima and minima ; because if no 
maximum nor minimum exists, the process itself 
will shew that to be the case, by the nature of its 
result: and if no absurdity appear in the result, and 
it still be doubtful whether the quantity determined 
give a maximum or a minimum value, there are 
means of ascertaining to which of the two it be- 
longs. But, in this application of Geometry, it 
is necessary to prove that the variable magnitude 
is greater, or less, than any other of the same kind 
with itself, before the conclusion can be fairly drawn. 

The first division of the following publication 
is purely geometrical, and an easy application for 
the most part of the Elements of Euchd. Wherever 
any theorem or problem 1s wanted, which is not 
contained in that book, it has been supplied: in 
those cases, in which a proposition relating to 
maxima and minima appears.to depend principally 
upon some more simple geometrical truth, this 
latter has been separately premised; im order that 
it may be distinctly seen upon what elements each 
main proposition is founded. From a wish to accom- 
modate this work, as far as it could well be done, 
to those who have studied only the first four books 
of Euclid, the doctrine of proportion has been, as 
much as possible, avoided: although the use of it 
might have shortened some of the demonstrations. 
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The propositions of the first and second Sec- 
tions, of this first Part, form a distinct and im- 
portant subject: they lead to results which have, 
most of them, been long known, but which are, 
perhaps, no where to be found collected, arranged, 
and strictly demonstrated. The maxima of the 
first Section are, each of them, connected with a 
minimum: that is, the same species of figure 
which renders the surface greatest when the peri- 
meter is given, renders the perimeter least when 
the surface is given. This remarkable property is 
shewn, in a general theorem, necessarily to obtain. 
In the questions of the second Section, on the 
contrary, the area is a maximum when the peri- 
meter Is a maximum; and it is a minimum when 
the perimeter isa minimum. In one description of 
them, whilst the perimeter remains the same in 
length, the area also remains the same, whatever 
be the number of sides of the figure. 

The third Section consists of miscellaneous 
propositions; classed, however, according to a 
division, which refers them to lines, angles, and 
surfaces. 

it could not escape observation, if the mention 
of it were suppressed here, that it is part of the 
plan of this work to invite a comparison between 
Geometry and Algebra, and to illustrate the ad- 
vantages peculiarto each. The relative advantages 
of these two great branches of science, in the in- 
vestigation of mathematical truths, are now, indeed, 
well understood. But it may not be improper to 
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offer some remarks on the great difference which 
there is between them in producing those collateral 
effects, which have been ascribed to the mathe- 
matics, considered as a discipline of the mind. 

In the very entrance upon our discussion of this 
topic, in order to avoid all misconstruction, it may 
not be wholly needless to state expressly, that what 
follows is intended to refer solely to the case of 
academical students, who apply themselves to the 
mathematics, not so much on account of the in- 
trinsic value of that science itself, as for the sake of 
those indirect advantages, which are supposed to 
flow from the cultivation of it; suchas the habits of 
close attention, of weighing the validity of proofs, 
of searching into the connexion of related truths, 
and of methodizing the materials of thought. 
With this particular view, then, let it be remem- 
bered, our enquiry is to be conducted: and it will 
turn principally on the comparative merits of the 
analytic and the synthetic modes of reasoning, so 
considered. Both these modes of reasoning may, 
indeed, be used in every department of the mathe- 
matics. But throughout the whole province of 
arithmetic, numerical as well as algebraical, ele- 
mentary as well as infinitesimal, both in the inves- 
tigation of theorems and in the solution of problems, 
the analytic method is, almost exclusively, em- 
ployed: whilst the truths of Geometry are, for the 
most part, demonstrated synthetically; and the 
student in acquiring them becomes habituated to 
the use of that method of teaching. Now, there 
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exists, in the first place, this manifest distinction 
between a synthetic proof in Geometry, and an 
analytic process in Algebra, that in order to com- 
prehend the former, the whole chain of reasoning 
must be kept in view, as it is continued from the 
beginning of the proposition to the end : whilst 
in pursuing the latter method, the attention is fixt 
only upon each single step, as each of them suc- 
cessively offers itself; and the conclusion is to be 
admitted independently of all but the last of them, 
. whenever it is arrived at. Stronger and more un- 
ceasing attention, therefore, is required in the 
former case, than in the latter, and the judgment, 
as well as the memory, is called more urgently into 
action. There is, however, analysis, as well as 
synthesis, in Geometry. All those propositions, the 
truth of which Euclid has deduced ex absurdo, are, in 
reality, demonstrated analytically : and, in the same 
manner, a series of conclusions legitimately drawn 
from a certain supposition, may so terminate as to 
shew that supposition to be true. But, in both 
these cases, it is evident that the connexion of the 
several steps with the original hypothesis must be 
closely attended to, in order that the force of the 
proof may be clearly seen. Arithmetical specu- 
lations, on the contrary, most commonly hinge upon 
the solution of an equation, or upon the finding 
of a fluent: and whatever obstacles the authour 
of such propositions may have had to encounter, 
there is seldom any serious difficulty in following 
him along the path which he has traced out. 
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There is, besides, a more absolute precision iu 
all the forms and in the language of geometrical 
disquisition. Pure Geometry is always precise and 
logical; it carries on its demonstrations by the 
exact comparison of ideas, adhering to the constant 
use of terms, the meanings of which are always 
verified by a reference to accurate definitions. Its 
reasonings proceed by means of syllogisms, in which, 
for the sake of brevity, the minor proposition is: 
suppressed. But even in the proofs of those 
theorems of Algebra, in which little depends upon - 
the employment of its peculiar symbols, the: 
reasoning is seldom close and exact. 

The absurdities which have been published with 
a view of explaining the rule for Algebraic multi- 
plication; the common method of shewing that 
the numerator and denominator of a fraction in its: 
lowest terms are measures of the numerator and 
denominator, respectively, of every other equal 
fraction; the imperfect state in which the proof of 
the rule for finding the greatest common measure 
of two complex algebraic quantities, has been left 
by most elementary writers, as if they could only 
be accurate as far as Euclid is accurate, from whom 
they have copied, but who did not contemplate the 
nature of quantities expressed algebraically ; the de- 
fects in the demonstration of the binomial theorem ; 
and many more examples might be adduced in sup- 
port of the assertion made above. Nay, it is well 
known, that some propositions of the greatest 
importance in Algebra have never yet received a 
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satisfactory proof: and although mere metaphysical 
objections ought * not to stop the progress of any 
science, it is time that these faults were remedied : 
the most eminent writers in this department, how- 
ever, always appear to be in haste to quit the pro- 
vince of severe reasoning, and to exhibit their skill 
in the management of symbols. Thus it appears, 
that even when the same method is used in both, 
Geometry affords a better exercise, than Algebra, 
for the mental powers. That it exercises, without 
oppressing and fatiguing them, will scarcely be 
denied by any man, of even middling abilities, 
from his own experience. Different individuals 
may, indeed, find it more or less difficult to retain, 
and to recollect, the proofs of a long series of geome- 
trical propositions ; but fully to comprehend these 
proofs, at the time when they are considered, to 


— —- 


* “ Quoique les vérités mathematiques soient toutes d’une 
certitude parfaite, elles n'ont pas toutes le même degré d’ évi- 
dence : ce sont sur-tout les notions premières quil est difficile de 
porter au point de clarté desirable ; mais on seroit arrêté dans 
la carrière, dès les premiers pas, si parce que certains principes 
fondamentaux restent enveloppes de quelque obscurité, on refu- 
soit ď’aller plus avant. Ainsi les anciens, parce qw'ils n’avoient 
pu parvenir à Cclaircir entièrement la thĉorie des parallèles, 
n’ont point ĉté pour cela retardés dans leurs recherches. 

Ainsi, quoique la notion de linfini presentat aux modernes 
des difficultés, ils n’ ont pas laissé de donner à I’ analyse infinité- 
simale tout le développement qu’on pouvoit attendre de leur 
sapacité, Ainsi, enfin, l obscurité dans laquelle est restée la 
notion des quantités négatives n’a nullement entrave la marche 
des algĉbristes.” Carnot, Geom, de posit. p. 481. 
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perceive the concatenation which binds the parts of 
the series together, and thus indirectly to gain all 
the essence of a system of logic, without the 
tediousness of its technical terms and rules, requires 
nothing more than common sense and sedulous 
application. What has been hitherto said, upon 
this subject of comparison, relates chiefly to the 
progress of the student in making himself master 
of the discoveries of other men. But it is not only 
in reading and digesting what has been written upon 
the mathematics, that his mind is disciplined: 
another most important employment of his faculties 
consists in the application of knowledge so acquired 
to cases which are new to him. 

Now the questions proposed to a learner to be 
answered algebraically, as a trial of his skill and 
talents, are usually of such a kind as not to demand 
any extraordinary exertion of his reason. He 1s 
not called upon to attempt the investigation of new 
and recondite theorems. The difficulty presented 
to him, is seldom more than the mere translation 
of the conditions of the question, into a language, 
the peculiarity of which is, that it is so concise as 
to exhibit several propositions in a small compass. 
This having once been effected, and it is seldom 
an arduous task to perform, the attention is then 
withdrawn from the things signified, and confined 
to the signs : and from performing the mere opera- 
tions of Algebra, it will scarcely be contended that 
any improvement of the reasoning faculties is to 
be derived. But the exercise of the understanding 


INTRODUCTION. i3 


is of a very different kind, when it is occupied in 
the solution of a geometrical problem. Whether 
it proceeds, strictly speaking, analytically, or 
whether it makes a particular construction, in the 
way of trial and conjecture, and then pursues the 
consequences of it, until they either end in the 
attainment of that which was proposed, or else in- 
dicate that some other method must be had re- 
course to, its faculties of judging, recollecting and 
inventing are continually exercised. 

Algebra 1s, doubtless, the more powerful and 
convenient instrument for use. “Idem omnino 
mihi,” says EuLer, “cum Newtoni Principia et 
Hermanni Phoronomia perlustare ccepissem, usu 
venit, ut quamvis plurium problematum solutiones 
satis percepisse mihi viderer, tamen parum tantum 
discrepantia . problemata resolvere non potuerim.” 
But the same causes, which give analytics their 
superiority in that respect, prevent them from 
being so valuable, considered as a mental discipline. 
The great praise, it may be further remarked, 
which has been bestowed upon the Mathematics as 
conducing to strengthen the mind, has proceeded 
from men, who lived when Geometry constituted 
the principal part of them: and those who have 
lately denied them this merit, seem to have 
been biassed in their estimate by a partiality for 
extended analytics. 

If the view which has here been taken of this 
subject be just, it should seem to be no disservice 
to our established system of education, to afford 
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scope for the efforts of our junior students in an 
easy extension of those rudiments of knowledge 
which they learn from Euclid. It is impossible 
for them to enter upon a more fertile field than 
that of Geometry, which really seems to admit of 
the excrcise of as much genius and invention as 
poetry itself: and after having thus strengthened 
their faculties, and accustomed themselves to the 
comparison of clear ideas, they will proceed with 
better sucecss to the remaining part of their aca- 
demical course. A permanent taste for the 
Mathematics will thus be formed, and a study, 
which is now too frequently thrown aside as soon 
as it has answered a temporary purpose, will be- 
come a valuable resource to amuse and adorn their 
future leisure. 


ON 


MAXIMA anv MINIMA. 


Part I. 


ON THE APPLICATION OF EUCLID’S ELEMENTS TO 
QUESTIONS CONCERNING MAXIMA AND MINIMA. 


SECTION Í. 


1. Der. Å vARIABLE magnitude is said to be 
a “maximum” when it is the greatest of its kind, 
or the greatest under certain conditions: and it is 
called a “minimum” when it is the least of its 
kind, or the least under certain conditions. 


Prop. Í. 


2. Problem. ‘Through a given point, situate 
between two given stratght lines, which are not 
parallel, to draw a straight line terminated by the 
two given lines, and bisected in the given point. 

Let AX and AY be two given straight lines 
which are not parallel, and D a given point 
between them; it is required to draw a straight 


line through D, terminated by 4X and AF, and 
bisected in D. 
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Through D draw (E. 51.1.) DE parallel to 
AY, and DH parallel to AX; from H} cut off 
(E.3.1.) HG equal to DE or AM; join G, D, and 
produce GD to meet AX in F. The straight 
line GF is bisected in D. 

For the two triangles FDE, DGH have the 
side DE equal to the side GH, by the construc- 
tion; and the angles adjacent to these sides are 
equal, each to each, because (E. 29. 1.) DE 1s 
parallel to 4G ; wherefore (E. 26. 1.) FD is equal 
to DG: and FG is bisected in D. 


Prop. II. 


3. Theorem. Of all triangles having the same 
vertical angle, and the bases of which pass through 
the same given point, the least is that which has 
its base bisected by the given point. 


* The letter E refers to the Elements of Euclid, the former 
of the two numbers to the Proposition, and the latter to the 
Book. 


pry 
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Let BAC (Fig. Art. 2.) be the common vertical 
angle, and D the point through which the bases of 
all the triangles pass. Draw (Art. 2.) the base FG 
such that it shall be bisected in D, and let BDC 
be the base of any other of the triangles; the tri- 
angle AFG is less than the triangle JBC. 

Through G, the extremity of FG which is 
not further than the other extremity, from 4. 
draw (E. 31. 1.) GZ parallel to AB and 
meeting BC in J; then, because FD is equal 
to DG, and the angle BDF to the angle GDI 
(E. 15.1.) and the angle BFG to the angle FGI 
(E. 29. 1.), the triangle GDI is equal (E. 26. 1.) 
to the triangle BDF; but the triangle GDT is 
less than the triangle GDC; therefore the triangle 
BDF is less than the trangle GDC ; if, therefore, 
the trapezium ABDG be added to both, the tri- 
angle AFG is less than the triangle ABC. 


Pror. III. 

4. Theorem. The greatest parallelogram which 
can be inscribed in a given triangle, so as to have 
the vertical angle of the triangle for one of its 
angles, is that which is formed by drawing two 
straight lines from the bisection of the base, each 
parallel to a side of the triangle. 

Let ABC (Fig. Art. 2.) be the elven triangle ; 
let its base BC be bisected in K, and let KL be 
drawn parallel to 4C, and KM parallel to 4B. 
Also let D be any other pointin BC, and let DH and 
DE be drawn parallel to AB and AC respectively; 

B 
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the parallelogram AK is greater than the paral- 
lelogran AD. 

Through the point D draw (Art. 2.) the straight 
line FDG so that it may be bisected in J); the tri- 
angles BKL, KCM may be shewn to be equal in 
the same manner as the triangles BDF, GDI were 
shewn to be equal in Art. 3.; therefore LA is equal 
to MC; and LK is also (E. 34.1.) equal to AM; 
therefore 4M is equal to MC; and (E. 41. 1.) the 
parallelogram AK is the double of the triangle 
MKC; it is, therefore, equal to the two triangles 
MKC, LBK, and is the half of the whole tri- 
angle ABC. In the same manner the parallelo- 
gram AD inay be shewn to be half of the triangle 
AFG: but (Art. 3.) the triangle ABC is greater 
than the triangle 4FG; therefore, also, the paral- 
lelogram AK is greater than the parallelogram 


AD, 


Pror. 1V. 


5. Theorem. Ofall equiangular parallelograms 
of equal perimeters, that which ‘is equilateral 1s 
the greatest. 
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Let ADKE be any equilateral parallelogram, 
and AP any other parallelogram equiangular with 
it, and of equal perimeter; 4K is greater than 
AP *§, 

Join A, P, and produce KP both ways to meet 
AD and AE, produced, in Band C. And since 
ND is a parallelogram, RN is equal to DK, and 
RD to KN (E. 34. 1.); but AD together with DK 
is equal to AR together with RP, each being the 
half (E. 34. 1.) of equal perimeters ; from each of 
these equals take ÆR together with RN or DK, 
and there will remain RD equal to NP; there- 
fore, also VK is equal to NP; therefore the angle 
NKP is equal to the angle NPK (i. 5.1.); but 
the angle NAP is equal to the angle ABC, and 
angle VPK to the angle ACB (E. 29.1), and 
also to the angle DAB; wherefore the four angles 
DBK, DKB, EKC, ECK are equal to each other; 
and the side DK of the triangle BDK is, by the 
hypothesis, equal to the side KE of the triangle 
KEC ; therefore (E. 20. 1.) BK is equal to KC; 
and (Art. 4.) AK is greater than AP, 

6. Cor. 1. The square is the greatest of all 


-_-_— - m 
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* If it be required to make an equilateral parallelogram 
equiangular with a given parallelogram AP, and having also an 
equal perimeter; produce 42 to C, and make 2C equal to aP. 
Join C, P; and let CP produced meet AR produced in B; 
bisect (E. 10.1.) CB in K; and through K draw (E. $1. 1.) 
KD and KE parallel to A2 and AR respectively; then it is 
manifest, from the demonstration of Art. S. that AK is egui- 
lateral and that its perimeter is equal to that of the equiangular 
parallelogram AP. 

B2 
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rectangles ef equal perimeters; which may also 
be deduced from E. 5. 2. 

7. Cor. 2. ‘The space which can be enclosed 
by a straight line of given length, and an indefinite 
straight line, the given finite line being divided 
into two segments, which are to be inclined to 
each other at a given angle, is greatest when the 
segments are equal. 

For (Art. 5.) the double of that space will be a 
maximum when the segments are equal. 


Pror. V. 


8. Theorem. Of all triangles having two sides 
of the one equal to two sides of the other, each to 
each, that which has the two sides perpendicular 
to each other is the greatest. 

Let the triangle ACB have the two sides AC, 
CB at right angles to each other, and let 4CD 


be any other triangle standing upon 4C, and having 
the other side CD equal to CB. The triangle 
ACB is greater than the triangle ACD. 

Draw DE (E. 12.1.) perpendicular to BC and 
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join 4, Æ. Then, because the angle DEC is a 
right angle, the angle EDC is less than a right 
angle (E. 17. 1.); and, therefore, (E. 19. 1.) DC 
is greater than EC; but DC is equal to BC; 
therefore BC is greater than EC; again, be- 
cause each of the angles DEC, ECA is a right 
angle, DE (E. 28.1.) is parallel to 4C, and the 
triangle ADC is equal (E. 37. 1.) to the triangle 
AEC. But the triangle 4BC is greater than the 
triangle AEC, because BC has been shewn to be 
greater than ÆC; therefore the triangle 4BC is 
greater than the triangle 4 DC. 

9. Cor. 1. A square is greater than any other 
given parallelogram of equal perimeter: And the 
perimeter of a square is less than that of any other 
equal parallelogram. 

If the given parallelogram be not equilateral, 
find (Note, Art.5.) an equilateral parallelogram 
equiangular with it, and of equal perimeter. 

This is (Art. 5.) greater than the given paral- 
lelogram ; and if the given parallelogram be rect- 
angular, it will be a square: if not, it will be a 
rhombus: but (Art. 8.) the half of a square is 
greater than the half of a rhombus of equal peri- 
meter; wherefore the whole square is greater than 
the whole rhombus ; much more then is the square 
greater than the given parallelogram of equal 
perimeter. 

Conversely, let Æ be a square, and B any other 
equal parallelogram; the perimeter of 4 is less 
than that of B. For if it be not less, it 1s either 
equal to it or greater; but it cannot be equal; for 
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then, as hath been shewn, Æ would be greater thar: 
B; which is contrary to the supposition: Neither 
can the perimeter of Æ be greater than that of B; 
for then dA would manifestly be greater* than a 
square of equal perimeter with B, the which 
square, as hath been proved, is itself greater than 
B; much more, then, would 4 be greater than 
B; which is contrary to the supposition. Where- 
fore, the perimeter of the square 4 1s less than that 
of any other equal parallelogram B, since it can 
neither be equal to it, nor greater than it. 

10. Cor. 2. The space which can be enclosed 
by a straight line of a given length, and an inde- 
finite straight, line, the given finite line being 
divided into two segments, is greatest when the 
segments are equal, and perpendicular to each 
other. 

11. Cor. 3. If space be to be enclosed by any 
number of given finite straight lines together with 
an indefinite straight line, and if the semicircle 
described upon the assumed portion of the inde- 
finite line as a diameter do not pass: through all the 
angular points of thie figure, a greater space may 
be enclosed under the same conditions. 

Let 4B, BC, CD, DE be the given finite 
straight lines, placed so as to enclose a space with 
the indefinite straight line 44°; and let the semi- 
circle ABCE, described upon AE as a diameter, 


* It is self-evident, that of two squares, that which has the 
greater side is the greater, and conversely; That this is true 
of all regular polygons of the same number of sidcs, is shewe 
m Art, 23. 
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C 


A E 


pass through the angular points B and C, but not 
through D; join A, D and Æ, F; draw (E. 11.1.) 
DG perpendicular to AD, and make DG equal to 
DE; join A, G; the angle EFD is a right angle 
(E. 31. 3.); therefore (E. 17. 1.) the angle ADE 
is not a right angle; therefore (Art. 8.) the triangle 
ADG is greater than the triangle ADE ; if, there- 
fore, the figure ABCD be added to both, 4BCDG 
is greater than ABCDE. 
But, secondly, if the semicircle ABDE, de- 
scribed upon AE as a diameter, pass through the 
C 
H 


n \ | us 


angular points B and D, but not through C, which 
point is not adjacent either to the first or the last 
of the given finite straight lines, which bound the 
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polygon, Join 4, Cand E, C; and since the point 
Cis not in the semicircle, the anole ACE (E. 31.5. 
and 16. 1.) is not a right angle: Draw, a 
(E. 11.1.) CG perpendicular to AC, and make 
CG equal to CE; through Æ and G draw the 
indefinite straight line AGX ; and upon CG, 
which 1s sane to CH, make ‘in figure CHG 
(E. 18. 6.) similar, and therefore (E. 20. 6.) equal 
to CDE, i.c. to that part of the polygon which 
stands on CE: Then, since (Art. 8.) the triangle 
ACG is greater than the triangle ACE, if to the 
former be added the figures 4BC and CHG, and 
to the latter the figures .4BC and CDE, which has 
been shewn to he equal to CHG, it is manifest 
that the whole figure 4BCHG is greater than the 
whole figure ABCDE, which is enclosed under the 


same conditions. 


Prop. VI. 


12. Problem. Jn a given indefinite straight 
line, to find a point, from which if two straight 
lines be drawn to two given points on the same 
side of the indefinite linc, and in the same plane 
with it, their aggregate shail be a minimum. 

Let AF be the indefinite straight line, and 4, B 
the two given points, both on the same side of it ; 
it is reguired to find a point in AF, from which, if 
two straight lines be drawn to Æ and B, their 
aggregate shall be a minimum. 

From 4 draw the straight line ACD perpen- 
dicular to AF, and make CD equal to AC; join 
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D, B, and let DB meet XY in E; also join E, 4; 
AE, together with Æ B, is a minimum. 

For, let P be any other point in XF, and join 
P with 4, B, D. Because AC is equal to CD, 
and CE common to the two triangles ACE, 
DCE, and that the angle ACE is equal to the 
angle HCD (E. Def. 10. 1.) AE is equal (E. 4. 1.) 
to DE; and in the same manner AP may be 
shewn to be equal to DP; therefore DB is equal 
to AE together with EB, and DP together with 
BP is equal to AP together with PB; but DP 
together with PB is greater (E. 20. 1.) than DB; 
therefore, also, 4P together with PB is greater 
than AE together with E B+. 


* If XY be the circumference of a great circle in a sphere, 
and if 4, B, be two given points, in the sphere’s surface, 
both of them on the same side of XY, the same kind of con- 
struction may be made as in the above proposition, and a point 
in X Y may be thereby determined, such that the aggregate of 
the arches of two great circles, drawn to it fram A and B, shall 


be 
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13. Cor. If several points be taken in the 
indefinite straight line YJ’, the aggregate of the two 
straight lines drawn from 4 and B to that which 
is nearer to the point Æ, is less than the aggre- 
gate of the two straight lines drawn from 4 
and B to that which is more remote from Æ. 
This is manifest from E. 21. 1. 


Prop. VII. 


14. Theorem. The perimeter of an isosceles 
triangle is less than that of any other equal tri- 
angle, standing upon the same base. 

Let ABC be an isosceles triangle, and AQC 


any other equal triangle standing upon the same 


X Y—— y 
po ; 
A MC 


a 


bea minimum. See a Treatise on Spherics, by the Authour of 
this Treatise (Art. 70. 92. 66. 97. 74.). 

It may, perhaps, 1n maay instances, furnish amusement 
to the reader, whilst he is engaged with the problems in this 
book, to endeavour to solve the analogous problems, on the 
surface of a sphere, by an application of the principles of 


Spherical Geometry. 
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base AC; the perimeter of ABC is less than that 
of AQC. 

Join B, Q and produce BQ both ways to Æ 
and F; BQ is parallel (E. 39.1.) to AC, and, 
therefore, the angle ABX is equal to the alternate 
angle BAC, and the angle CBF to the angle BCA 
(E. 29. 1.); but the angle BAC is equal (E. 5. 1.) 
tothe angle BCA; therefore the angle ABX is equal 
to the angle CBY ; it follows, therefore, from the 
demonstration of Art. 12., that 46 together with 
BC is less than 4Q together with QC; and, be- 
cause the base ÆC is common to the two triangles, 
the perimeter of the triangle 4BC, is less than 
that of the triangle AQC. 

Otherwise : 

Let AB be produced to D so that BD may 
be equal to AP, or BC, and let D, Q be joined; 
the angle DBQ (E. 29. 1.) is equal to BAC, and 
QBC to BCA; but BAC is equal (E. 5.1.) to 
BCA; wherefore DBQ is equal to QBC; and 
BD is equal to BC, and, therefore, (E. 4. 1.) DQ is 
equal to QC; but AQ together with QD, is greater 
(E. 20.1.) than AD; i.e. than 4B, BC; there- 
fore AQ, together with QC, is greater than AB, 
together with BC; and the base 4C is common to 
the two triangles; therefore the perimeter of the 
triangle JBC is less than the perimeter of the tri- 
angle AQC. 

15, Cor.1. If any polygon be not equi- 
lateral, another equal polygon may be found, of the 
same number of sides, which has a less perimeter. 


Let the two sides CD, DE of the polygon 
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ABCDE be unequal; join C, E and (E. 10. 1.5 


bisect CE in L; through D draw (E. 31. 1.) AF 
parallel to CE, and through L (E. 31. 1.) LK per- 
pendicular to C# ; and join C, Kand E, K. By the 
construction, and E. 4. 1., the two triangles CLK, 
ELK are equal; so that CA is equal to AE, and 
therefore, (Art. 14.) CA, together with KE, is less 
than CD, together with DE ; add to both the rest 
of the perimeter EBC, and the whole perimeter 
E_ABCK is less than the whole EABCD., 

16. Cor. 2. An isosceles triangle is greater 
than any scalene triangle of equal perimeter, and 
standing upon the same base. 

If not, it is either equal to, or less than the sca- 
lene triangle; but it cannot be equal to the scalene 
triangle; because it would then (Art. 14.) have a 
Jess perimeter, which is contrary to the hypothesis ; 
neither can it be less ; because then, also, its peri- 
meter must be still less than before; for if two 
unequal isosceles triangles stand upon the same 
base, and on the same side of it, the less must 
hie wholly within the greater; and, therefore, 
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(E. 21. 1.) have a less perimeter; otherwise, an 
angle at the base, belonging to one of the tri- 
angles, would, at the same time, be greater and less 
than an angle at the base belonging to the other. 
Wherefore the isosceles triangle is greater than the 
scalene triangle, since it can neither be equal to 
it, nor less than it. 


17. Cor. 3. Hence, if any polygon be not 
equilateral, a greater polygon may be found of 
the same number of sides, and of equal perimeter. 


Let the sides 4B, BC of the polygon ABCDE 
(Fig. Art. 15.) be unequal; join 4, C; from the 
centre Æ, at a distance equal to the semi-aggre- 
gate of the two sides 4B, BC, describe a circle, 
and let it cut another equal circle, described from 
the centre C, at an equal distance, in H. Join 
A, H and C, H; the isosceles triangle AHC is, 
therefore, of the same perimeter as ABC, and 
(Art. 16.) is greater than 4BC; add to each the 
polygon ACDE, and AHCDE is greater than 
ABCDE, a polygon of the same number of sides, 


and of equal perimeter. 


Pror. VIII. 


18. Theorem. If the bases of two equal iso- 
sceles triangles be equal, the side, also, of the one 
is equal to the side of the other. 

Let ABC, DCE be two equal isosceles tri- 
angles, having the base BC of the former equal to 
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the base CE of the latter; the side AB is equa! to 
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the side DC. 

Let the bases be placed contiguously at the 
extremities and in the samce straight line; join 4, D 
aud from Æ and D draw (E. 12. 1.) AF and DH 
perpendicular to BE. 

Then (E. 40.1.) dDis parallel to BE, and 
(E. 28, and 29. 1.) AH is a paralielogram ; also, 
because AF is common to the two right-angled 
triangles AFC, AFB, which have the angles 
at B and C equal, BF (E. 26. 1.) is equal to 
FC; inthe same manner, CH is equal to HE, 
therefore FC is equal to CH, each being the half 
of two equal lines; and FH is equal to BC; 
but (E. 34. 1.) FH is equal to AD; therefore, 
also, BC is ul to AD, and (E.33. 1.) AB is 
equal to DC. 


19 Cor. Inthe same manner it may be shewn 
that if the bases of two equal right-angled tri- 
angles be equal, the remaining sides of the one are 
equal to the remaining sides of the other, each to 
each. 
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Prop. IX. 


20. If the base of an isosceles triangle be less 
than the base of an equal equilateral triangle, its 
side shall be greater than the side of the equi- 
lateral triangle. | 

Let abc be an isosceles triangle, and ABC an 


BE D C 
equilateral triangle equal to it; and let bc be less 
than BC; then is ab greater than AB. 

From a, and A, draw ad perpendicular to bc, 
and 4D perpendicular to BC. It may be shewn, 
as in the preceding proposition, that bc and BC 
are bisected in the points d and D; therefore, the 
triangle ABD is equal to the triangle abd, each 
(E. 38. 1.) being the half of the two equal tri- 
angles. From DB cut off (E. 3.1.) DE equal 
to db; join A, E; through B draw (E. 31.1.) BG 
parallel to EA, and let it meet DA produced in G ; 
also, through 4 draw HAT parallel to BC, and 
jon G, E and G, C. Then, (E. 4. 1) the angle 
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GBC is equal to the angle GCB; and, therefore. 
because the two triangles GAH, GAT have the 
angles at the bases HA and IA equal (E. 29. 1.) 
and have the side Gd common, HA is equal 
(E260: 1.) to AT; but IMA is also equal to 
BE (FE. 34. 1.), because JE is a parallelogram ; 
therefore AL is equal to BE, and (di. 33. 1.) 
IE is equal and parallel to AB. Again, be- 
because the two triangles ABE, EGA (E. 37. 1.) 
are equal, add to each the tria angle AED, and the 
whole triangle GHD is equal to the whole triangle 
ABD, i. e. to the triangle abd; and DE was made 
equal to 7b; therefore (Art. 19.) GE is equal to ab. 
But the angle #7 C is necessarily an acute angle; 
for it is less (15. 16. 1.) than the angle ZAC, which 
(E. 29. 1.) is equal to the angle of the equilateral 
triangle BAC; therefore the anole EIG is neces- 
sarily (E.13. 1.) an obtuse angle, and EG is 
greater than (.17.and 19. 1.) EI. But EG was 
shewn to be egual to ab, and ZI to AB. There- 
fore wb is greater than AB. 


Pror. X. 


21. Lheorem. The perimeter of an equilateral 
triangle is less than the perimeter of any other 
equal triangle. 

Let ABC be an equilateral triangle, and phe 
any other equal triangle; the perimeter of the tri- 
angle ABC 1s less than that of the triangle pbc. 

If the triangle p bc be not isosceles, find (Art. 
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25.) an equal isosceles triangle a b c, which will have 
a less perimeter; draw (E. 12. 1.) AD perpendicular 


A T 
EB D C 
= E7 Le 
| ™ 
bz d C 


to BC, and ad perpendicular to bc; and from DB, 
produced if necessary, cut off (E. 3. 1.) DE equal 
to db; join A, E; through B draw (E.31. 1.) 
BG parallel to E4, and through 4 draw AT parallel 
to BC, meeting BG produced in J; and join Æ, G. 
It may be shewn, as in Art. 20., that the triangle 
EGD is equal to the triangle ABD, and that, 
therefore, (Art. 19.) ZG is equal to ab. And, 
first, if £D be not less than DA, the angle DAE 
is not less (E. 5. and 18. 1.) than the angle AED, 
and, therefore, the angle AGT is not less than the 
angle AIG (Ki. 29. and 34.1.); therefore (E. 6. 
and 19.1.) AZ or EB is not less than AG. But 
EG and GA are together (E. 20. 1.) greater than 
EA, and EA is greater (E. 19. 1.) than 4B, be- 
cause the angle 4BE is necessarily obtuse; much 
more then are GE and EB together greater than 
Ç 
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AÁB; add BD to both; therefore GE and ED are 
together greater than 4B and BD. But GE and 
ED are equal to the semi-perimeter of the triangle 
abc, and 4B and BD are equal to the semi-peri- 
meter of the triangle ABC; wherefore the whole 
perimeter of the former is greater than the whole 
perimeter of the latter; much more then is the peri- 
meter of the triangle pbc greater than that of the 
triangle ABC. 

But if ED be less than DA, and greater than 
DB, at the point 4 make (E. 23. 1.) the see EAH 
equal to the angle AED. The angle JED is 
greater (E. 18. 1. i than the angle DAE; therefore 
the angle EAH is greater than the angle EAD, and 
AH and AE lie on contrary sides of AD ; again, 
the angle AE D is less than the angle AC, for dC, 
which is equal to BC, is, by the hypothesis, less than 
CE ; therefore the angle EAH is less than the 
angle HAC; and AH falls between dD and dC; 
therefore JH meets BI between AD and AC; join 
£, H. The angle AHTI is equal (E. 29. 1.) to the 
angle EAH; i. e. to the angle AED, by the con- 
struction. Aad the angle AEB; 1S equal (E. 34. 1.)to 
the angle AIH ; therefbre (i.6.1.) AZ is equal 
to AH. But the exterior angle LGD is greater 
(1.16. 1.) than the angle BAG; and the angle 
BGD is equal (E. 15. 1.) to the angle AGH, and 
the angle BAG is equal to the angle GAC, because 
the perpendicular 4D bisects the triangle BAC; 
but the angle GAC has been shewn to be greater 
than the angle GAH ;' much more, then, is the 
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angle AGH greater than the angle GAH; there- 
fore (E. 19. 1.) AH, or AL, or (E. 34. 1.) EB is 
greater than GH; but the two EG, GH are to- 
gether (E. 20. 1.) greater than EH ; much more, 
then, are GE, EB together greater than EH. 
And since AH is equal to EB, and HB common 
to the two triangles HAB, HEB, and that the 
angle AHB is equal to the angle EBH, the side 
EH is equal (E. 4. 1.) to the side 4B; wherefore 
GE and EB are together greater than 4B, and it 
may be shewn, as in the first case, that the peri- 
meter of the triangle ABC is less than the peri- 
meter of the triangle abc; much more, then, is it 
less than that of the triangle p b c. 

Lastly, if the base of the isosceles triangle be 
the less of the two, its side is greater (Art. 20.) than 
the side of the equilateral triangle. And if on 
one of the sides of this isosceles triangle, another 
isosceles triangle be constructed, equal to it, as in 
Art. 15., its perimeter shall (Art. 14.) be less than 
that of the former isosceles triangle ; and the peri- 
meter of this latter triangle is greater than that of 
the equal equilateral triangle, by the preceding 
cases. Therefore, in this case, also, the perimeter 
of the equilateral triangle is less than that of the 
given triangle. 

22. Der. A regular polygon is a plane recti- 
lineal figure which is equilateral and equiangular. | 


Pror. XI. 


23. Theorem. Of all regular polygons, con- 
C2 
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tained by the same number of sides, that which 

has the greatest perimeter is the greatest ; and that 

which is the greatest has the greatest perimeter. 
Let 4, ad be two equilateral and equiangular 
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polygons, and let 4D be greater than ad; the 
perimeter also of 4 is greater than that of ad. 

For (E. Cor. 1. 32. 1.) the angles of the one 
figure are equal to the angles of the other, each to 
each ; and since, the figures are both of them equi- 
lateral, they are (E. Def. 1.6.) similar to cach 
other. Wherefore (E. 20.6.) AD is to ad as the 
square on CD is to the square on cd; but 4D is 
greater than ad; therefore (E.16. and 14. 5.) the 
square on CD is greater than the square on cd, 
and CD is greater than cd; but the perimeter of 
AD is the same multiple of CD as the perimeter 
of ad is of cd; therefore (E. 15. 5.) the perimeter 
of AD is greater than that of ad. 

The converse of the proposition is proved in the 
same manner. 
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Prop. XII. 


24. Theorem. If the perimeter of a regular 
polygon be less than the perimeter of any other 
equal rectilineal figure of the same number of sides, 
the regular polygon is greater than any other 
‘rectilineal figure of the same number of sides, 
and of equal perimeter: And, conversely, if a 
regular polygon be greater than any other polygon 
of the same number of sides and of equal perimeter, 
then is its perimeter less than that of any other 
equal polygon of the same number of sides. 

Let 4 be a regular polygon, and B a rectilineal 
figure of the same number of sides and of equal 
perimeter; then if the perimeter of 4 be less than 
that of any other equal rectilineal figure of the 
same number of sides, 4 is greater than B. 

For if it be not greater, it is either equal to it or 
less ; but it cannot be equal; for then, by the sup- 
position, its perimeter would be less than, and not 
equal to, that of B; neither can it be less, for 
then its perimeter must be less (Art. 23.) than if it 
equalled B, and, therefore, less than the perimeter 
of B; therefore 4 is greater than B, since it can 
neither be equal to it, nor less than it. 

Conversely ; let 4 be a regular polygon, and 
B an equal rectilinear figure ; then, if 4 be greater 
than any other rectilineal figure of the same number 
of sides and of equal perimeter, the perimeter of 4 
as less than that of B. 


For if it be not less, it is either equal to it, or 
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greater; butitcannot be equal; for then, by the hypo- 
thesis, 4 would be greater than B ; but it is also equal 
to B; which is absurd : neither can the perimeter of 
A be greater than that of B ; for then, if C be an- 
other regular polygon, of the same number of sides, 
having its perimeter equal to that of B, and there- 
fore less than that of 4, it follows from Art. 23. that 
A is greatėr than C; and C, by the hypothesis, is 
oreater than B; much more, then, is A greater 
than B; but it is also equal to B; which is absurd. 
Since, therefore, the perimeter of Æ can neither 
be equal to that of B, nor greater than it, the peri- 
meter of Æ is less than that of B. 

25. Cor. An equilateral triangle is greater 
than any other triangle of equal perimeter’. 


* If any point be taken in the arch of a parabola, included 
between the vertex and focal ordinate, the distance of that point 
from the focus, together with its perpendicular distance from 
the focal ordinate, is equal to the distance between the focus 
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and the vertex. From this property Art. 25. may be thus de- 


duced, Take the straight line SB equal to the semi-perimeter, 
of 
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For its perimeter was shewn (Art. 21.) to be less 
than the perimeter of any other equal triangle. 


Prop. XIII. 


26. Theorem. The perimeter of a square is less 
than that of any other quadrilateral rectilineal 
figure which is equal to the square. 

Let ABCD be any quadrilateral rectilineal 
figure which is not a square; the perimeter of an 
equal square 1s less than that of ABCD. 

Join A, C; and if 4B be not equal to BC, nor 
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AD to CD, bisect (1%. 10.1.) AC in Æ; througli 
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of any isosceles triangle; draw S4 perpendicular to SB, and 
make it equal to the half of SB; let the parabola CAB be de- 
scribed, having its focus in S, and its vertex in A, and let XY he 
its directrix, Let Sd, produced, meet XY in L: trisect 
LS in the points D and E; through E draw EF paralle! 
to $B, and FG perpendicular to SB. Join $, F: then, 
by the property of the curve, SF is the side of an equilateral 
triangle of the given perimeter; and if any point P be taken in 
AFB, asd S, P be joined, SP is the side of an isosceles tri- 
angie of the same given perimeter. Draw PN perpendicular to 
SB, and PO parallel to SB. The rectangle EG is equal to the 
equilateral triangle, and the rectangle ON to the isosceles tri- 
angle. And since AL is equal to AS, and LD to ES, DA is 
equal to EA, and, therefore, the straight Ene joining D, and F, 
will touch the curve in J; jela D, F; and let DE meet SB 
produced in Q; because DE is equal to ES, and DE (Peno) 
is equal to FQ; therefore (Art. 4) the rectangle EG is greater 
than the rectangle ON; i 
than any isosceles triangle of equal perimeter, and is, therefore, 
(Art, 16.) greater than any other triangle of equal perimeter, 


«c, the equilateral triangle is greater 
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B and D draw (E. 31. 1.) BF and DG parallel to 
AC, and through E draw (E.11.1.) FEG per- 
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pendicular to 4C, and let it meet BF and DG in 
F and G; join 4, F, and C, F, and A, G, and 
C, G; then (Art. 14, 15.) the perimeter of 4FCG 
is less than that of ABCD. Again, if AF be 
equal to AG, the figure AFCG is equilateral; but 
if AF be not equal to AG, bisect FG in H; 
through Æ and C draw AK, and CI, parallel to 
FG, and through H draw KAT perpendicular to 
FG ; join F, K, and K, G, and G, J, and Z, F. 
The figure FKGI is (Art. 14, 15.) equal to FAGC 
and has a less perimeter; therefore, also, it is 
equal to ABCD, and has a less perimeter than 
ABCD, but KG is equal to GJ, (E. 4. 1.) for KH 
is equal to HI, and HG is common to the two 
triangles KHG, IHG, which are right-angled at 
H; therefore the figure FKGTI is equilateral, and 
is either a rhombus or a square ; if it be a rhombus 
its perimeter is greater (Art. 9.) than that of an 
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equal square ; wherefore the perimeter of the square 
is less than that of the equal quadrilateral figure 
ABCD. 

27. Cor. The square is greater than any 
other quadrilateral rectilineal figure of an equal 
perimeter (Art. 26. and 24.). 


SCHOLIUM. 


28. What has been legitimately proved of 
the trapezium and the triangle (Art. 27. and 25.) 
namely, that the perimeter being given, the area is 
a maximum when the figure is equilateral, is 
usually inferred from Art. 17. to be true of all 
polygons whatever. It has been shewn, in the 
Introduction, that this mode of reasoning is de- 
fective. Before such a conclusion had been drawn, 
it ought, at least, to have been shewn, that, by re- 
peating the process described in Art. 17., the sides 
of the polygon approximated to a ratio of equality. 
This may be readily proved to obtain in the case of 
the triangle, either by geometry, or algebraically. 

Let CAB be the isosceles triangle resulting from 
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the first operation (Art. 17.) upon the given tri- 
angle. Produce 4B to D, and make BD equal 
to BC. Bisect JD ia E; then is AE, or ED, 
equal to the side of the next isosceles triangle to be 
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described, in a similar manner, upon AC, having 
its perimeter equal to that of ACR. From AB, 
produced if necessary, cut of AF equal to AC; 
then, since AE is equal to ED, and AF to BD, 
FE is equal to EB; and, therefore, FB is the 
double of FE; but FB is the difference’ between 
ABand AC; and FE is the difference between 4C 
and the side of the next isosceles triangle described 
on ÆC as a base. Thus the difterence between 
the base and the side ef the resulting isosceles 
triangles is halved at each step; and, therefore, 
the three sides may be made to approach inde- 
finitely near to a state of equality. ‘This proof is 
equally applicable to the case of any three mag- 
nitudes whatever, whether any two of them be 
greater than the third or not; which may also 
be shewn algebraically. 


For, let a, b,c represent any series of three mag- 
nitudes ; let a second series be found from it, by 
taking the semi-sum of a and b for the two first 
terms, and c for the third; in the same manner 
let a third series be formed from the second, by 
taking the semi-sum of its two uncqual terms, for 
the two first terms of this new series, and so on. 
The several series thus derived will be, 
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i a+b a+b+2c 2c~ (a+b) 
whence ~ — Ss... 
2 4 4 
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ence between the two unequal terms is 


Thuas, by continuing the process, the terms of 
the resulting serics may be made to approximate 
indefinitely toa state of equality. The same kind 
of reasoning may be extended to shew, that if 
any number of magnitudes be treated in the same 
manner, the aggregate of their differences will be 
halved at cach step; it follows, therefore, that, 
being so treated, they will approximate indefinitely 
to a state of equality ; and, since it has been proved 
that, if the sides of any polygon be so treated, the 
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figure is at each step enlarged, whilst its perimeter 
remains the same, it may be thence inferred that 
the greatest polygon of a given perimeter, and a 
given number of sides, is equilateral. 

The common mode of proving that this greatest 
polygon is also equiangular, as well as equilateral, 
is still more objectionable, upon the same grounds. 
The method of Pappus, which may be seen in 
the propositions immediately following, is very 
different; it is strict to the extent, to which it is 
here carried, and ingenious, although it be not 
eoncise. 


Pror. XIV. 


29. Theorem. If the angles of the two right- 
angled triangles be equal, each to each, the square 
described upon the aggregate of the two hypote- 
nuses is equal to the square described upon the 
aggregate of the bases, together with the square 
described upon the aggregate of the two remain- 
ing sides. 

Let ABC, DCE be two triangles, having the 
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angles ABC, DCE right angles, the angle BCA 
equal to the angle CE D, and the angle at 4 equal 
to the angle at D. The square described on the 
aggregate of AC and DE is equal to the square 
described on the aggregate of BC and CE, to- 
gether with the square described on the aggregate 
of BA and CD. 

Let the bases BC, CE be placed in the same 
straight line. It may be shewn, as in E. 4. 6., 
that Bd and ED meet when produced, and that if 
they be produced to meet in F, the figure FC is 
a paralielogram ; therefore (E, 34. 1.) FD is equal 
to AC, and FA to DC; but (E. 47. 1.) the square 
described on FE, is equal to the squares described 
on FB, BC; that is, tothe square described on 
the aggregate of 4B, DC, together with that de- 
scribed on BC, CE. 


Prop. XV. 


30. Problem. Two isosceles triangles being 
given, which stand upon unequal bases, and are not 
similar to each other, to describe, upon the same 
bases, two other isosceles triangles similar to each 
other; and having their perimeters, taken together, 
equal to the perimeters of the two given triangles. 

Let AEB, CFD be two dissimilar isosceles tri- 
angles, standing upon the unequal bases AB, CD, 
of which AB is the greater; it is required to de- 
scribe upon 4B and CD two isosceles triangles, 
which shall be similar to each other, and shall 


46 THE GEOMETRICAL INVESTIGATION 


have their perimeters, taken together, equal to the 
perimeters of the two given triangles. 

Take the straight line GH, and make it equal 
to AE, EB, CF, and FD, taken together; divide 
(E. 10.6.) GH in K, so that HK is to KG as 
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CD to AB; bisect GK in L, and HK in M; since, 
by the construction, HK is to KG as CD to AB, 
GH is to GK, (E. 18.5.) as CD together with AD 
is to AB; but (Constr. and E. 20. 1.) GH is greater 
than CD together with AB; therefore (E. 14. 5.) 
GK is greater than 4B; and since GK is to KH 
as AB to CD, and GK has been shewn to be 
greater than AB, KH (E. 14. 5.) is greater than 
CD. Wherefore, of the three lines 4B, GL, and 
LK, any two are greater than the third ; for GL 1s 
equal to LK, and -/3 together with either of them 
is greater than the other ; and GK, 1. e. GL to- 
gether with LA, has been proved to be greater 
than AB. In the same manner it may be shewn, 


that of the three lines CD, AM, and MH any 
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two are greater than the third; therefore upon 4B 
(E. 22. 1.) describe the isosceles triangle ANB, 
having its sides ÆN, BN each equal to GL or LK; 
and upon CD describe the isosceles triangle COD, 
having its sides CO, OD each equal to KM or 
MH. The two triangles ANB, COD are similar 
to each other, and have their perimeters, taken 
together, equal to the perimeters of the triangles 
AEB, and CFD. 

For, AN, BN, CO, and OD, are together equal 
to GH, which was made equal to AE, EB, CF, 
and FD taken together; therefore the perimeters 
of the triangles AWB, COD are together equal 
to those of the triangles 4EB, CFD; and because 
CD isto AB as KH to GK, (E. 15. 5.) CD is to 
AB as KM to LK; i.e. CD is to AB as CO to 
AN; wherefore (E. 16.5.) CD isto CO as AB 
to AN, and (E. 5. 6.) the two triangles ANB, and 


COD are similar to each other. 


Prop. XVI. 


31. Theorem. ‘Vhe two isosceles triangles, 
standing upon unequai bases, which are similar to 
each other, are greater, taken together, than the 
two isosceles triangles together, which stand upon 
the same bases and have equal perimeters with the 
two former, but are not similar to each other. 

Let GBC, FPB be two isosceles triangles, not 
similar to each other, standing upon the bases BC, 
BD, of whichlet BCbe the greater. Upon the same 
bases describe (Art. 30.) the two isosceles triangles 
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ABC, EDB of equal perimeter with the former, 


and similar to each other; wherefore (E. 19. 6.) 
the triangle ÆBC is greater than the triangle E DB. 
The two triangles d4BC, EDB are together greater 
than the two triangles GBC, FDB. 

Let the bases DB, BC be placed in the same 
straight line ; join F, E and A, G; and produce FE 
and AG to meet DC in L and M; produce FL to 
H, and make LH equal to LF; join H, G and 
H, B; FDis equal to FB, and ED to EB, and FE 
is common to the two triangles DFE, and BFE; 
therefore (E. 8. 1.) the angle DFE is equal to the 
angle BFE; also the angle FDL is equal (E. 5. 1.) 
to the angle FBL, and FL is common to the two 
triangles FLD, FLB; therefore (E. 26.1.) the 
triangle FLD is equal to the triangle FLB, and 
the angle FLD to the angle FLB ; and (E. 15. 
and 4. 1.) FB is equal to HB. In the same man- 
ner EL may be shewn to bisect the triangle EB DB, 
and AGM to bisect the triangles 4BC, GBC. 
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But, by the hypothesis, FB together with BG 
is equal to EB together with BA; but FB has 
been proved equal to HB ; therefore HB together 
with BG is equal to FB together with BA. But 
(E. 20. 1.) HB together with BG exceeds HG; 
wherefore, also, EB together with BA exceeds 
HG; and (Art. 29.) the square on the aggregate 
of EB and BA is equal to the square on the aggre- 
gate of EL, AM, together with the square on the 
aggregate of LB, BM, that is, to the square on 
the aggregate of EL, AM together with the 
square on LM; therefore these two last squares 
are together greater than the square on HG, i.e. 
(Art. 29.) greater than the square on the aggre- 
gate of FL, GM, together with the square on LM; 
take away the common square of LM, and there 
remains the square on the aggregate of EL, AM 
greater than the square on the aggregate of FL, 
GM, wherefore EL together with 4M is greater 
than FL together with GAZ; take from both these 
the common parts EL, GAG, and there remains 
GA greater than EF. © 

And, because the triangle 45/7 exceeds, by 
the hypothesis, the similar triangle BBL, (E. 10. 6. 
and Art. 5.) BM exceeds BL ; wherefore the rect- 
angle contained by GA and BM, which (E. 41. 1.) 
is the double of the triangle AGB, exceeds the 
rectangle contained by EF, and BL, which is the 
double of the triangle FEB; therefore the tri- 
angle AG B exceeds the triangle FEB; and if to 
each of these triangles be added the two triangles 


p 
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BGM, BEL, the triangle AMB together with the 
trangle BEL will exceed the triangle FLB to- 
gether with the triangle BGM; wherefore, also, 
the doubles of the two former triangles will to- 
gether exceed the doubles of the two latter taken 
together ; 1. e. the triangle 4BC together with the 
triangle EDB is greater than the triangle GBC 
together with the triangle FD B+. 


Pror. XVII. 


32. Theorem. If a polygon be not equilateral 
and equiangular, a greater polygon may be found 
which has an equal perimeter, and the same num- 
ber of sides. 

Let ABCDE be any given polygon; if it be 
not equilateral a greater polygon may be found of 
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equal perimeter, and the same number of sides, by 


Art. 9.; let, therefore, ABCDE be equilateral 


* The sides of the two dissimilar isosceles triangles are, in 
the figure, taken equal, each to each; that being the case which 
is used in Art.32; and the triangle DEB then necessarily falls 


within DFB, and BAC without BGC. 
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but not equiangular ; join 4, Cand C, E ; then, be- 
cause the angle at B is not equal to the angle at 
D, the two isosceles triangles ABC, CDE are not 
(E. 32. 1.) similar, and (E. 24.1.) AC and CE 
are unequal; upon AC and CE describe (Art. 30.) 
the two similar isosceles triangles AFC, CGE 
having their perimeters, when taken together, equal 
to the perimeters of the triangles ABC, CDE, 
taken together; then (Art. 31.) the two triangles 
AFC, CGE, are together greater than the two 
ABC, CDE together; add to both the remaining 
part of the figure, and the polygon AFCGE is 
greater than the given polygon ABCDE, and it 
has the same number of sides, and an equal peri- 
meter. 

33. Cor. 1. Of all polygons of the same num- 
ber of sides, and of equal perimeter, if any one be 
greatest itis that which is equilateral and equi- 
angular. 

For, if there be such a maximum, the figure is 
either equilateral and equiangular or not; but it 
cannot be a maximum, if its sides be not equal to 
each other, and also its angles equal to each other; 
because, in that case, (Art. 32.) a greater figure 
might be found. If, therefore, the figure be a 
maximum, it must be equilateral and equiangular. 

34. Cor. 2. Ofall equal polygons, of the same 
number of sides, if the perimeter of one be a 
minimum, it is that of the regular polygon, (Art. 
24. and 33.) 
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SCHOLIUM. 


It is usually asserted, in the place of Art. 32, 
that an equilateral and equiangular polygon is 
the greatest of all isoperimetrical polygons of the 
same number of sides ; and the steps by which this 
property is commonly demonstrated are these : — 
1. Of rectilincal plane figures, in which all the 
sides, but one, are given, the greatest is that which 
may be inscribed in a semi-circle, having the unde- 
termined side for its diameter. 2. Hence, of all 
rectilineal plane figures, contained by sides which 
are given both in number and length, the greatest 
is that which may be inscribed in a circle. 3. The 
greatest of all rectilineal plane figures of the same 
perimeter aud number of sides, is that which is 
equilateral, 4. Therefore the greatest of such 
figures is that which is equilateral, and which, at 
the same time, is capable of being inscribed in a 
circle; i.e. which is equilateral and equiangular. 
But from the proof given of the first step nothing 
more can be strictly concluded, than what is ex- 
pressed in Art. 11.; therefore, the deduction con- 
tained in the second step is not fairly drawn. 
Again, in the third step the same unauthorized 
extension is made of Art.17. that is made of 
Art. 1i. in the first step. No more, therefore, is 
thus proved than what is stated in Art. 32. The 
adyantage of the method of proof here adopted is, 
that it requires only one hypothesis, namely, that 
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the greatest of all isoperimetrical polygons, of the 
same number of sides, is necessarily equilateral ; 
whereas the more common method of proof rests 
upon ¢wo distinct suppositions. 

It may also be remarked, that if two polygons, 
contained by straight lines given both in length 
and number, be inscribed in the same, or equal, 
circles, they shall be equal to each other, what- 
ever be the order of their sides. For the polygon 
inscribed in a circle is equal to the difference be- 
tween the circle, and the segments of the circle 
cut off by its sides; and the aggregate of the seg- 
ments cut off will manifestly (E. 28.3. E. 21.3. and 
E. 24.3.) be the same, whatever be the order of the 
sides of the inscribed figure. 

Further, it may be shewn, as is done by 
LEGENDRE, that, if the sides of a polygon be given 
both in length and number, the radius of the circle 
in which a polygon, so bounded, may be inscribed 
can only be of one certain length. For, if it be 
possible, let two such polygons be inscribed in 
two circles having unequal radii; then, if the 
centers of the circles and each angular point in 
both figures be joined, the angles at the center 
will, in both cases, be equal to four right angles; 
but the angles at the center of the greater cicle 
are together less than the angles at the center of 
the other; for the straight lines by which they are 
subtended are equal, each to each; and the same 
straight line subtends a greater angle (E. 21. 1.) at 
a less perpendicular distance from its bisection; 
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wherefore the angles at the centers of the two 


circles are at the same time equal and unequal, 
which is absurd. 


Prop. XVIII. 


55. Problem. To find the center of a circle 
which may be described about any given regular 
polygon, 

The construction and the proof are the same as 
in E. 14. 4. 


Prop. XIX. 


36. Theorem. Ifa straight line be drawn from 
either of the acute angles of a right-angled tri- 
angle to cut the opposite side, that side shall have 
to the segment cut off from it, a greater ratio than 
the whole acute angle has to the part of it cut off, 
by the straight line. 


Let BCA be a right-angled triangle, and let 


B 


F 
cameras C 
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the straight line BD be drawn from the acute 
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angle B, cutting the opposite side dC in D; AC 
has a greater ratio to DC than the angle ABC has 
to the angle DBC. 

For DB is (E. 17. and 19. 1.) less than BA, and 
greater than BC; if, therefore, a circle EDF be 
described, from B as a center, at the distance BD, 
it will cut BA between A and Bin E, and BC 
produced in F. The triangle ABD is to the tri- 
angle DBC as AD to DC (E. 1. 6.) ; but the tri- 
angle 4BD is greater than the sector EBD; and 
the triangle DBC is less than the sector DBF; 
therefore (E. 13. 5.) AD has to DC a greater ratio 
than the sector EBD has to the sector DBF, 
that is, (E. 33. 6.) a greater ratio than the angle 
ABD has to the angle DBF; and, componendo *, 
AC has to DC a greater ratio than the angle 


ABC has to the angle DBC. 


Prop. AS. 


37. Theorem. Of regular polygons, which 
have equal perimeters, that which has the greatest 
number of angles is the greatest. 
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* Euctıp cannot be quoted for this step; it may thus be 
proved. Let 4 have to B a greater ratio than C has to D. 
Find (E. 12. 6.) Æ a fourth proportional to D, C, and B, so that 
E: B:: C: D; therefore (E. 10. 5.) d is greater than E; 
add B to both; and Æ together with 6 is greater than & 
together with B ; therefore (E. 8. 5.) Æ together with B has 
a greater ratio to B than E together with B has to B; 1. e. 
(E. 18. 5.) than C together with D has to D. 
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Let the two regular polygons ABC, DEF 
have equal perimeters ; but let the polygon DEF 
have the greater number of angles; then is it 
greater than the polygon ABC. 7 

Find (Art. 35.) the centers, G and H, of 
the circles circumscribing the polygons ABC, 


DEF; from G and H draw (F. 12. 1.) GK per- 
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pendicular to 4C, and HL perpendicular to DF; 
and (E. 3. 3.) they will bisect the angles AGC, 
DHF, and the bases AC, DF; also join 4, G and 
G, ©, and D, Hand H, F. Then since the figure 
DEF has (hyp.) more angles than the figure ABC, 
it has also more sides; and since the two perl- 
meters (hyp.) are equal, DF is less than AC; and, 
therefore, DL, which is the half of DF, is less 
than AK, which isthe halfof AC. From 4K cut 
off MK (E. 3. 1.) equal to DL, and join M, G. 
AC is to the perimeter of the figure ABC as 
the angle AGC is to four right angles; because 
all the angles at the center G, subtended by the 
equal sides of the polygon, are equal to each other; 


OF MAXIMA AND MINIMA. 57 


and are together equal to four right angles ; also, 
the perimeter of the figure DEF is to DF as four 
right angles are to the angle DHF; therefore 
(E. 22. 5.) ex equali, AC is to DF as the angle 
AGC tothe angle DHF ; therefore, also, (E. 15. 5.) 
Ak is to DL, or MK, as the angle AGK to the 
angle DHL. But (Art. 36.) the ratio of AK to 
MA is greater than the ratio of the angle AGK 
to the angle J/GA; wherefore the ratio of the 
angle AGA to the angle DHL, is greater than 
that of the angle AGA to the angle MGA, and 
(£. 10. 5.) the angle MGK is greater than the 
angle DHL; therctore (E. 32. 1.) the angle GMK 
is less than the angle HDL. Make (E. 23. 1.) the 
angle A.ii¥ equal to the angle HDL; then since 
MA is equal to DL, and the anvie at AK to the 
angle at L, the two triangles MWA, HDL are 
equal (E. 26. 1.) to each other, and WK is equal 
to HL ; therefore HL is greater than GK ; but the 
polygon EDF is the half of the rectangle (E. 41.1. 
and 1.1.2.) contained by HL and its whole 
perimeter ; for it is equal to the ageregate of all 
the equal triangles into which the figure is divided 
by straight lines drawn from A to the angles ; 
in the same manner, the polygon 4BC is the half 
of the rectangle contained by GK and an equal 
perimeter ; and because HL is greater than GK, the 
former of these rectangles is ereatcr than the latter ; 
wherefore, also, the polygon DEF is greater than 
the polygon ABC. 

38. Cor, A regular polygon of any given 
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number of sides is greater than any other polygon 
of a less number of sides and of equal perimeter, 
if the regular polygon of a given number of sides, 
and of a given perimeter, be a maximum, (Art. 37. 
and 33.) 


Pror. XXI. 


39. Theorem. Of all equal regular polygons 
that which has the greatest number of sides has 
the least perimeter. 

Let 4 and B be two equal regular polygons of 
which JA has the greater number of sides ; the peri- 
meter of 4 is less than that of B. 

Let a third polygon C be supposed to have the 
same number of sides as 4, and the same perimeter 
as B; then C (Art. 37.) is greater than B, and, 
therefore, greater than the equal polygon 4; its 
perimeter is, therefore, (Art. 23.) greater than that 
of 4; i. e. the perimeter of B is greater than that 


of A. 


Prop. XXII. 


40. Problem. A regular polygon being given, 
to describe about a given circle another polygon 
similar to the given polygon. 

Let ABC be the given polygon, and DEF the 
given circle; it is required to describe about the 
circle DEF a polygon similar to the given polygon 
ABC. 
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Find (E. 1.3.) the center H of the given circle; 
join H and any assumed point D, in the circum- 


ference; find G (Art. 35.) the center of the circle 
described about the polygon ABC; join G, A and 
G,C and G, I, &c.; then (E. 28. and 27. 3.) the 
angles at the center CGA, AGI, &c. are equal 
to each other; bisect each of these equal angles 
(E. 9.1.) by the straight lines GA, GQ, &c.; at 
the pomt H in HD make (E. 23.1.) the angle 
DHE equal to the angle AGQ, the angle EHR 
equal to the angle DHE, and so on, as often as 
the polygon has sides; through D, E, R, &c. draw 
the straight lines (E. 11.1.) LP, LM, MN, &c. 
at right angles to WD, HE, HR, &c.; the figure 
LMNOP isa similar polygon to the given poly- 
gon ABC, and is circumscribed about the circle 
DEF. 

For it is circumscribed about the given circle, 
because (E. Cor. 16. 3.) each of its sides touches 
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the circle. And because the angles at E and D 
are right angles, the two angles ELD, EHD are 
together (E. 32.1.) equal to two right angles; in 
the same manner, the two angles EMR, RHE 
are shewn to be together equal to two right angles ; 
therefore the two former angles are together equal 
to the two latter; and the angle DHE is equal to 
the angle EHR, by the construction; therefore 
DLE is equal to EMR, and so the rest of the 
angles at M, N, O, &c. are shewn to be equal to 
each other, therefore the polygon L MNO is equi- 
angular; and since it has the same number of 
angles as the polygon ABC, any one of its angles 
is equal (E. 32. 1.) to any one of the angles of the 


polygon ABC, 


Again, because LE is equal (E. Cor. 36. 3.) to 
LD, and HE to HD (E. Def. 15.1.) and LH is 
common to the two triangles LZH, LDH, the 
angle EHL is equal to the angle DHL; therefore 
EHL is the half of EHD ; in the same manner 
EHM may be shewn to be the half of the angle 
EHR; but the angle ZER is equal to the angle 
EHD; therefore EHM is equci to EHL; and 
the angles at Æ are right avgles, ana HE is com- 
mon to the two trianeles HEM, HEL ; therefore 
ML is the double of EL : and im the same manner 
LP may be shewn to Le the double of LID; and 
LE is equal to LD; whereivre ML 1s equal to 
LP; and thus all tlie sides of the figure may be 
shewn to be equal to each other; aid it has been 
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already proved to be equiangular; therefore it is 


shnilar to the given polygon ABC. 


Pror. XXIII. 


41. Theorem. A circle is equal to the half 
of the rectangle contained by its circumference and 
its radius. 


Let ABCD be the given circle, and let F be 


the half of the rectangle contained by its circum- 
ference and its radius. The circle ABCD is equal 
to the rectangle F. 


For if it be not equal, it is either greater than it, 
or less. If it be possible, Jet F be less than the 
circle ; therefore, as is shewn in the demonstration 
of E. 2.12. a polygon may be inscribed in the 
circle, which shall be greater than F; let ABCDE 
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be such a polygon, so described, and from the 
center G draw (E. 12. 1.) GH perpendicular to 
any one of its sides, and join G, D; and, since * 
the circumference of the circle is greater than the 
perimeter of the inscribed polygon, and its radius 
GD is greater than GH, (E. 17. and 19. 1.) the 
rectangle contained by the circumference and the 
radius of the circle is greater than that contained 
by GH and the perimeter of the inscribed poly- 
gon; but this latter rectangle, as hath been shewn 
in the demonstration of Art. 37., is the double of 
the polygon; therefore F is greater than the in- 
scribed polygon ABCDE ; and it is also less; 
which is absurd. But, if it be possible, let F be 
greater than the circle. hen it may be shewn, 
by reasoning, as in E. 2.12., that a polygon, 
KLMNX, may be described about the circle, 
less than F: join the center G and any one of the 
points O, in which a side of the circumscribed 
polygon touches the circle; and since the peri- 
meter of the polygon KLMNX is greater than 
the circumference of the circle, the rectangle con- 
tained by the perimeter of KLMNX and GO, 
which is the double of the polygon, is greater than 
the rectangle contained by the circumference of 
the circle and GO; wherefore the circumscribed 


nee re a 


* It is one of the AapPavopeva, or axioms, of ARCHIMEDES, 
that the circumference of a circle is greater than the perimeter of 
any rectilineal figure inscribed in 1t; and less than the perimeter 
of any rectilineal figure described about it. 
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polygon is greater than F; and it 1s also less; 
which is absurd. Therefore the circle ABCD can 
neither be greater nor less than F; 1. e. it 1s equal 


to F. 


42. Cor. The circumferences of circles are to 
one another as their radii (E. 2. 12. and 22. 6.). 


Pror. XXIV. 


43. Theorem. A circle is greater than any 
regular polygon, the perimeter of which is equal 
to the circumference of the circle. 


Let the perimeter of the regular polygon JBC 
be equal to the circumference of the circle DEF; 


the circle DEF is greater than the polygon 
ABC. 


Find H (E. 1.3.) the center of the given circle, 
and (Art. 35.) G the center of a circle described 
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about ABC; about the circle DEF describe 
(Art. 40.) a polygon LMNOP similar to ABC; 
join H, D, and trom G draw (E. 9. 1.) GK bisect- 
ing the angle AGC. 

Since the perimeter LM NOP is greater than 
the circumference of the circle DEF, it is also 
greater than the perimeter of the polygon ABC, 
by the hypothesis ; and the two polygons have the 
same number of sides ; therefore LP is greater than 
AC; and ED, the half of EP, is greater than 
Ak, the half of 4C; also the triangle AGA, as 
was shewn in Art. 40., 1s equiangular with the tri- 
angle LHD, and, therefore, (E. 4.6.) LD : DH 
::; AK: KG; wherefore (E. 14. 5.) DH is greater 
than AG; and, because DH is greater than 
AG, and the circumference of the circle is equal 
(hypoth.) to the perimeter of the polygon ABC, 
the rectangle contained by DI, and the circum- 
ference of the circle DEF is greater than the 
rectangle contained by GK and the perimeter of 
ABC; ìi. e. (Art. 41.) the double of the circle is 
greater than the double of the polygon ; therefore 
the circle is greater than the polygon. 

44, Cor. 1. A circle is greater than any recti- 
lineal figure, the perimeter of which is equal to its 
circumference, 1f the regular polygon of a given 
perimeter and a given number of sides be a maxi- 
mum (Art. 33.). 

45. Cor. 2. The circumference of a circle is 
less than the perimeter of any equal regular 
polygon. 

This is proved in the same menner as Art. 39. 
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46. Cor.3. The circumference of a circle is 
less than the perimeter of any equal polygon, if 
the perimeter of the regular polygon of a given 
area, and a given number of sides, be a minimum, 


(Art, 34.) 


SCHOLIUM. 


It was demonstrated by GaLiteo that a circle 
is a mean proportional between any two regular 
and similar polygons, one of which is isoperimetri- 
cal with the circle, and the other circumscribed 
about the circle. The proposition is equally true, 
although the two polygons be not regular, pro- 
vided that they are similar to each other; and 
hence Art, 43. and 45. may be easily deduced. 
The relation, also, between the surfaces of isope- 
rimetrical regular polygons which have not the 
same number of sides, and the relation between 
their perimeters, when their surfaces are equal, 
may, by means of this proposition, be collected 
from the comparison of similar figures, which ad- 
mit of being circumscribed about the same circle. 
But, besides that the properties of these circum- 
scribed polygons form a distinct subject, sepa- 
rately investigated in the next section, the method 
according to which Art. 37. is demonstrated, was 
preferred, as a specimen of the more ancient 
Geometry. 

Ifa given quantity of land, supposed to be a 
plane surface, were required to be enclosed by a 


E 
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fence of given dimensions, according to any regular 
figure, with the least quantity of materials, it is 
manifest from Art. 45, that the fence must be made 
circular; and it is easy to compute the exact saving 
which would accrue from the adoption of this form 
rather than that of other regular figures. If, for 
example, the quantity of surface to be enclosed be 
four acres, and r denote the side of a square rood, 
or 34.78 yards nearly, O the perimeter of an oblong 
having its sides as 4 to 1, and containing four acres, 
T the perimeter of an equal equilateral triangle, S 
that of an equal square, H that of an equal regular 
hexagon, and C the circumference of an equal 
circle, 

O=20 xr 

T=18.256 xr 


yards 
S=10 x r;.-.O—S=4r=139,12 nearly. 
yarda 


H = 14.889 xr; .. S — H = 1.1119r = 38.04; 

yards 

and O — H = 177.76. 

k yards 
C=14.179xr; ». S — C= 03.33; 
yards sit 
and H— C= 24.69. 

The difference between the perimeter of the re- 
gular hexagon and that of the equal circle is not, 
perhaps, so great as, without the calculation, might 
be expected. But, besides that the advantage 1s 
less than might have been conjectured, the cir- 
cular form could seldom be adopted, unless the 
surrounding space were waste. Where subdivisions 
are wanted, the figures which fill space about a 
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given point must be had recourse to; these, as 
will be shewn in the third part of this work, are 
the equilateral triangle, the square, and the re- 
gular hexagon; and there is a considerable differ- 
ence between the lengths of the perimeters of 
these figures in the above example. 

47. Der. An arch of a circle is any part of 
the circumference; a chord is any straight line 
in a circle, terminated both ways by the circum- 
ference; a sagitta is a straight line joining the 
bisection of the chord and the bisection of the 
arch which the chord subtends; and is, therefore, 
(E. 30. 3. and Cor. 1. 3.) in the circle, a segment 
of that diameter which is at right angles to the 


chord. 
Prop. XXV. 


.48. Theorem. Any given sector of a circle has 
to the trilineal figure contained by its arch, and 
the semi-chord and sagitta of the double of its 
arch, a greater ratio than a right angle has to the 
angle of the given sector. 

Let ACD be the given sector ; also let the arch 
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ADK be the double of the arch 4D; and let 4K 
be the chord, and BD the sagitta of the arch 
ADK; the sector ACD has to the trilineal figure 
ABD a greater ratio than the right angle ABC 
has to the angle of the sector ACD. ` 

First, let the sector JCD be less than a quad- 
rant; draw (E. 11. 1.) ÆF at right angles to AC, 
and BH at right angles to AF; AB is at right 
angles (Art. 46.) to CD; therefore (E. 8. 6.) the 
triangles CAF, CAB, FAB, BAH, FAH, are 
similar to each other; from the center Æ at the 
distance AB, describe the circle GBE; the trili- 
neal figure HBF has (i. 8.5.) a greater ratio to 
the figure LH BH than to the sector EAB; and, 
therefore, (Art. 36. Note,) componendo, the triangle 
FBH has to the figure EBH a greater ratio than 
the triangle FAB to the sector EAB. But because 
the angle dC D is equal to the angle BAE (E. 33. 6. 
and 11. 5.) the sectors ACD, EAB are to each other 
as their respective circles; 1. e. (E. 2.12.) as the 
square of AC to the square of 4B ; and (E. 19. 6.) 
the two similar triangles ABC, ABH are to each 
other in the same ratio; wherefore (E. 11. & 16. 5.) 
the sector 4CD is to the triangle ACB as the sector 
ABE to the triangle ABH; and (E. 17. 5.) the 
figure ADB is to the triangle ACB as the figure 
BEH is to the triangle ABH; also the triangle 
ACB is to the triangle #4 Bas the triangle ABH to 
the triangle FHB (E. 22. 6.); therefore (E. 22. 5.) 
ex cequali, the figure 4D B is to the triangle FAB 
as the figure EBH to the triangle FHB ; but the 
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triangle FHB was shewn to have a greater ratio to 
EBH than the triangle FAB to the sector EAB ; 
therefore the triangle FAB has a greater ratio to 
the figure BAD than it has to the sector EAB; 
and, therefore, (E. 10. 5.) the sector EAB is greater 
than the trilineal figure DAB; EAB has, there- 
fore, a greater ratio to BAG than DAB has; but 
DAB has a greater ratio to BAG than it has to 
ABC; much more, then, has HAB a greater 
ratio to BAG than DAB has to the triangle BAC. 
But the sector AB is to the sector BAG as the 
angle EAB to the angle BAC; wherefore the angle 
FAB has a greater ratio to the angle BAC than 
the figure DAB to the triangle BAC; and the tri- 
angle BAC has to the figure DAB a greater ratio 
than the angle BAC to the angle FAB; therefore, 
(Note to Art. 36.) componendo, the sector DCA 
has a greater ratio to the figure DAB than the 
angle FAC to the angle FAB; and FAC is a 
right angle, and FÆB is equal to the angle of the 
sector AC’B ; therefore the sector DCA has to the 
trilineal figure DBA, a greater ratio than a right 
angle has to the angle of the sector. 

But if the sector ACD * be greater than a quad- 
rant; draw, as before, AE perpendicular to AC, 
and from A as a center, at the distance AC, de- 
scribe a circle, and let it meet AE in E, and AB 
produced in F; the angle ACD is greater than the 
angle CAE ; and the two circles ADK, CEF are 
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* See the figure in the following page. 
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equal; therefore the sector JCD is greater than 
the sector EAC; wherefore the sector ACD has a 
greater ratio to the triangle ABC than the sector 
ACE has to it; much more then has the sector 
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ACD a greater ratio to the triangle ABC than 
the sector ACE has to the sector 4CF, which is 
greater than ABC; but (E. 33. 6.) the sector 
ACE is to the sector MCF as the angle EAC to 
the angle CAF; therefore the sector JCD has a 
greater ratio to the triangle JBC, than the angle 
EAC has to the angle CAF; and (convertendo 
and componendo) the sector ACD has a greater 
ratio to the trilineal figure 4BD, than the angle 
EAC has to the angle HAF; but the angle EAC 
is a right angle, and the angle EAF is, therefore, 
equal to a right angle together with the angle 
CAB; as also (E. 32.1.) is the exterior angle 
ACD ; therefore the angle HAF is equal to the 
angle ACD; and the sector ACD has a greater 
ratio to ABD, than a right angle has to the 
angle of the sector ACD. 
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Pror. XXVI. 


49. Theorem. Of circular segments, the arches 
of which are equal, the greatest is the semi-circle. 
Let the segment ABC be a semi-circle, and let 


B 


Z, n H M D EKE- F 


its arch ABC be equal to the arch DEF of any 
other circular segment; the semi-circle ABC ıs 
ereater than the segment DEF. 

First, let the segment DEF be less than a 
semi-circle; find (E. 1. and 25. 3.) the centers, G 
and H, of the two circles of which the two given 
figures are segments; draw (E. 11. 1.) the straight 
lines GB, at right angles to AC, and H&A, at 
right angles to DF; through Æ draw (24.31. 1.) 
the diameter LHM parallel to DF, and join H, 9; 
then (E. 30.3.) 4G& and LAE are quadrants, 
and (Art. 42, and E. 15. 5.) the arch LDE 1s to the 
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arch 4B as HL to GA; but, by the hypothesis, 
AB is equal tothe arch DE; wherefore LE is to 
DE as HL to GA: but (E. 33. 6.) LE isto DE 
as the quadrant LHE to the sector DHE; and 
(E. 2. 12. and 15. 5.) the square of HZ is to the 
square of GA as the quadrant LHE to the quad- 
rant dGB; wherefore the quadrant LHE has to 
AGB a ratio the duplicate of that which it has to 
the sector DHE ; and DHE is a mean propor- 
tional between the two quadrants LHE and AGB. 

But (Art. 48.) the sector DEH has a greater 
ratio to the trilineal figure EDK than the right 
angle LHE has to the angle DHE, i.e. a greater 
ratio than the quadrant LHE has to the sector 
DHE, and a greater ratio than that of the sector 
DHE to the quadrant AGB; therefore (E. 8. 5.) 
the quadrant AGB is greater than the figure 
DKE, and its double ABC is greater than DEF 
the double of DKE ; that is, the semi-circle is 
greater than the segment which has an equal arch, 
and which itself is less than the half of the circle 
to which it belongs. 

But if DEF be greater than a semi-circle, it 
may be shewn, as before, that the quadrant LHE 
is to the sector DHE as the sector DHE is to the 
quadrant 4ABG; and, therefore, (Art. 48.) the 
sector DHE has a greater ratio to the figure 
DKE than the right angle LHE has to the angle 
DHE, i. e. a greater ratio than that of the quad- 
rant LHE to the sector DH; and, therefore, 
ereater than that of the sector DHE to the 
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quadrant AGB; wherefore the quadrant AGB is 
greater than the figure DEK, and its double 4BC, 
greater than DEF the double of DEK. 

50. Cor. The space which can be enclosed 
by a given finite line, together with an indefinite 
straight line, the given line being disposed in the 
form of a circular arch, is greatest when the arch 
1s a semi-circle. 

51. Postulate. A plane figure of any kind 
having been described upon a finite straight line, 
let it be granted, that a similar and equal figure 
may be described, or be supposed to be described, 
upon an equal straight line. 


Pror. X¥XVITI. 


52. Theorem. If space be to be enclosed by 
a given finite line, together with an indefinite 
straight line, and if the enclosed space he not made 
a semi-circle, a greater space may be found under 
the same conditions. 

Let the figure ACHR be contained by the 


finite line JCEB of given length, and the part 
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BA of the indefinite straight line BX; if the 
figure ACE B be not a semi-circle, a greater space 
may be found, contained by a line of the given 
length, and part of an indefinite straight line. 

Let ACE B be nota semi-circle; if the straight 
lines drawn from Æ and B, to any the same 
point C in the perimeter ACEB, are in every 
such point, at right angles to each other, ÆCE B 
(E. 31. 1.) is a semi-circle; but it is not, by the 
hypothesis; therefore there is some point in the 
perimeter ACE B, to which, if straight lines be 
drawn from 4 and B, they will not be at right 
angles to each other; let C be that point; join 
A, Cand P, C; then, since the angle BCA is not 
a right angle, draw (E. 11. 1.) CD at rignt angles 
to CB, and (E. 3. 1.) make it equal to C4; upon 
CD let the figure CND be supposed (Art. 51.) to 
be described, similar and equal to CMA; and 
jon B, D; then the triangle BCD is greater 
(Art. 8.) than the triangle BCA; and if there be 
added to BCD the two figures BEC, CND, and 
to BCA the two figures BEC, CMA, the whole 
figure BECND is proved to be greater than the 
whole figure BECMA, because CND is equal to 
CMA; i. e.a greater figure has been found than 
BECMA, BECALA not being a semi-circle. 

53. Cor. 1. If there be any space, en- 
closed according to the above conditions, which is 
a maximum, it is a semi-circle. 

54. Cor. 2. Ifthe semi-circle be the greatest 
space which can be so enclosed, then the figure 
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contained by two given finite lines, one of which is 
straight, is a maximum, when it Is a segment of 
a circle, having the given finite straight line for 
its chord. 

Let the space ANB be contained by the finite 
straight line 4B, and the finite line ANB dis- 
posed in the form of an arch of a circle, the re- 


maining part of which, BCDA, may be found by 
E. 25. 3.; and let AOB be any other figure con- 
tained by AB and the boundary JOB equal to 
ANB, draw the diameter of the circle 4C; then 
if the semi-circle ABC be a maximum under the 
above specified conditions, the segment ANB IS 
greater than the figure AOB. 

For then the whole figure ANBC is greater 
than the whole figure AOBC; and if from both be 
taken the common part ABC, there remains the 
segment ANB greater than the figure JOB. 

55. Cor. 3. The same supposition being 
made, the circle is greater than any other plane 
figure of equal perimeter; and the circumference 
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of the circle is less than the perimeter of any other 
equal plane figure. 

First, let the circle 4BCD*, and the plane 
figure EFGH have equal perimeters, the circle is 
the greater. 

For draw any diameter AC of the circle; and 
let EFG be taken in the perimeter of the other 
figure, and suppesed equal to the semi-circumference 
of the circle ; then, (Art. 53.) according to the sup- 
position, the semi-circle 4 BC is greater than the 
figure EFG, and the semi-circle 4DC is greater 
than the figure EHG ; wherefore the whole circle 
is greater than the whole figure EFGH. 

But let now the circle ABCD be supposed 
equal to the figure EFGH; if in the former 
case it be greater than EFGH, in this case its 
circumference is less than the perimeter of that 
figure; for it cannot be equal to that perimeter, 
because then the circle would be the greater 
figure of the two; neither can it be greater than 
the perimeter, because (Art. 42. and E. 2. 12.) the 
circle of which it is the circumference would be 


still greater, and would not be equal to the figure 
EFGH. 
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SECTION JI. 


Prop. I. 


56. Problem. Ñr two given straight lines 
touch a given circle, to draw the shortest tangent 
to the same circle, on either side of the straight line 
joining the given points of contact, which is termi- 
nated by the two given tangents. 

Let the two straight lines 4B, CD, which are 
parallel, or the two AB, AC which meet in the 
point 4, touch the given circle BECF in B 
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and C; it is required to draw the shortest line, on 


either side of the straight line BC joining B and C, 


which shall touch the circle, and be terminated by 
the first two tangents, 4B, DC, or AB, AC. 

First, let the straight lines 4B,.and CD be 
parallel ; find (E. 1. 3.) the center A of the circle 
BECF; draw the diameter (E.21. 1.) EKF 
parallel to 4B, or DC, and through the points 
E and F draw (E. 17.3.) GH, and JL touch- 
ing the circle; GH is shorter than any other 
tangent to the circle on the same side of BC; and 
IL shorter than any other tangent on the same 
side with itself of BC, both being terminated by 
AB and DC 
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For draw PNO touching (E. 17. 3.) the circle 
in any other point than F; and because (E. 18. 3.) 
the angles at Æ and Fare right angles, GE is 
parallel (E. 28. 1.) to ZF, and the figures GF, EL, 
GL are parallelograms; and, therefore, (E. 34. 1.) 
the angles at Z and L are right angles; therefore 
(E. 17.1.) the angles XPI, XOL are each of 
them acute; and (E. 19.1.) PX is greater than 
IX; and XO greater than XL; wherefore PX, 
together with XO, is greater than LY, together 
with XL; i. e. PO is greater than JE. 

But let, now, the two given tangents not be 
parallel, and let them meet in 4; find (E. 3. 1.) 
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the center K of the circle BEC; join Æ, K, and 
let AK meet the circumference in &, and again, 
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when produced, in F; through Æ and F draw 
(E. 17.3.) GH and IL touching the circle; GH 
and JL are the shortest tangents on cach side 
of BC. 

For, join K, B and K, C; and let PNO and 
QR be any other tangents on each side of BC, 
terminated by ÆB and AC, and meeting GH and 
IL in the points X; draw (E. 31. 1.) LM parallel 
to AB. And because (E. 18. 3) the angles at B 
and C are right angles, and KB is equal to KC, 
and 4B (E. 30. 3. Cor.) to dC; therefore (E. 4. 1.) 
the angle BAK is equal to the angle CAK; and 
AD is common to the two triangles ADB, ADC, 
wherefore (E. 4. 1.) the angle ADB is equal to 
the angle ADC, and they are (E. Def. 10. 1.) both 
right angles; hence, because (E. 18. 3.) the angles 
GEF, EFT are right angles, GH and IL are 
parallel (E. 28.1.) to BC: Again, because the 
angle GAE, as hath been shewn, is equal to the 
angle HAE, and the angle AEG to the angle 
AEH, and AE is common to the two triangles 
AEG, AEH, GE is equal to EA; and in the 
same manner [F imay be shewn to be equal to FL. 
But the two triangles PXI, LXM (E. 15. & 29. 1.) 
are equiangular; wherefore (E. 4. 6.) LX is to ZP 
as AL is to LM; but LX is less than XL, be- 
cause F 1s the bisection of ZL ; therefore (E. 14. 5.) 
IP is less than LM; but the angle 4PO, which 
is equal (EÈ. 28. 1.) to the angle LMOQ, is greater 
(E. 160. 1.) than the angle AZL, which is equal to 
the angle ALJ; and ALT is greater than LOM: 
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wherefore LMO is greater than LOM, and 
(E. 19. 1.) LO is greater than LW; much more 
then is LO greater than PZ; but LC is equal 
(E. 36. 3. Cor.) to LF, and is, therefore, equal to 
IF’; and if to LO and JP be added the equals LC 
and LF, OC will be greater than FI and IP; 
therefore ON, which is equal to OC, is greater 
than FI and IP; add PN to ON, and PB to FI 
and ZP, and OP will be greater than FI and IB; 
and, therefore, greater than the double of JF, i. e. 
than ŽL. 

And RQ, in both the cases, may be proved to 
be greater than GH, in the same manner as PO 
is proved to be greater than IL. 

57. Cor. 1. The two shortest tangents, so 
drawn, are bisected in their respective points of 
contact, and are perpendicular to the straight line 
joining the points of their contact; which straight 
line, produced, passes through the intersection of 
the two given tangents, when they cut one another. 

58. Cor. 2. The perimeter of a triangle de- 
scribed about the given circle, and contained by 
two given tangents which meet, and the greater 
of the two shortest tangents, so drawn, is less than 
the perimeter of any other triangle described about 
the same circle, and having the same vertical angle. 

For 16, IL, and LC are, together, the double of 
IL; and PB, PO, and OC are, together, the 
double of PO; but ZL has been shewn to be less 
than PO; wherefore IB, IL, and LC are together 
less than PB, PO, and OC; add to voth AB and 

F 
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AC, and the perimeter of the triangle AIL is mani- 
festly less than that of the triangle 4PO. 

59. Cor. 3. The perimeter of the quadrilateral 
rectilineal figure ZGHL, described about a circle, 
and contained by any two given tangents, and the 
two shortest tangents included between them, 1s less 
than that of any other such figure PQ RO, contained 
by the two given tangents, and any two other tan- 
gents which meet them, and are not the shortest. 

For, GH is less than QR, and JL than PO; 
but OR, together with QP, is equal to PO, toge- 
ther with QR, because (E. 36. 3.) OC is equal to 
ON, BP to PN, and CR to RX; also IG, toge- 
ther with LH, is, in the same manner, shewn to 
be equal to ZL together with GH; therefore the 
whole perimeter of GHAL is less than that of 
PQRO. 


Prop. Il. 


60. Theorem. The perimeter of the equi- 
lateral triangle described about a circle, 1s less than 
that of any other triangle described about the same 
circle. : 

Let ABC be a triangle described about the 
circle GHM: Either the side BC is bisected at 
right angles in the point of contact G, or else 
(Art. 57. and 58.) another triangle, of less peri- 
meter, may be described about the given circle, 
having its side opposite to the angle A bisected in 
the point of contact. But let BC be so bisected 
in G; and, first, let the angle BAC be greater 
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than any one of the angles of an equilateral tri- 
angle. Describe (E. 3. 4.) about the circle GHM 
the equilateral triangle DEF, touching the circle 
in the points G, H, and M. Then, if Æ, G be 


Joined by the straight line 4G, the angle 4GB is 


equal (Art. 57.) to the angle AGC, and (E. 19. 3.) 


E co IF 
the center of the circle is in 4G; in the same 
manner, if D, G be joined, the center of the circle 


may be shewn to be in DG; wherefore DA and 
AG are in the same straight line; and since, by 
the hypothesis, the angle EDF is less than the 
angle BAC, the angle ADA, which (E. 4, 1.) is 
the half of EDF, is less than the angle XAG, 


which is the half of BAC; therefore (E. 16. 1.) 


AAG is the exterior angle, and the point D is 
further from BC than the point Æ is, Produce 


F2 


C 
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BA till it meet DF in K; then (Art. 58.) the peri- 
meter of the triangle FBK is greater than that of 
FED ; take from both the common parts FE, 
and FK, and there will remain EB, together with 
BK, greater than ED, together with DA; but 
the angle XAG was shewn to be greater than 
the angle XDA; whence DAK, which is equal 
(E. 15. 1.) to XAG, is greater than ADK, which 
is equal to XDA; and (E. 19. 1.) DK is greater 
than AK; if, therefore, 4K be taken from the 
aggregate of EB and BA, and DK be taken from 
the aggregate of ED and DA, there will remain 
EB, together with BA, greater than ED; add to 
both EG; and GB, together with BA, is greater 
than GE, together with ED; i.e. half of the 
perimeter of the triangle ABC is greater than half 
of the perimeter of DEF; wherefore the whole 
perimeter of ABC is greater than the whole 
perimeter of DEF. 

But, if the vertical angle of the given triangle 
be less than any one of the equal angles of an 
equilateral triangle, the angle at its base (E. 5. 
and 32. 1.) will be greater, because ABC is iso- 
sceles; therefore (Art. 56. and 58.) another tri- 
angle may be described about the circle of less 
perimeter, and having the angle at the base of 
the given triangle for its vertical angle; but the 
perimetcr of such a triangle has been shewn to 
exceed that of an equilateral triangle ; much more, 
then, does the perimeter of the given triangle ex- 
ceed that of an equilateral triangle, 
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Prop. III. 


61. Theorem. The perimeter of the square de- 
scribed about a given circle, is less than that of 
any quadrilateral rectilineal figure described about 
the same circle. 

Let PQRO be any quadrilateral rectilineal 
figure described about the circle BECF; if PO 


and QR be not bisected in their points of contact, 
draw (Art. 56. and 57.) the two tangents JL and 
GI, which are bisected in the points of contact 
F and E; and if GI and HL be not bisected 
in their points of contact, draw SW’ and TV, in 
the same manner, so as to be bisected in the 
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points F and Z, where they touch the circle ; the 
perimeter of the figure PQRO is greater (Art. 59.) 
than that of the figure IGHL ; and the perimeter 
of IGHL is greater than that of WSTV; the 
perimeter, therefore, of PQRO is greater than 
that of WSTV ; and it is evident, from the de- 
monstration of the former part of Art, 56, and 


Art. 59, that WSTV is a square. 


Prop. IV. 
62. Theorem. If the sides of a polygon de- 


scribed about a circle be each of them bisected 
in their several points of contact, the polygon is 
equilateral and equiangular. 

Let JB, BC, CD be any three adjacent sides 
of a polygon described about the circle EFG, and 


B F C 


let them be bisected in their points of contact 
E, F, and G; the polygon ABCD is equilateral 
and equiangular. 
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Find (E. 1.3.) the center of the circle K, and 
join K, E, and K, B, and K, F; then (E. 36.3.) 
BE is equal to BF, therefore BA, which is the 
double of BE, is equal to BC, which 1s the double 
of BF; and in the same manner BC may be 
shewn to be equal to CD, and the polygon to be 
equilateral. It is also equiangular ; for the angles 
at F (E. 18.3.) are right angles; BF is equal to 
FC, and KF common to the two triangles ABP, 
KFC; therefore (E. 4. 1.) the angle KBF is 
equal to the angle ACF’; and ina similar manner 
it may be shewn that the angles EBA and KBF 
are equal, as also the angles ACG and KCF; 
the angle EBF is, therefore, the double of the 
angle KBF, and FCG is the double of ACF; 
but the angle ABF was shewn to be equal to 
the angle KCF; therefore the angle ABC is 
equal to the angle BCD; and in the same manner 
the remaining angles may be shewn to be equal; 
therefore the figure is also equiangular, as well as 
equilateral, 


Pror. V. 


63. Theorem. Ifa polygon described about a 
circle be not equilateral and equiangular, another 
polygon of the same number of sides may be de- 
scribed about the same circle, which has a less 
perimeter. 

Let PQRO (Fig. Art. 61.) be any polygon 
described about the circle BECF; if any of its 
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sides, PO, be not bisected in its point of contact N, 
draw (Art. 56. and 57.) the tangent ZL, which is 
bisected in its point of contact F; it was shewn, 
in Art. 56, that IL is less than PO, and PZ less 
than LO, and the remaining part of the perimeter 
is common to the two figures JQRL, PQRO:; 
therefore the perimeter of JQRL is less than that 
of PQRO; and, thus, if every one of the sides of 
PQRO be not bisected in its point of contact, i. e. 
(Art. 62.) if the figure be not equilateral and equi- 
angular, another polygon, of the same number 
of sides, may be described about the circle, which 
has a less perimeter. 


Pror. VI. 
64. Theorem. Any polygon, which is described 


about a circle, 1s equal to the half of the rectangle 
contained by the perimeter of the polygon, and 
the radius of the circle. 

For it may be divided into as many triangles as 
it has sides, each of which is equal (E. 41. 1.) to 
half of the rectangle contained by a side and the 
radius of the circle; therefore the whole polygon, 
which is equal to the aggregate of these triangles, 
is also equal to half of a rectangle, which is the 
aggregate of the rectangles, 1. e. (E. 1. 2.) to half 
of the rectangle contained by the perimeter of the 
polygon and the radius of the circle. 


65. Cor. All isoperimetrical polygons de- 
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scribed about the same circle, are equal to each 
other, whatever be the number of their sides. 


Prop. VII. 
66. Theorem. Of all triangles described about 


the same circle, that which is equilateral is the 
least. 

For (Art. 60.) the perimeter of the equilateral 
triangle is less than that of any other triangle de- 
scribed about the same circle ; and, therefore, the 
rectangle contained by the perimeter of the equi- 
lateral triangle and the radius of the circle, is less 
than that contained by the perimeter of any other 
triangle and the same radius; i.e. the double 
(Art. 64.) of the circumscribed equilateral triangle 
is less than the double of any other circumscribed 
triangle; therefore the equilateral triangle is less 
than any other triangle described about the same 
circle. 


SCHOLIUM. 


This proposition may be thus demonstrated, in- 
dependently of Art. 60. 

First, an isosceles triangle 4IL (Fig. Art. 61.) 
is less than any scalene triangle 4PO, having the 
same vertical angle, and circumscribed about the 
same circle. For LM being drawn parallel to 47 
the two triangles PXI, and LXM (E. 15. and 
29. 1.) are similar; wherefore (E. 19.6.) PXI: 
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LXM as the square of LX is to the square of XL; 
but LX is less than AL; wherefore the triangle 
PXI is less than the triangle LXM ; much more 
then is it less than the triangle LAO; the trape- 
zium APXL, together with the triangle PAL is, 
therefore, less than the same trapezium, together 
with the triangle LXO ; i.e. the isosceles triangle 
AIL is less than the scalene triangle 4 PO, having 
the common vertical angle JA L+. 

Secondly, an equilateral triangle, described 
about a given circle, is less than any other tri- 
angle described about the same circle. For if the 
circumscribed triangle, which is not equilateral, 
be not isosceles, a less may be found, by the first 
case, which is isosceles ; let it, therefore, be isosceles 
as ABC (Fig. Art. 60.), and let DEF be an 
equilateral triangle described about the same circle 
and touching it in the same point G as the base 
of the isosceles triangle ; produce BA to meet DF 
in K. Then, by the former case, the triangle 
EDF is less than the triangle BAF; and since 
the part of AF, above the line 4C, 1s less than 
the part below it, it may be shewn, (as in the 
former case PXI was proved to be less than 
LXO) that the triangle BAF is less than the 
triangle BAC; much more then 1s the triangle 


DEF less than the triangle BAC. 


* The demonstration of this case was given by Dr. STEDMAN, 
(Phil. Trans, ot 1775.) 

+ This proposition being so proved, it is evident that Art. 66. 
might fairly be deduced from it. 


OF MAXIMA AND MINIMA. 9] 


Pror. VIII. 


67. Theorem. The square is the least of all 
quadrilateral rectilineal figures described about a 
given circle. 

This is deduced from Art. 61. and 64, in the 
same manner as Art. 66. was made to follow from 


Art, 60. and 64. 


Prop. IX. 


68. Theorem. If a polygon, described about 
a given circle, be not equilateral and equiangular, 
a less polygon, of the same number of sides, may 
be described about the same circle. 


This is manifest from Art. 63. and 04. 


Pror. X. 


69. Theorem. Of all triangles, standing upon 
the same base, and on the same side of it, and 
having equal vertical angles, the perimeter of that 
which is isosceles is the greatest. 

Let ABC be an isosceles triangle, and 4PC 
any other triangle standing upon the same base 
AC, and having its vertical angle dPC equal to 
the vertical angle d4BC. The perimeter of ABC 
is greater than that of APC. 

From the center B, at the distance BA or BC, 
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describe the circle ADC: produce 4B and AP to 


meet its circumference in D and E; and join 


D, Cand E, C; the angle ADC is equal (E. 21. 3.) 
to the angle AEC; and ABC is equal to APC by 
the hypothesis; but (E. 20. 3.) ABC is the double 
of ADC: wherefore, also, APC is the double of 
AEC; again, the exterior angle 4PC is equal 
(E. 22. 1.) to the two interior angles PEC, PCE; 
and APC is the double of AEC; if, therefore, 
PEC be taken from both those equals, there will 
remain PEC equal to PCE ; therefore (E. 6. 1.) 
PE is equal to PC, and AE to AP and PC; also 
DB is equal to BC, and AD to AB and BC; but 
(E. 15. 3.) the diameter AD is greater than AE: 
wherefore 46 and BC are, together, greater than 
AP and PC together; and if to both AC be added, 
the whole perimeter ABC is shewn to be greater 


than that of APC. 


<. 


* This Proposition is deduced by Dr. Llorstey from the 
97th of Euclid’s data. In order to make use of Euclid’s propo- 
sition, it- is only necessary to complete the circle ADC, bisect 
the arch which lies below AC, and to join the points of the 
bisection and the points B and P. 
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70. Cor. Ifa polygon, inscribed in a circle, 
be not equilateral, (and, therefore, also equiangular) 
another polygon, of the same number of sides, 
may be inscribed in the same circle which has a 
greater perimeter. 


Prop. XI. 


71. Theorem. The perimeter of an equilateral 
triangle inscribed in a circle, is greater than that 
of any other triangle inscribed in the same circle. 

Let ABC be any triangle inscribed in the 
circle 4BC. Either ABC is isosceles, or else 


(Art. 69.) another triangle of greater perimeter, 


and which is isosceles, may be inscribed in the 
same circle. 


Let, therefore, ABC be isosceles ; and either its 
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vertical angle BAC is greater than any one of the 
angles of an equilateral triangle, or else, as was 
shewn in the latter part of Art. 60, another iso- 
sceles triangle may be inscribed in the circle, 
having its vertical angle greater than the angle of 
an equilateral triangle; and (Art. 69.) its peri- 
meter will be greater than that of the former 
isosceles triangle. Let then ABC be isosceles, 
and have its vertical angle BAC greater than that 
of an equilateral triangle. Inscribe (E. 2. 4.) the 
equilateral triangle ADE in the circle ABC, 
having its base DE parallel to BC, and draw AG 
(E. 12. 1.) perpendicular to DE; then (E. 29. 1.) 
it will be also perpendicular to BC; and, because 
DE is parallel (E. 2. 4. and 27.1.) to the tan- 
gent at 4, AG is perpendicular to it; therefore 
(E. 10. 3.) the center of the circle lies in AG, and 
AG bisects (E. 3. 3.) BC aud DE, in F and G; 
therefore 4B and BF are equal to the semi-peri- 
meter of ABC, and AD, DG, tothe semi-perimeter 
of ADE: Join D, B. 

If DB be perpendicular to BC, BG (E. 29. 1.) 
is a parallclogram, and BF is equal (E. 34. 1.) to 
DG; but (E.7. 3.) AB is less than AD; where- 
fore AB, together with BF, is less than AD, 
together with DG; therefore the whole perimeter 
of ABC is less than the whole perimeter of ADE. 

But, if DB be not perpendicular to BC, upon 
DB, as a diameter, describe the circle BHD, 
cutting BC in H, and AB produced in M; join 
D, Hand D, M; then since (E. 31.3.) the angle 


OF MAXIMA AND MINIMA. 95 


BHD isa right angle, HG is a parallelogram, and 
HF is equal to DG; also join D, C; the angle 
MBD is equal (E. 13. 1. and 22. 3.) to the angle 
AED, and (E. 21.3.) the angle DBH to the angle 
DAC; but DAC is greater than DAE, or AED; 
therefore the angle DBH is greater than the 
angle DBM, and (E. 7.3.) MB is greater than BH: 
Again, because the angle AMD is aright angle, dD 
is greater (E. 17. and 19. 1.) than 4M, i. e. than 
AB and BM; much more, then, is AD greater 
than 4B and BH; and if to AD be added DG, 
and to dB and BH be added HF, which 1s equal 
to DG, AD, DG will be greater than 45, BF; 
1. e. the semi-perimeter of ÆDE is vreater than 
the semi-perimeter of ABC; and, therefore, the 
whole perimeter of ADC is greater than the whole 


perimeter of ABC. 


Prop. XII. 


72. Theorem. The perimeter of the square in- 
scribed in a circle, is greater than the perimeter 
of any other quadrilateral rectilineal figure in- 
scribed in the same circle, 

Let ABCD be any quadrilateral rectilineal 
figure inscribed in the circle HFIG ; its perimeter 
is less than that of a square inscribed in the same 
circle. 

For, join 4, C; and (E. 10. 1.) bisect 4C in E; 
and (E. 11.1.) draw the straight line FEG per- 
pendicular to ÆC, which will, therefore, (4. 1. 3.) 
pass through the center, and be a diameter of the 
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circle ; join 4, F and F, C, and 4, G and G, C; 
then (E. 4. 1.) the two triangles 4FC, AGC are 


isosceles ; and, therefore, (Art. 69.) the perimeter 
of the figure 4FCG is greater than that of the 
figure ABCD, again, bisect the diameter FG in 
K, and draw the diameter HAJ at right angles to 
it; also join H, Fand F, I, and J, Gand G, H; 
and it may be shewn, in the same manner, that 
the perimeter of HFIG is greater than that of 
AFCG ; much more, then, is it greater than that 
of ABCD; and (E. 6. 4.) HFIG is a square 1n- 
scribed in the circle HFIG; therefore the peri- 
meter of the inscribed square is greater than that 
of any other quadrilateral rectilineal figure in- 
scribed in the same circle. 
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Prop. XIII. 


73. Of all triangles standing upon the same 
base, and on the same side of it, and having 
equal vertical angles, that which is isosceles is 
the greatest. 

Let ACB be an isosceles triangle, and APB 


any other triangle standing upon the same base, 


C 


and having its vertical angle 4PB equal to the 
vertical angle ÆCB ; the triangle ACB is greater 
than the triangle 4P B. 

About the triangle ACB describe (E. 5. 4.) the 
circle ACB; and because the angle ÆACB is equal 
to the angle AP B, the circumference of the circle 
shall pass through P (E. 21. 3.); otherwise, the 
exterior angle of a triangle would be equal to 
the interior opposite angle, which (E. 16. 1.) is 
absurd. | 

From the point C draw (E. 17. 1.) the straight 
lne CT, touching the circle ACB ; then (E. 32. 3.) 
the angle TCB is equal to the angle CAB, and, 

G 
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therefore, (E. 5. 1.) equal to the angle CBA; 
wherefore (E. 27. 1.) CT is parallel to 4B ; and 
AP produced will meet CT; let it be produced. 
to meet CT in T, and join TB; therefore 
(E. 37. 1.) the triangle ACB is equal to the tri- 
angle ATB; but the triangle ATB is greater 
than the triangle 4PB, which is a part of it; 
wherefore, also, the isosceles triangle ACB is 
greater than the scalene triangle APB. 

74. Cor. Ifa polygon, inscribed in a circle, 
be not equilateral, (and, therefore, also equian- 
vular) a greater polygon, of the same number of 
sides, may be inscribed in the same circle. 


Pror. XIV. 


“5. Problem. To cut off from the circum- 
ference of a given circle an arch, such that the 
rectangle contained by its chord and sagitta shall 
be a maximum. 

Let ABC be the given circle; it is required 
to cut off an arch from the circumference of ABC, 
such that the rectangle contained by its chord and 
sagitta shall be a maximum. 

Find (E. 3. 1.) the center A of the given circle, 
and draw any diameter AKE; bisect (E. 10. 1.) 
KE in D, and through D draw (HE. 11. 1.) the 
chord BDC perpendicular to AE; the rectangle 
contained by the chord BC and DA, the sagitta 
of the arch BAC is greater than the rectangle 
contained by the chord and sagitta of any other 
arch. 


OF MAXIMA AND MINIMA. 99 


For, take any other point P in the circumference 


and draw the chord (E. 12. 1.) PMR perpendi- 
cular to AE, and (E. 29. 1.) it is parallel to BC; 
join 4, B, and A, B and B, E; also draw (E. 17. 3.) 
BH touching the circle in B, and let BH meet 
RP, produced, in Q, and AL, produced, in H. 
The two right-angled triangles BDK, BDE have 
the side BD common, and the two other sides DA, 
DE, which are about the right angles in each, 
equal; therefore (E. 4.1.) BA is equal to BE, 
and BK is also (E. 15. Def. 1.) equal to AL; 
wherefore the triangle BAEZ is equilateral and 
(E. 5.1. Cor.) equiangular. 

Again, because (E. 31. 3.) the angle ABE is a 
right angle, and BD is perpendicular to 4, the 
angle BAD is equal (E. 8. 6.) to the angle DBE; 
and in the same manner ABD may be shewn to 

G2 
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be equal to DHB; but KBD is equal to EBD, 
the two triangles BDK, BDE having been proved 
to be equal; tins the angle BAD is equal 
to the angle BHD ; and the angles at D are right 
angles, and BD is common to the two nees 
BDA, BDH; wherefore (E. 26. 1.) DA is inet 
to DH. And because QM is parallel to BD, HD 
is to DB as HM to MQ (EK. 4. 6.) ; whercfore 
(E. 22.6.) the rectangle contained by HD and 
AD, i.e. the square of AD is to the rectangle 
contained by 4D and DB, as the rectangle con- 
tained by HM and MA is to that contained by 
MQ and MA; but (E. 5. 2.) the square of 4D is 
greater than the rectangle contained by MM and 
MA ; therefore (E, 14. 5.) the rectangle contained 
by AD and DB is greater than the rectangle con- 
tained by AM and MQ; much more, then, is it 
greater than that contained by AM and PM; 
and, therefore, the double of the rectangle con- 
tained by AD and DB, i.e. the rectangle con- 
tained by 4D and BC, is greater than the double 
of the rectangle contained by AM and PM, 

than the ictal contained by 4M and PR», a 


.—- = -- eee -— — - -.- — — -- ee ee + 


* Since the arca of a parabola is varied as the rectangle con- 
tained by its axis and terminating ordinate, and since the axes of 
different parabolas, cut out of the same cone, are varied as the 
sagittas of the arches cut off, by the planes of the parabolas, from 
the circular base of the cone, it is manifest, from this proposi- 
tion, that the greatest parabola, which can be cut out of a given 
cone, is that, the plane of which divides the diameter of the base 
of the cone into two parts, which are to each other as 3 to 1. 
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Pror. XV. 
76. Theorem. Of all triangles inscribed in the 


same given circle, that which is equilateral is the 
greatest. 


Let ABC be the given circle, and APR any 


HA 


triangle inscribed in it; if 4PR be not isosceles, 
another greater triangle may be inscribed in it 
(Art. 73.) which is isosceles; but let APR be 
isosceles; then, the construction of Art. 75. being 
made, the rectangle contained by dD and BC 
is greater than that contained by AM and PR; 
and, therefore, (E. 41. 1.) the triangle ABC is 
greater than the triangle 4PR. But the angle 
HBD was shewn (Art.75.) to be equal to the 
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angle BAD which is one of the angles of the equi- 
lateral triangle BKE; and (E. 32. 3.) HBD is 
equal to the angle BAC; wherefore BAC is 
equal to the angle of an equilateral triangle; and 
ABD was shewn (Art. 75.) to be equal to HBD, 
and is, therefore, also equal to BAC; and (E. 32. 1.) 
the triangle ABC is equiangular, and, therefore, 
(E. 6. 1. Cor.) equilateral; and it has been shewn 
to be greater than any other triangle inscribed in 
the same circle ABC. 
Otherwise : 

The proposition being reduced, by means of 

Art. 73, tothe comparison of the equilateral triangle 


A DE and the isosceles triangle 4 BC inscribed in the 
same circle, aud D, C being joined, the two triangles 
ANB and DNC are (E. 15. 1. and 22. 3.) similar to 
each other ; wherefore (E. 19.6.) DNC is to ANB 
as the square of DC to the square of AB; but the 
angle DAC is greater, and the angle ADC is less, 
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than an angle of the inscribed equilateral triangle ; 
therefore DC is greater than AC (E. 19. 1.) or 
than, its equal, 4B; the triangle DNC is there- 
fore, greater than the triangle ANB; add to both 
the triangle ANC, and the whole triangle ADC 
is greater than the whole triangle 4BC; but 
(Art. 73.) the triangle ADE is greater than ADC; 
much more, then, is ADE greater than ABC. 


Pror. XVI. 


77. Theorem. The square inscribed in a circle 
is greater than any other quadrilateral rectilineal 
figure inscribed in the same circle. 


Let ABCD be any quadrilateral rectilineal 


figure inscribed in the circle HFIG. It may be 
shewn to be less than the square HFIG inscribed 
in that circle, by the help of Art.73, in the same 
manner as Art. 72. was deduced from Art. 69, 
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Pror. XVII. 


78. Theorem. Of two regular polygons de- 
scribed about a circle, that which has the less 
number of sides has the greater perimeter, and is 
the greater. 


Let 4B and CD be the sides of two regular 


polygons R and S, described about the circle 
FEG, both touching it in the same point Æ; and 
let R kave a less number of sides than §; the 
pernneter of R is greater than that of §, and the 
polygon R is also greater than S. 

Find (E. 1. 3.) the center A of the circle, and 
join K, A and K, B, and A, C and A, D, and 
K, E it follows, from Art 62, and E. 18. 3. and 
29. 1, that KE bisects the angles AKB and CAD; 
and because the regular polygon A? has a less 
number of sides than S, it has also a less number 
of equal angles, at the center K, subtended by its 


OF MAXIMA AND MINIMA. 105 


sides; wherefore (E.15. 1. Cor. 2.) each of those 
angles is greater than each of the equal angles 
subtended by the sides of the other polygon S; 
i.e. the angle JAB is greater than CAD; and, 
therefore, AKE is greater than CKE, and AE 
greater than CE, and the side of R greater than 
that of S; and (Art. 36.) the ratio of AF to CE 
exceeds that of the angle AKE to CXE; there- 
fore (E. 15. 5.) the ratio of .76 to CD exceeds that 
of AKB to CKD, or (E.33.6.) that of the arch 
FEG to the arch HEL; thercfore*, also, 4B 
has to FEG a greater ratio than CD has to HEL, 
and (E.15. and 11. 5.) the perimeter of A has a 
greater ratio to the circumference of the circle 
than the perimeter of S has to the same circum- 
ference ; because the perimeter of Ris the same 
multiple of CAB that the circumference is of 
FEG; and the perimeter of Sis the same mul- 
tiple of CD that the circumference is of HEL; 
wherefore (E. 8. 5.) the perimeter of A is greater 
than that of S; and, it is manifest, also, trom 
Art. 64, that R is greater than S. 

79. Cor. An equilateral triangle is the greatest 
of all regular figures described about the same 
circle, and has the greatest perimeter. 


* Let 4: BOC: D; then 4: CC B: D. For, find 
(E. 13.6.) E a fourth proportional to D, C, and B; then, because 
E:B::C:D,and A: BO C: D, A has a greater ratio to B 
than D has; and, therefore, (E. 10.5.) AT Hand 4; CT 
ESC, 136.08. 10.56" BD: 
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Prop. XVIII. 


80. Theorem. If the hypetenuses of two dis- 
similar right-angled triangles be equal, that tri- 
angle which has the less acute angle adjacent to 
its base, shall have the greater base. 

Let ABC, DEF be two dissimilar right-angled 
triangles, having the hypotenuses 4B, DE equal 


. D 


a . E F 
to each other, but the angle ÆBC less than the 
angle DEF; the base Bi C is greainy than the 
base EF. 

Upon AB, as a diameter, ere the circle 
AGB, at the point B, in AB, make the angle 
ABG (fh. 23.1.) equal to DEF, and join Æ, G; 
then because (E. 31. 3.) the angle AGB is a right 
angle, and ABG equal to DEF, and AB to DE, 
BG is equal (E. 26. 1.} to HF; but (E. 7. 3.) BC 
is greater than BG; wherefore, also, BC is greater 


than EF. 
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Prop. XIX. 


81. Theorem. Of two regular polygons in- 
scribed in a circle, that which has the greater 
number of sides has the greater perimeter, and is 
the greater. 


Let 4B and CD be the sides of the regular 


polygons VX and JV, inscribed in the circle ABE; 
and let W have a greater number of sides than ~; 
the perimeter of W is greater than that of X, and 
W is greater than K. 

First, let #” have one more side than X. Find 
(E. 1. 3.) the center K of the circle, and join 
K, A, and K, B, and K, C, and A, D; also draw 
(i.12.1.) the radius KPQE at right angles to 
AB or CD, which are supposed to be placed 
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parallel to each other. And, because W has one 
more side than X, there is one more angle at 
the center K subtended by the sides of W; there- 
fore (E. 15. 1. Cor. 2.) each of the equal angles 
at the center subtended by the sides of Æ, is less 
than each of the equal angles there subtended 
by the sides of V; i.e. the angle CKD is less 
than the angle AKB; also, since (E. 5.3.) KE 
bisects 4B and CP at right angles, it also (E. 4. 1.) 
bisects the angles 4K 6, CAD, and the arches 
AEB, CED; and, because W has one more side 
than X, and that the polygons are equilateral, and 
the arches cut off by the sides of each (E. 28. 3.) 
equal, the arch ÆC is contained as many times in 
CE, as ACE is in the semi-circumference; join 
A, C, and insert (E. 1. 4.) successively the chords 
CF, FG, GE each equal to 4C. Through F and 
G draw (E. 31. 1.) FH, GI parallelto 4B or CD; 
and from C, F, G, draw (E. 12.1.) CL, FM, GN 
perpendicular to AP, CQ, FH respectively ; also 
produce FC, and let it meet Pd produced in O. 
Then (E. 16. 1.) the angle LAC is greater than 
the angle JOC: and (E. 29. 1.) the angle JOC 
is equal to the angle MCF; therefore LAC is 
greater than MCF; but AC is equal to CF; 
and (Art. 80.) CM is greater than AL; wherefore 
(E. 8.5.) AC has a greater ratio to dL than FC 
to CW; and in the same manner CF may be 
shewn to have a greater ratio to CM than FG to 
FN; and FG to have a greater ratio to FN than 
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GE to GI; wherefore* AC, CF, FG, and GE, 
together, have a greater ratio to dL, CM, FN, 
and GJ, together, than CF, FG, GE, together, 
have to CM, FN, and GI taken together; and 
(Note to Art. 78.) 4C, CF, FG, and GE, to- 
gether, have a greater ratio to CF, FG, and GE 
together, than AL, CM, FN, and GT together, 
have to CM, FN, and GJ together; but (E. 28. 3.) 
the arches AC, Ch, FG, and GE are equal to 
each other, because their chords are equal; and, 
therefore, the arch ACE has to the arch CFE the 
same ratio as the aggregate of the chords AC, CF, 
FG, GE to the aggregate of the chords CF, FG, 
GE; and AL, CM, FN, and GI are together 
(E. 34. 1.) equal to JAP; and CH, FN, and GI 


are together equal to CQ; wherefore the arch 


—_ 


* The proposition, here assuined as true, has been proved, in 
Fuclid’s manner, by tne more ancient Commentators upon his 
Elements. It may be thus, tor the sake of conciseness, demon- 
strated algebraically. 

Let a: be: d, and c: dE e:f, &e.; then isatete: 
bodtpoepe:dtf 


a È 
For, beeauseu eb ecw and c: dE exe 7E 7? and 
) 


a #3 gia. d&c.banda. fl ™e.bg..a.d+agE ce. b+ 


e.b; addto bothe.d+e.d+c.fte.f; anda.d+c.dte.d+ 
a.fte.fte.f0 b.ctd.cty.ctb.ctd.c+tf.e; Le. 
Se ee ee. a + c+ e c +e 

a -+e +He.d4f E O E pg a ao 
at-eote: b+d+fOcte:d+f. 
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ACE has to the arch CFE* a greater ratio than 
AP has to CQ; and the arch 4EB has to the 
arch CED a greater ratio than AB has to CD, 
each being in this case doubled ; therefore, also, 
the arch AEB has to the chord 4B a greater ratio, 
than the arch CED to the chord CD; and the 
perimeter of V’ is the same multiple of 4B that 
the circumference of the circle is of AEB; and 
the perimeter of W is the same multiple of CD 
that the circumference is of CED; wherefore the 
circumference has a greater ratio to the perimeter 
of Y than to that of W; and the perimeter of V is, 
therefore, less (E. 8. 5.) than that of W. 

Again, it is manifest, by reasoning as in Art. 64, 
that Æ is equal to half of the rectangle contained 
by its perimeter and AQ, and that J is equal to 
half of the rectangle contained by its perimeter 
and AP, which is less than KQ; hence W is 
plainly greater than Z. 


Let, now, X be a regular polygon inscribed in 
the same circle, and having one more side than W; 
it may be shewn in the same manner to be greater 
than W, and to havea greater perimeter ; there- 
fore it is greater, also, and has a greater perimeter, 
than /; and thus the proposition may be proved 


rt a e a a 


— 


* Whatever be the curve ACE, it has been shewn by 
Barrow that this property obtains; the greater arch ACE 
has always a greater ratio to the less arch CE, than tue ordi- 
nate AP has to the ordinate C2. 
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whatever be the number of sides of the regular in- 
scribed polygon which 1s compared with X. 


82. Cor. An equilateral triangle is the least 
of all regular figures inscribed in the same circle, 
and has the least perimeter. 


ON 


MAXIMA ann MINIMA. 


PLE LLL LL LOL LOS FOLGE OD? 


SECTION III. 


Prop. I. 


83. Problem. Ly the greater of the two 
sides, containing the right angle of a scalene right- 
angled triangle, to find a point from which if two 
straight lines be drawn, the one to the opposite 
angle, the other to the hypotenuse, their aggregate 
shall be a minimum. 

Let ACB be a scalene right-angled triangle, 
right-angled at C, and having the side BC greater 
than CA; it is required to find a point in BC, 
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fom which if two straight lines be drawn, one ta 
the point Æ, and the other to the hypotenuse dB, 
their aggregate shall be a minima. 

Produce AC to D, and make CD equal to AC, 
from D draw (E. 12.1.) DE perpendicular to dB, 


end let it cut BC in F; join F, A; the aggregate 
of FE and EA is a minimum. 

For, take any other point P in BC; join P, A, » 
and draw PQ perpendicular to BA; then PQ will 
be the shortest (E. 17. and 19. 1.) of all straight 
ines drawn from P to BA; also, join D, P, and 
D, Q. Then (E. 4.1.) DF is equal to FA, and 
DP to PA; and, therefore, DE is equal to EF 
and FA together; and DP, PQ, to AP, PQ, 
but (E. 17. and 19. 1.) DQ is greater than DE; 
and (E. 20.1.) DP and PQ are together greater 
than DQ; much more, then, are DP, PQ greater 
than DE; i.e. AP and PQ are ereater than AF 
and FE; and P is any point whatever, but F 

H 
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in BC; therefore the aggregate of AF, FE is a 
minimum. 

84. Derr. The center of the circle inscribed 
in, or that of the circle described about, any regular 
polygon, is called the center of that polygon. 

Remark. It appears from E. Prop. 13. 4, IR 
which proposition the reasoning is general, that 
the center of a circle, Inscribed in any regular 
palyceon, is also the center of a circle described 
about the same polygon. 


Pror. WI. 


33. Eheorem, IF from any pomt, in a regular 
polygon, straight lies be drawn perpendicular to 
the several sides, their aggregate shall be equal to 
the ageregate of the perpendiculars drawn from 
the center to the sides: And if perpendiculars be 
drawn to the sides, from any pomt without the 
polygon, their aggregate shall be greater than 
that of the perpendiculars drawn irom the center 
to the sides. 

Let ABCDEF be auy regular polygon ; find 
(Art. 55.) its center A; and let P be any point 
within the polygon, and Q any point without 
it; the aggregate of the perpendiculars drawn 
from A, to the several sides of the figure, is equal 
to that of the perpendiculars drawn from P to 
the sides, and 1s less than that of the perpendiculars 


drawn from Q to the sides. 
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First, the polygon may be divided into as many 
triangles as it has sides, both by drawing lines 
from K, and from P, to each ofats angles; and it 


A 


no manifest (E. 37. 1.) that each triangle, having 
its vertex at AY is equal to a right-angled triangle 
which has one of the equal sides of the figure for 
a base, and its altitude equal to the perpendicular 
drawn from K to that side; and, if these altitudes 
be placed in the same straight line, it follows 
from FE. 37. 1. that the ageregate of these triangles 
is equal to a right-angled triangle, having one of 
the equal sides of the polygon for its base, and 
the aggregate of the altitudes for its altitude: In 
the same manner it may be shewn that the agere- 
gate of the triangies, into which the figure is 
divided by straight lines drawn from P, is egual to 
a right-angled triangle having a side of the poly- 
gon for its base, and the aggregate of the per- 
pendiculars drawn frora P for its altitude: but 
these two right angled triangles are equal; for 
each of them is equal to the whole polygon; also 
HY 
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their bases are equal; wherefore (Art. 19.) their 
altitudes are equal; 1. e. the aggregate of the per- 
pendiculars drawn from A to the sides, is equal 
to that of the perpendiculars drawn from P to 


the sides. 


But, if Q be a point without the polygon, let 
straight lines be drawn from Q to each of the 


B C 


FLM E N 


angles of the figure; then, it is manifest that the 
aggregate of the triangles thus formed, each having 
its vertex at Q and one of the sides of the figure 
for its base, is greater than the polygon, and, 
therefore, greater than the aggregate of the tri- 
angles having their summits at K; and it may 
be shewn, by proceeding as in the former case, that, 
therefore, the aggregate of the perpendiculars 
drawn from Q to the sides, is greater than that of 
the perpendiculars drawn from A to the sides. 
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Prop. III. 


86. Theorem. The aggregate of the straight 
lines, drawn from the center of a regular polygon 
to each of its angles, is less than that of the 
straight lines drawn from any other point what- 
ever to each of the angles. 

Let ABC be any regular polygon of which A 


is the center, and P any other point; the aggregate 


of the straight lines, drawn from K to the angles, is 
less than that of the straight lines drawn from P 
to the angles, 

Join A, 4, and K, B, and K, C, &c.; and alsa 
P, A, and P, Band P, C, &c.; through 4, B, C, 
&c. draw (E. 11.1.) FD, DE, EF, &c. perpendi- 
cular to KA, KB, KC, &c. respectively. Since A 
is the center of a circle described about ABC, the 
figure* DEF is a regular polygon of the same 
a E PPI E AIET E eee 

* The construction and proof used by Euclid in Prop. 12. 
B. 4, is applicable to the description ef any regular polygon 
about a circle, in which a similar polygon has been jnseribed 


— | 
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number of sides as JBC, and of which & is also 
the center; from P draw (E. 12. 1.) PG, PH, PT, 
&e. perpendicular to DE, EF, FD, &c. respec- 
tively; then (E. 17.1.) the angles PBG, PCH, 
PAI are each less than a right angle, and, 
therefore, (E. 19. 1.) PA, PB, PC, &c. are to- 
gether greater than PI, PG, and PH taken 
together; but (Art. 85.) the aggregate of KA, KB, 
KC is not greater than that of PI, PG, PIT 
whether the point P be within, or without, the 
polygon DEF; wherefore the aggregate of PA, 
PB, PC, &c. is greater than that of AA, AB, 
KC, &c. 


Prope. IV. 


87. Problem. Ina given quadrilateral recti- 
lineal figure, to find a point, from which 1f straight 
lines be drawn to each of the angles of the figure, 
their aggregate shall be a minimum. 


Let ABC be the given quadrilateral figure; it 


is required to find a point within it, from which 
if straight lines be drawn to 4, B, C, and D, their 
aggregate shall be a minimum, 
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Join A, Cand B, D; and let dC cut BD in 
the pont E; EA, ED, EC, and ED are together 
less than the aggregate of four straight hnes drawn 
from any other point within the figure to 4, B, 
C, and D. 

For, let P be any other point, and join P, 4, 
and P, B, and P, C, and P, D. Then (E. 20. 1.) 
AP, and PC are together greater than 4C, and 
BP, and PD are together greater than BD; 
wherefore PA, PB, PC, and PD are together 
greater than AC and BD; i.e. than Ed, EB, 
EC, and ED. 


Prop. V. 


88. Problem. ‘The vertical angle of a triangle 
being less than the exterior angle of an equila- 
teral triangle, to find within it a point, from which 
if straight lines be drawn to the three angles of 
the figure, they shall make equal angles with each 


other. 
Let ABC bea triangle having the vertical angle 


we 


B C E y G 


A less than the exterior angl: XDZ of tne equila- 
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teral triangle DEF; it is required to find a point 
in ABC, from which if straight lines be drawn to 
A, B, and C, they shall make equal angles with 
each other. 


Produce EF both ways to X and J’; upon 46 
and AC describe (E. 53.3.) the circular segments 
AGS and AGC, capable of containing each an 
angle equal to DEX or DFY, and let them cut 
cach other in the point G; join G, A and G, B, 
aud G, C; the angles AGB, BGC, and CGA are 
equal to cach other. 

For, siace (E. Book 5. 1. Cor.) the angle 
DEF is equal to the angle DFE, and that 
DEN, DEF are (E. 13.1.) equal to two right 
angles, to which also the angles DFE, DFF are 
equal, if from these equals be taken the equals 
DEF, and DFE, there will remain DEX equal 
to DFF ; wherefore the angle 4G B is equal to tne 
angle AGC, Again, (E. 32. 1. Cor. 2.) the three 
angles DEX, DFF, and EDZ are equal to four 

right angles, to which also (E. 15. 1. Cor. 2.) the 
angles at G are equal; and AGB, and AGC were 
weal equal to DEX, and DET, therefore BGC 
is equal to EDZ; and EDZ may be shewn to be 
equal to DEX, in tue same manner that DEX 
was shewn to be equal to DFF; wherefore the 
angles AGB, BGC, and CGA are equal to each 


other, 
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Prop. V1. 


89, Problem. *In a given triangle faving 
each of its angles less than the extet.or angle of an 
equilateral triangle, to find a point from which if 
straight lines be drawn to the tliree angles, their 
aggregate shall be a minimum. 

Let ABC be the given triangle, having each 
of its angles less than the exterior angle of an 


equilateral triangle; it is required to find a point 
within ABC, from which if straight lines be 
drawn to 4, B, and C, their aggregate shall be a 
minimum. 


Find (Art. 88.) the point D, at which the straight 


re ee 


* This Problem was, in substance, proposed by FERMAT 
to TORRICELLI; the method of solution here given is that 
of VIVIANI, 
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lines DA, DB, and DC make equal angles with 
each other; Ict P be any other point in ABC, 
and join P, A and P, Band P, C; then are DA. 
DB, and DC together less than PA, PB, and 
PC together. 

From the center D, at the distance DB, the 
greatest of the straight lines, DA, DB and DC, 
describe the circle DEF, and let it meet DA and 
DC, produced, in E and F; join 6, E and Æ, F; 
and F, B, and P, E, and P, F; then (E. 4. 1.) 
EB, BF, and FE are equal to each other, and D 
(Art. 84.) 1s the center of the equilateral triangle 
EBF; wherefore (Art. 86.) DB, DE, and DF are 
together less than PB, PE, and PF together; 
but (E. 20. 1.) PA and AE are, together, greater 
than PE; and PC together with CF is greater than 
PF; therefore DB, DE and DF are, together, 
less than PB, PA, AE, PC and CF together; 
take away the common parts AE and CF, and 
the remainder DA, DB, DC is less than the re- 
mainder PA, PB, PC. 


Pror. VII. 


90. Problem. Through a given point within a 
circle, which is not the center, to draw the least 
chord. 

Let A be a given point within the circle PBQC; 


it is required to draw through 4 the least chord. 


Find (E. 3. 1.) the center K of the circle, and 
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join 4, K; through Æ draw (E. 11. 1.) the chord 


BAC at right angles to dA; BC is the least chord 
which passes through Æ. 

For, let PQ be any other chord passing through 
A; from K draw (E.12. 1.) KM at might angles 
to PQ: then, because KMA is a right angle, 
KAM (E. 17. 1.) is less than a right angle ; where- 
fore (E. 19.1.) KA ìs greater than MK, and 
(E. 15. 3.) PQ is greater than BC. 


Pror. VIII. 


9i. Problem. ‘Yo divide a given circular arch 
into two such parts that the aggregate of their 
chords shall be a maximum. 

It is manifest from the demonstration of Art. 69, 
that if the given arch be (E. 30. 3.) bisected, the 
aggregate of the chords of its two parts will be 
a maximum, 
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Pror. IN. 


92. Problem. Through either of the points of 
intersection of two given circles, which cut each 
other, to draw the greatest of all straight lines 
passing through that point, and terminated both 
ways by the two circumferences. 

Let AP B, ADQ be two given circles, which cut 


each other, and let Æ be one of the points of 
intersection ; it is required to draw through 4 the 
greatest straight line, which is terminated both 
ways by the circumferences ABP, ADQ. 

Find (E. 1.3.) the centers C and A of the two 
circles, and join C, K; through 4 draw (E. 31. 1.) 
the straight line BAD parallel to CK ; BAD is the 
greatest of all straight lines passing through A; 
and terminated both ways by the circumferences 


of ABP and ADA. 
For, let PAQ be any other straight line so ter- 
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minated, and passing through 4; from the points 
C, K, draw (E. 12.1.) the straight lines CE and 
KF perpendicular to BD, and CM and KN 
perpendicular to PQ, and through K draw AL 
parallel to PQ; therefore (E. 28. 1.) LAN, and 
CKFE are parallelograms, and (E. 34.1.) KL is 
equal to WM, and CK to EF; but because the 
angle CLK isa right angle, (E. 17. and 19.1.) C 
is greater than AL; wherefore, also, HF is greater 
than MN; but (E. 3. 3.) BA isthe double of EA, 
and AD the double of AF; whercfore BD is the 
double of HF; in the same manner it may be 
shewn that PQ is the double of MN: and EF 
has been proved to be greater than MN; there- 
fore, also, BD is greater than PQ; and is a 
maximum, 


Pror. X. 


93. Problem. If two semi-circies lie on con- 
trary sides of the same straight line, and the 
radius of the greater be the diameter of the less, 
to draw the greatest straight line perpendicular to 
the diameter, and terminated both ways by the 
two curves. 

Let 4BD, AEC be two semi-circles lying on 
contrary sides of the straight line AD, and let the 
radius of ABD, the greater, be the diameter of 
AEC, the less ; it is required to draw the greatest 
straight line perpendicular to AC, and terminated 


by the curves AB, AEC. 
> 
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Find (E. 3. 1.) K the center of the circle AEC, 
and draw (E.11.1.) KE at right angles to AC; 
produce Cd to F, and make AF equal to AC; 
join F, E; draw ÆG perpendicular to FE, meet- 


ing ÆC in G, and through G draw JIGI perpen- 
dicular to AC; HOGI is the greatest of all straight 
lines which can be Grawn perpendicular to fC, 
and which are terminated by 48 and AEC. 

For, let PQ be any other straight line so drawn $ 
draw (E. 17. 3.) the two straight hoes AF and ZW 
touching the circles 4BD, AEC, in the points H 
and ZI respectively; produce PQ to meet AF in 
the point R, and Z4” in the point S; and join 
C, H, and Ķ, Z; then, (E. 8. 6.) 

FK : KE :: AE : AG 
and, dividendo, 

AF: KE : GC: AG (i. 17.5.) 
ie. HC: KI: GC : AG (by the construct.) 
and HC: GC :: KI : AG (E. 16. 5.) 
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Therefore the two triangles WGC, KGI, which 
have the right angles at G equal, have also the 
sides about two other angles proportionals; and, 
therefore, (E. 7. 6.) the angle CHT is equal to the 
angle HIK; to CHI add the right angle CHYF, 
and to HIK add the right angle C/Z, and the 
whole angle FHI is equal to the whole angle 
HIZ; and they are alternate angles; wherefore 
(E. 27.1.) AF is parallel to ZW’; and (E. 28. 1.) 
HI is parallel to RS; therefore (E. 34.1.) HI is 
equal to AS; but HS is greater than PQ; where- 
fore, also, AZZ is greater than PQ. 
Otherwise : 

After having found the center A, of the circle 
AEC, trisect (E. 10. 6.) the straight line KC, and 
through CŒ, the point of trisection nearest to K, 
draw HGI perpendicular to 4C; GT is the 
maximum required. 

For, join C, H and A, T; and since, by the 
construction, and by the hypothesis, GC is the 
double of AG, and CH is the double of AZ, there- 
fore, 

HC : KI : GC : KG. 
And the remainder of the demonstration is then the 
same as in the former method of proof. 

94. Cor. 1. Of whatever kind the two curves 
are, the maximum described in the above propo- 
sition may always be found, if two tangents can 
be drawn to the curves, which are parallel to each 
other. - 
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95. Cor. 2. Hence, if the two curves be para- 
bolas, and the axis be divided in the ratio of the 
parameters, the aggregate of the two semi-ordi- 
nates, so drawn, will be greatest when ıt meets 
the axis in that point of division. 


Pror. NI. 


96. Theorem. Uf there be three magnitudes, of 
which the first is greater than the second, the iirst 
shall have to the second, a greater ratio than the 
first together with the third has to the sccond 
together with the third. 

Let 4, B, C be three magnitudes, of which A 
is greater than B: 4 has a greater ratio to & than 
A together with C has to B together with C. 

For, C has a greater ratio (E. 8. 5.) to B, than 
it has to 4: therefore (Note to Art. 36.) C together 
with B has a greater ratio to 4s, than C together 
with Æ has to 4; and (Note to Art. 78.) Cc to- 
gether with B lias a greater ratio to C and Á. 
together, than B has to 4; or A has to B a greater 
ratio than 4 together with C has to B togcthe 
with C. 

97. Cor. If D be a magnitude greater than ©, 
A has a greater ratio to B than A and C, together, 
have to B and D together. 

For, the aggregate of A and C has (Ih. 8.5.) a 
greater ratio to that of Band C, than to that of 
B and D: much more, then, is the ratio of Ato B 
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ereater than that of the aggregate of Æ and Č to 
the averegate of Band D. 


Pror. XII. 


98. Theorem. Ifa straight line be drawn from 
the vertex of a triangle cutting the base, it shall 
have a greater ratio to either of the segments which 
it cuts off, than the side adjacent to the other seg- 
ment has to the base. | 


Let ABC bea trianetc, and AD a straight line 


q 


we 4 


, 
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drawn from 4, cutting the base AC in D. AD 
has a greater ratio to DC than AB has to BC. 

From AB cut off AE equal to -AD ; then 
(E. 20. 1.) AD together with BD is greater than 
AB; take AD from AD, BD, and AE, which is 
equal to AD, from AB, and the remainder BD is 
greater than BE; wherefore (Art. Gb.) -AD has a 
greater ratio to DC than 4B has to BC. 
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Pror. XII. 
99. Problem. Of all equal triangles standing 


upon the same base, to find that in which the ratio 
of the greater side to the less is a maximum. 


Let APB be any triangle standing upon the 
given base 4B; of all the triangles which can be 


described upon AB as a base, equal to APB, it is 
required to determine that in which the ratio of 
the greater side to the less is a maximum. 


Through P draw (E. 31. 1.) the straight line 
XY parallel to 4B, and (E. 39. 1.) it will be the 
locus of the vertices of all the triangles standing 
upon the base 4B, and on the same side of it 
as APB, which are equal to APB; bisect AB in 
D (E. 10. 1.) and through D draw (E. 11. 1.) DK 
perpendicular to AB, and let it meet XF in A; 
join K, A; and from the center K, at the distance 
KA, describe the semi-circle LAF, and let it cut 
XY in Land F; join A, L and B, L, and A, F 
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and B, F; in either of the two equal triangles 
ALB, AFB, the ratio of the greater side to the 
less exceeds the ratio of AP to PB. 


For draw (E. 12. 1.) FG perpendicular to AY; 
then FG (E. 16. 3. Cor.) touches the circle LAF 
in F, and (E. 29. 1.) cuts 4B produced at right 
angles; join P, G; PG is greater (E. 17. and 19. 1.) 
than GF; also the angle PB is greater than the 
angle BPG; for the two angles cannot be equal ; 
otherwise the two triangles PGA. PGB would be 
similar, and (E. 4. and 16. 6.) the rectangle 4G, 
GB would be equal to the square of GP; but it 
also (E. 36. 3.) is equal to the square of the less 
line GF; which is absurd. Neither can the angle 
PAB be less than the angle BPG; for then if a 
straight line be drawn (E. 23.1.) from P, making 
with BP an angle equal to the angle PAB; it may 
in the same manner be shewn, that a less rectangle 
than AG, GB, is equal toa greater square than 
that of GF, which is absurd ; wherefore the angle 
PAB is greater than BPG, and if PH be 
drawn, making the angle BPH equal to PAB, 
the point H is beyond the point G. The two 
triangles AGF, BGF are similar, as are also the 
two triangles AHP, GHP; wherefore (E. 4. 6.) 
AF: FB :: AG : FG. 


Therefore (E. 22. 6.) the square of AF : the 
square of FB :: the square of dG : the square of 
FG :: AG: BG, because AG, FG, and BG are 
proportionals ; therefore (E. 11. 5.) the square of 

12 
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AF : the square of FB :: AG : GB; and, in the 
same manner, it may be shewn that the square of 
AP : the squareof PB : AH : BH; but (Art. 96.) 
the ratio of .4G to GB is greater than the ratio 
of AIl to Bil; wherefore (E. 13. 5.) the square 
of AF has a greater ratio to the square of FB 
than the square of AP has to the square of PB; 
but if Q be the side of a square, which is a fourth 
proportional to the squares of AF, FB, and AP, 
Q is less than PB; and (E. 22.6.) AF : FB :: 
AP : Q: wherefore the ratio of AF to FB 1s 
greater (E. 8. 5.) than that of JP to PB. 


Pror. ALY. 


100. Problem. Vhrough any of the angular 
points of a given rhombus, to draw the shortest 
line terminated by the two sides, produced, which 
contain the opposite angle. 


Let ABCD be the given rhombus, and C’ one 


of its angular points; it is required to draw 
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through C the least line, which is terminated by 


AB and AD produced. 


Join 4, C, and through C draw (E. 11. 1.) the 
straight line ECF perpendicular to AC; ECF is 
the ki line which can be drawn i Ç, 
and which is terminated by 4B, and AD pr scans, 

For, let PEQ be any other straight line drawn 
fronal C, and terminated, in P and Q, by AB 
and AD produced. Draw EG perpendicular to 
AE, and let it meet AC produced in G; join G, 
F; and draw GM perpendicular to PQ. Then 
(E. Def. 32. and Prop. 8. 1.) the angle BAC is 
equal to the angle DAC, and the angles ACE, 
ACF, are right angles, and JC is common to 
the triangles ACE, ACF; therefore (E. 26. 1.) 
the angle AEC is equal to the angle AFC, 
and EC 3 is equal to CF; and CG is common 
to the two right-angled triangles ECG, FCG: 
therefore (E. 4.1.) GF is equal to GE, and 
the angle GFE to the angle GEF; but the 
angle AFE was before shewn to be equal to the 
angle AEF; wherefore AFG is equal to AEG, 
and is a right angie. From the center G, at the 
distance GE, describe the circle NER, which will 
touch AE in Æ, and AF in F; let it cut PQ in 
Nand S$; then, because the angle at AZ is a right 
angle, GC (E. 17. and 19.1.) is greater than GM, 
wherefore (E. 15. 3.) EF is less than NS; much 
more, then, is EF less than PQ. 


101. Cor. Hence it is manifest that the base 
of an isosceles triangle is less than any other 
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straight line, drawn from any point, in either of 
the two equa! sides, through the bisection of the 
base, so as to meet the other side produced. 


Prop. XV. 


102. Theorem. If the base of an isosceles 
triangle be divided into two unequal parts, the 
base is the least of all straight lines which can be 
drawn through the point of section, from the side 
that is nearest to it, so as to meet the other side 


produced. 
Let ABC be the given isosceles triangle ; let 


A 


ee base EC be divided iuto two unequal parts in 
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the point D, and let PQ be a straight line drawn 
through D, from any point P, in the side AC, 
which is nearest to D, meeting 4B produced in Q: 
PQ is greater than BC. 

For, since the angle ÆAPQ is greater (E. 16. 1.) 
than the angle C, that is (E. 5. 1. and hypothesis) 
than the angle ABC, therefore (E. 13. 1.) the angle 
QBD is greater than the angle DPC: Make, there- 
fore, (E. 23. 1.) at the point B, in CB, the angle 
CBG equal to the angle DPC. 

And, first, if the angle 4 be not less than a 
right angle, the angle DPC, and therefore, also, its 
equal DBG, is (E. 16. 1.) an obtuse angle: so 
that (E. 32. 1. and 19.1.) GD is greater than 
BD, and DC than DP: and, by the hypothesis, 
BD is greater than DC. But (E. 15. 1. and con- 
struction) the triangles GBD, DPC, are equi- 
angular: wherefore (E. 4. 6.) 

GD: DB: DC : DP. 


And GD has been shewn to be greater than 
DC. Wherefore (E. 25.5.) GD together with 
DP is greater than BD together with DC; that 
is, GP is greater than BC: much more, then, is 


PQ greater than BC. 


But, secondly, let the angle 4 be less than a 
right angle. 


From D, as a center, at the distance DC 
describe a circle, and let it cut 4C in E; join 
E, D ; and produce ED to meet AB produced in 
F. Then (E.17. 1. and hypothesis) since the 
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angle ABC is an acute angle, the angle CBF is 
(E. 13.1.) obtuse: whence (E. 32. 1. and 19. 1.) 
DF is greater than DB; but, by the construction, 
ED is equal to DC: wherefore, the whole AI" is 
greater than the whole AC: and it may, inthe same 
manner be shewn, that astraign( line drawn through 
D, trom any point between Æ and df, to meet AP 
produced, is greater than AF, aud conseqrentiv 


greater thar BC, 


Jut let. now, PQ be drawn through D, from 
any point P, between Æ and C, and let it meet 


AB produced in Q. 


Then, the same construction being made as m 
the former case, the angle GBD is equal to DPC, 
and the angle BGD to DCP; but (E. 16. 1.) the 
angle DPC is greater than DEC, that ts (E. 5. 
1.) than DCP; therctore, the angle GBD is 
greater than DGB, and (E. 19. 1.) the side GD is 
ereater than BD. It is manifest, then, that PQ 
may be shewn to be greater thar BC, exactly in 
the same manner, as PQ was shewn to be greater 
than BC in the former case. | 


SCHOLIUM. 


If a straight line be drawn through a given 
point, which divides the base of an isosceles triangle 
unequally, from the side which 1s the further from 
that point, to mett the side which is the nearer to 1t, 
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produced, the line so drawn is not necessarily 
greater than the base. 

For, let ABC be the given isosceles triangle, 
and JJ a given point in the base ZC, nearer to 


A 


AC than to AB. And, first, if the angle Æ be not 
less than a right angle, it is manifest (E. 10. 1. 
32. 1. and 19.1.) that BC is greater than any 
straight line that can be drawn from C to AB: 
If, therefore, from any point R, in AB, as a center, 
at a distance equal to BC, a circle be described, 
it will cut ÆC produced, in some pomt S: let R, 
D and S be supposed to be ia the same straight 
line, and let R,S be joined. Then, it is mani- 
fest, that of all straight lines drawn from R to 
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meet AC produced, those which cut BC between 
D and C will be less than RS, that is, than BC: 


and that those which cut BC between B and D, 
will be greater than BC. 


Again, let the angle 4 be less than a right angle. 
From C draw CN at right angles to dB. Then it 
may be shewn, as before, that BC is greater than 
any straight line, drawn from C to meet 4B be- 
tween N and B; and, if any point R be assumed 
between Vand B, a straight line RS may be drawn, 
equal to BC and cutting BC in some point D, 
nearer to dC than to 4B, as before: so that any 
straight line, drawn through D, to meet 4C pro- 
duced, from any point between 4 and N, is greater 
than BC; and of any straight lines, drawn from R, 
to meet AC produced, cutting BC, those which cut 
BC between D and C are less than BC; whilst 
those which cut it between B and D are greater 


than BC. 


It may be further shewn, by the same mode of 
reasoning, that, in all cases, and wherever the point 
D is assumed, the straight line drawn through D 
perpendicular to 4B, and terminated, on the 
other side, by AC produced, is less than any 
straight line drawn through D, from any point in 
AB, between the intersection of that perpendicular 
and the vertex 4, to meet AC produced. 


Again, whatever be the species of the isosceles 
triangle 4BC, and wherever the point D, nearer 
to AC, be assumed, if through D, the straight line 
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HI be drawn (Art. 2.) so as to be bisected ia D, 
then is AT greater than BC. 
For, draw MJ and AK perpendicular to BO: 


then (E. 5. 1. 26. 1. and hypothesis) GA is equal 


to the half of BC, andthe angle BAK to CHA. 
Also, if DL be drawn paraHel to Cd, cutting dA 
in X, then (Art. 2.) AL is equal to LH. But 
(construction, and E. 29. 1.) the angle LAX is 
equal to L.XA; wherefore (E. 6.1.) LX is equal 
to LA; and it is, therefore, equal to LH. Also, 
(construction, and E.29. 1. and E. 6.1.) LB is 
equal to LD: from these equals take away the equal 
parts LH and LX; and the remainder HB is 
equal to the remainder AJ). Whence (E. 20. 1.) 
the two right-angled triangles ZWB, XKD are 
equal; so that BM is equal to KD ; add to each 
of these equals MK, and BK is equal to MD; but 
(E. 17.1. and 19.1.) HD 1s greater than MD; 
therefore HD is greater than BA, which is equal 
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to MD; and HI the double of HD, is greater 
than BC, the double of BA. 


Prop. XVI. 

103. Problem. "Vo draw the shortest tangent 
to a given circular arch, which shall be terminated 
by the semi-diameters, produced, that pass through 
the extremities of the arch. 

A 


/\\ 


Z W 


Let LCM be a given circular arch, and KA, 
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KY, the two produced semi-diameters, which pass 
through its extremities Land M: it is required 
to draw the shortest tangent to LCM, which shall 
be terminated by KX and AY. 


Bisect the arch LCH (E. 30. 3.) in the point 
C; and through C draw (E. 17.3.) the tangent 
FCG: FCG is the least straight line which can 
touch the arch ECM, and be terminated by AX 
and AY’, 


For, let PQ be any other taneent to the arch 
LCM, which is terminated by ALY and AY; and 
join A, C: then (E. 18. 3.) the angles ACF, ACG 
are right angles; the angle CAF is equal (con- 
struction, and E. 27.3.) to CAG; and KC is 
common to the two triangles KCF, ACG; where- 
fore (E. 26. 1.) the side XF is equal to AG; so 
that the triangle KFG is isosceles. It is manifest, 
therefore, from Art. 102, that PQ is greater than 
F&G: and, in the same manner, 1t may be shewn, 
that any other tangent is greater than FG, 


104. Cor.t. Hence, if it be required to 
divide a given circular arch into two parts, so that 
the aggregate of the tangents of the parts may be 
a minimum, it 1s evident that the Siven arch must 
be bisected. 


105. Cor. 2. Ofall triangles which have the 
same vertical angle, or equal vertical angles, and 
the perpendiculars, let fall trom the vertex of the 
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base, also equal, that which 1s isosceles has the 
least base. 


Pror. XVII. 


106. Problem. ‘To draw the shortest tangent 
to a piven circle, which shall be terminated by two 
given parallel straight lines, that are situated on 
contrary sides of the center. 


Let ACHP be the given circle; A, its center, 


and WX, FZ two given parallel straight lines, on 
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contrary sides of the center A: it is required to 
draw the shortest tangent to ACBD, that shall be 
terminated by WX and YZ. 

Through the center AK draw (E. 31.1.) the 
diameter 4K B parallel to either of the two parallels 
WX, YZ; and through B draw (E. 17. 3.) the 
tangent EBF: EBF is the shortest of all tangents 
to the given circle, that are terminated by WX and 
¥Z, and that are situated on the same side of the 
center K. 

For, let PQ be any other tangent on that side 
of the center, terminated by WX and FZ; and 
through P draw PG parallel to EF; then is EG 
a parallelogram, and (E. 34. 1.) PG is equal to 
EF; but (E.18. 3. and 29. 1.) the angle PGQ is 
a right angle; wherefore (E.17.1. and 19. 1.) 
PQ is greater than PG, or than EF. 

And in the same manner may a tangent to the 
circle, at the other extremity A, of the diameter 
AB, which (E. 34.1.) is equal to EF, be shewn 


to be less than any other tangent on that side of 
the center. 


Pror. XVIII. 


107. Problem. To draw the shortest tangent 
to a given circle, which shal! be terminated by two 
given straight lines that meet one another, and 
that are equally distant from the center, so as that 
the tangent and the point of intersection of the 
given lines, shall be on contrary sides of the center. 


144 THE GEOMETRICAL INVESTIGATION 


Let the two given straight lines 4Z and AW, 
which meet in Æ, be equally distant from the 
center A, of the given circle HEV. It 1s required 
to draw the shortest tangent to the circle, which 
shall be terminated by AZ and ATV, and which 
shall be on the contrary side of A, that Æ is. 


Join 4 and the center A*; produce 4A to meet 
the circumference in C; and through C draw 
(E. 17. 3.) the tangent HCI: HCI is the least 
tangent, which was to be drawn. 


For, let 2S be any other tangent to the circle, 
on the same side of A that ZT is, and terminated, 
also, by AZ and AIW. From A draw (E. 12. 1.) 
KB and AD perpendicular to AZ and AW, re- 
spectively: then, because (E. Def. 4. B. 3.) AB 
and AJ are equal, and that the angles at B and 
D are right angles, and that 4A is the common 
hypotenuse of the two right-angled triangles ABA, 
ADK, therefore (E. 47. 1.) AB is equal to AD, 
and (E. 8. 1.) the angle BAK is equal to DAK: 
wherefore, since the two right-angled triangles 
ACH, ACI, are (E. 18.3.) right-angled at C, the 
angle AHC is equal (E. 32. 1.) to AIC; so that 
the triangle A HHI is isosceles. It is manifest, there- 
fore, from Art. 102, that RS is greater than HTI: 
and, in the same manner, may any other tangent 
on the same side of K, be shewn to be greater 


than MI. 


PERSE OEE TETE AE a r a a aa 
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X See the figure in p. 140. 
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Prop. XIX. 


108. Problem. To describe a circle which 
shall touch a given straight line, and pass through 
two given points, both on the same side of it, and 
in the same plane with it. 

Let CD be a given straight line, and 4, B two 
given points without it, both on the same side of 
CD ; it is required to draw a circle through 4 


and B, which shall touch CD. 


Join A, B; and first, tet 4B be parallel to 
CD: Bisect (E. 10.1.) AB in L; through L 


draw (E. 11. 1.) LH perpeadicular to JB or CD; 
join A, H; at the point 4, in HA, make (E. 23. 1.) 
the angle HAK equal to the angle AHK, and 
join KB; then (E.6. 1.) KH is equal to KA, and 
(E. 4.1.) KA is equal to AB; from the center 
K, atthe distance KA, or KB, or KA, describe 
the circle 4HB; it shall pass through the three 
points 4, H, and B, and (E. 16.3. Cor.) shall 
touch CD in H. 

Bat uf AB be not parallel to CD, let 4B, pro- 

K 
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duced, meet CD in the point D. Upon 4B asa 
diameter describe the circle ABE, and from D 
draw (E. 17. 3.) the straight line DE touching it 
in E; from DC cut off DH (E. 3.1.) equal to 
DE, and describe (E. 5. 4.) the circle 4HB pass- 
ing through the three points 4, H, and B. The 
circle AHB, which passes through A and B, 
touches CD in H. 

For (E. 36. 3.) the rectangle contained by 
AD and DB is equal to the square of DE, 
and, therefore, is equal also to the square of DH, 
because DH was made equal to DE; wherefore 


(E. 37. 3.) the circle AHB touches CD in H. 


109. Cor. AB subtends a greater angle at 
the point H, in the straight line CD, than at any 
other point whatever in CD. 

For, let P be any other point in CD; P is with- 
out the circle JHB; join A, P, and B, P; let BP 
cut the circle in Q; also jom A,Q. The angle 
AHB is equal (E. 21.3.) to the angle AQB ; but 
the exterior angle 4QB is greater (E. 16. 1.) than 
the interior opposite angle 4PB; wherefore, also, 
AHB is greater than APB, 


Prop. XX. 


110. Problem. To find a point in the circum- 
ference of a given circle, at which any given 
straight line drawn from the center, but less than 
a radius of the circle, shall subtend the greatest 
angle. 
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Let CPD be the given circle, and 4B a given 


D 


straight line, drawn from the center 4, less than 
a radius of the circle; it is required to find the 
point, in the circumference, at which 45 subtends 
the greatest angle. 


From the point B draw BC perpendicular 
(E. 11.1.) to AB, and let it meet the circum- 
ference in C; join 4, C; theangle ACB 1s greater 
than any other angle subtended by AB, at any 
other point in the circumference. 


For, take any other point P in the circum- 
ference, and join P, Æ and P, B; and upon AC 


as a diameter, describe the circle ACB, * which 


* If two circles meet each other, and the point which is 
common to both circumferences lie in the same straight line 
with the centers of both, the circles shall be in contact with 
each other. This is evident, by drawing from the common 
point a straight line perpendicular to the line joining the 
centers, which (E. 16. 3. Cor.) will touch them both; and 
the converse of E. 31. 3. is readily proved by a reductio ad 
absurdum. 

K 2 
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will pass through B, and touch the circle CDP 
in C; let BP cut the circle CAB in Q; and join 
A, Q; then the angle ACB is cqual (E. 21. 3.) to 
the angle AQB, and AQB is greater (E. 16. 1.) 
than 4PB; wherefore 4CB is ereater than APB. 


Prop. XXI. 


111. Problem. Two points being given, the 
one within, the other without, a given circle, to 
find a point in the circumference, to which if two 
straight lines be drawn from the given points, the 
one falling upon the concave, the other upon the 
convex circumference, the angle contained by them 
shatl be a minimum. 

Let DPE be the given circle, and 4, B, the 
two given points; it is required to find a point in 
the circumference DPC to which, if two straight 
lines be drawn from 4 and B, the angle contained 
by them shall be a minimum. 

From the point B draw (E. 17.3.) the two 


straight lines BD, BE, touching the circle in D 
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and £; join 4, Dand 4, E ; and let the angle DBA 
be *greater than the angle ABE, then is the 
angle AEB less than any other angle, contained 
by two straight lines drawn from 4 and B, to any 
other point of the circumference, the one falling 
upon the concave, the other upon the convex 
circumference. 

For, join D, E; and since BD and BE touch 
the circle DPE, they are (E. 36. 3.) equal to each 
other, and the angle BDE is equal (E. 5. 1.) to 
the angle BED; and because DB is equal to 
BE, and AB is common to the two triangles DBA, 
EBA, and that the angle DBA is greater than the 
angle EBA, DA is greater (E. 24. 1.) than 4h; 
wherefore the angle JED is greater (E. 18. 1.) 
than the angle ADE; trom BDE take ADE, 
and from BED, which is equal to BDE, take the 
greater angle AED, and the remainder AEB is 
less than the remainder ADB. Again, because 
BD avd BE touch the circle DPE, all straight 
lines drawn from B to the convex circumference 
must fall within BD and BE; in the arch DPE, 
take any point P on the same side of 4B with D, 
and any point Q on the same side of AB with Æ, 
and join 4, P and B, P, and 4, Q and B, Q; then 
(E. 21. 1.) ADB is less than APB; and ALB has 
been shewn to be less than .4D6; much more, 


-emmm es we a o _—— 


* The two points 4 and B arc here supposed not to be in 
the same straight Jine with the center of the circle; if they 
be, the two angles ADB, AEB wiil be cqual, and either of 
them will be less than any other angle, according to the speci- 
fied conditions. 
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then, is ÆEB less than APB; and (E. 21. 1.) 
AEB is also less than 4QB; wherefore AEB is 


a minimum. 


Prop. XXII. 


(112.) Problem. To describe a circle which 
shall touch a given circle, and pass through two 
given points both without the given circle; the 
straivlt line joining the two given points being sup- 
posed not to pass through the center of the circle. 

Let DFG be the given circle, and 4, B, the 
two given points without it; it 1s required to 
describe a circle which shall pass through 4 and 
B, and touch the circle DFG. 

Join A, B; and find (E. 1. 3.) the center C of 


K 
DFG; describe (E. 5. 4.) a circle A4FGB which 
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shall pass through the three points 4, C, and B; 
join F, G; either FG is parallel to 4B, or it is 
not; if it be parallel, through C draw DCH per- 
pendicular (E. 12. 1.) to 4B, and produce it to A; 
join A, D and A, E ; at the point 4, in EA, make 
(E. 23.1.) the angle EAK equal to the angle 
KEA; and at the point 4, in DA, make the angle 
DAL equal to the angle LDA; then if a circle be 
described from the center K, at the distance KA, 
it shall pass through the two points Æ and B, and 
touch the given circle externally in Æ; and if 
another circle be described from the center L, at 
the distance LA, it shall pass through 4 and B, 
and touch the given circle internally in D. 


For, join K, B and L, B; AB is bisected (E. 3. 
3.) in H, by DH, and the angles at H are right 
angles; wherefore (E. 4. 1.) AB is equal to KA, 
and LB to LA, and (E. 6. 1.) KE is equal to AA, 
and LD to LA; therefore the circle described 
from the center A, at the distance A, will pass 
through the three points A, E, and B; and that 
described from the center L, at the distance LA, 
will pass through 4, D, and B; and the circles 
will be in contact, because the straight line join- 
ing their centers passes through the points in 
which they meet. (Note to Art. 102.) 


But if FG be not parallel to 4B, let them be 
produced so as to meet in the point M; from M 
draw (E. 17.1.) the two straight lines MD and 
ME to touch the given circle DFG in D and 
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E; through Æ, E, and B describe (E. 5. 4.) a 


circle, and it shall touch the given circle in Æ; 


D 
kd 
F 
LATT / 
a E 
A 
‘B 


also describe another circle through the three 
points f, D, D, and it shall touch the given circle 
in D. 

For, (E. 36. Book 3. Cor.) the rectangle BM, 
MA is equal to the rectangle GM, MF; and 
(E. 36. 3.) the rectangle GM, MF is equal to the 
square or MD, or ME ; wherefore, also, the rect- 
angle BAL, MA is equal to the square of WD, or 
ME; and (.37. 3.) the circle passing through 
A, Band £ is touched by ME, which also touches 
DEG in the same pomt Æ; therefore the circle 
passing through A, E and B touches the given 
circle in Æ; and, in the same manner, it may be 
shewn, that the circle described through 4, D and 
B touches the given circle in D. 
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Pror. XXIII. 


115. Problem. *If a given straight line lie 
wholly without a given circle, and do not when 
produced, cut the circle, to find the two points 
in the circumference at which the given line will 
subtend the greatest and least angles. 

Let DPE be the given circle, and 4B the given 
straight line without it; it is required to find the 
two points in the circumference DPE, at which 
AB shall subtend the greatest and Icast angles. 


Describe (Art. 105.) the circle JEB passing 


pea ‘ A È 
Va / G R 
AXAT 
EL | 
ZN 


through A and B, and touching DPE externally 
in Æ, and also the circle ADB, touching DPE in- 
ternally in D; AB subtends a greater angle at £, 


wk 


and a less angle at Ø, than at any other points in 
the circumference of DPE. 


m ee 


* This is the 34th Proposition of the 6th Book of Pappus ; 
but he has given no consiruction for describing a circle to 
pass through two given points, and also to touch another 
circle. 
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For, join 4, D and B, D, and A, E and B, E; 
take any other point P such, that 4, P and B, P, 
being joined, ÆP falls upon the concave circum- 
ference ; and any other point Q such, that 4, Q and 
Q, B, being joined, 4Q falls upon the convex cir- 
cumference; produce AP to meet the arch DB in 
R, and let 4Q cut the arch AEB in S; and join R, 
B, and Q, B; the angle AEB is equal (E. 21. 3.) 
to the angle ASB ; but (E. 16. 1.) ASB is greater 
than AQB ; wherefore AEB is greater than AQB ; 
and AEB is also (E. 21. 1.) greater than APB. 

Again, ÆRB is less (E. 16. 1.) than 4P B; but 
(E. 21.3.) ADB is equal to ARB; wherefore 
ADB is less than AP B ; and AEB is the greatest, 
and ADB the least, of all angles subtended by 4B 
at tke circumference of the given circle DPE. 


Prop. XAILV. 


114, Problem. To divide a given finite straight 
line into two parts, such that the rectangle, con- 
tained by the whole line and one of the parts, shall 
most exceed the square of that part. 


Let AB be the given finite straight line; it is 


aaa a aE 


required to divide it into two such parts that the 
rectangle, contained by 4B and one of the parts, 
shall most exceed the square of that part. 
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Bisect 4B (E. 10. 1.) in C, the excess of the 
rectangle 4B, BC above the square of BC is a 


maximum. 


For, take any other point P in 4B. The rect- 
angle 4B, BC is equal (E. 3. 2.) to the square of 
CB, together with that of ÆC; and the rectangle 
AB, BP is equal to the square of PB, together 
with the rectangle dP, PB; but (Art.6.) the 
square of AC is greater than the rectangle 4P, 
P B; wherefore the excess of 4B, BC above the 
square of BC is greater than the excess of AB, 
BP above the square of PB. 


Pror. XXV. 


115. Problem. To divide a given finite straight 
line into two parts, such that the aggregate of the 
squares of the two parts may be a minimum. 


Let AB (Fig. to Art. 114.) be the given finite 
straight line; it is required to divide 4B into two 
parts, such that the aggregate of their squares 
may be a minimum. 


Bisect (E. 10. 1.) 4B in C; the squares of AC, 
and CB are, together, less than the squares of any 
other two parts, taken together, into which 4B 
can be divided. 


For, take any other point P in 4B; then 
(E. 9 2.) the squares of 4P, PB are, together, 
equal to the squares of AC, Cb ana PC, together; 
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wherefore the squares of AP, PB are greater 
than the squares of AC, CB. 


Prop. XXVI. 


116. Problem. To divide a given circular 
arch into two such parts, that the rectangle con- 
tained by their chords shall be a maximum. 


Let ACB be the given circular arch ; it is re- 


C 
P 


A B 


quired to divide it into two such parts, that the 
rectangle contained by their chords shall be a 
maxımum. 


Bisect (E. 30.3.) the arch 4CB in C, and 
join A, C, and B, C; the rectangle AC, CB is a 
maximum. ? 


For, take any other point P in the arch ACB, 
and join 4, P, and B, P, and A, B. Then 
(E. 29. 3.) AC is equal to CB, and, therefore, AP 
and PB are unequal; but (Art. 69.) AC and CB, 
i.e. the double of ÆC, are, together, greater than 
AP and PB; therefore AC is greater than the half 
of AP, PB, and the square of AC greater than 
the square of the half of 4P, PB; and (Art. 6.) 
the square of the half of 4P, PB is greater than 
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the rectangle 4P, PB; much more, then, is the 
square of AC, i. e. the rectangle AC, CB, greater 
than the rectangle AP, PB. 


Pror. XXVII. 


117. Problem. Of all triangles having the same 
vertical angle, and their bases all passing through 
the same given point, to find that in which the rect- 
angle, contained by the segments into which the 
given point divides the base, is a minimum. 

Let XAY be the vertical angle, and B the 
given point in the base, common to all the tri- 
angles; it is required to find a triaugle having 4 
for its vertical angle, and its base passing through 
the point 4, and divided by it into two segments, 
such that the rectangle contained by them is a 
minimum. 


Bisect (E. 9. 1.) the angle XAYF by the straight 


<L 
4 
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line AC, and from B, draw (E. 12.1.) BC at right 
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angles to AC, and produce it both ways to meet 
AX and XY, in D and E; the rectangle DB, BẸ 


is a minimum. 


For, draw (E. 11. 1.) DK perpendicular to 4D, 
and join KE: Because, by the construction, the 
angles at C are right angles, and the angles DAC, 
EAC are equal, and AC common to the two tri- 
angles ACD, ACE, AD (E. 26.1.) is equal to 
AE: Again, because 4D is equal to AE, and AK 
common to the two triangles ADK, AEK, and 
the angle DAK is equal to the angle EAK, DK 
is equal (E. 4. 1.) to KE, and the angle AEK to 
the right angle ADK: From the center K, at the 
distance KD, describe the circle DER; and it 
will, therefore, pass through Æ, and (E. 16.3. Cor.) 
touch 4X and XY, in D and £. 


Let now PQ, passing through B, be the base 
of any other triangle, having <Æ for its vertical 
angle; PQ must cut the circle; let it cut the cir- 
cumference in R and S; then the rectangle PB, 
BQ is manifestly greater than the rectangle RB, 
BS; and (E 35.3.) the rectangle RB, BS is equal 
to the rectangle DB, BE; wherefore the rect- 
angle DB, BE is less than the rectangle, PB, BQ; 


and is a minimum. 


_ Prop. VIII. 


118. Problem. Of all triangles having the same 
vertical angle, and their bases all passing through 
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the same given point, to find that in which the 

rectangle contained by the sides is a minimum. 
Let FAC be the given vertical angle, and D 

the given point in the base, common to all the 


triangles ; of all triangles having the same vertical 
angle 4, and having their bases drawn through 
D, it is required to find that in which the rect- 
angle contained by the sides is a minimum. 


Through D draw (Art. 1.) the straight line 
FDG, which is bisected in D, and terminated 
by AF and AC; the rectangle AG, AF is a 


minimum, 


For, draw through D any other straight line 
BDC, terminated by AF and AC in B and C; 
also draw (E. 31. 1.) GJ parallel to 4B; then it 
may be shewn, as in Art. 3. that GZ is equal to 
BF; and, (E. 4. 6.) because the two triangles 


CAB, CGI are equiangular, CA: AB:: GC: GI 
or BF; therefore (E. 16. 6.) the rectangle 4B, CG 
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is equal to the rectangle AC, BF; but the rect- 
angle AC, BF is greater than the rectangle AG, 
BF; wherefore the rectangle 4B, CG is greater, 
also, than the rectangle dG, BF; add to both the 
rectangle AB, AG, and the two rectangles BA, 
AG and AB, GC are greater than the two 4G, BA 
and AG, BF; i.e. (E.1. 2.) the rectangle 4B, AC 
is greater than the rectangle 4G, AF; wherefore 
the rectangle 4G, AF is a minimum. 


119. Cor. Since * triangles, which have the 
same vertical angle, are to one another as the rect- 
angles contained by their respective sides, about 
that angle, it is evident that of all triangles having 
a common vertical angle and their bases all passing 
through the same given point, that is the least 
which has its base bisected in the given point. 


Prop. XXIX. 


120. Problem. ‘To find the greatest of all tri- 
angles having the same given vertical angle, and 


~- 


* It is easily proved, by the help of E. 1. 6. that if there be 
four lines which are proportionals, and four other lines which 
are also proportionals, the rectangle contained by the first and 
fifth has to the rectangle contained by the second and sixth, 
the same ratio, which the rectangle contained by the third and 
seventh, has to the rectangle contained by the fourth and the 
eighth: And, thence, it may be deduced as a corollary from 
E. 23. 6.and 41. 1, that triangles, which have equal vertical 
angles, are to one another as the rectangles contained by the 
sides about those equal angles. 
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the direct distances, between the vertex and the 
bisection of the base in each, all equal. 


Let XAYF be the given vertical angle, and 4D 
equal to the direct distance between the vertex 
and the bisection of the base im each of the tri- 
angles; it is required to determine the greatest 
triangle which has Æ for its vertical angle, and 
the direct distance between Æ and the bisection 
of its base equal to AD. 

Draw (E. 9. 1.) the straight line AE bisecting 
the angle XAY, and make AE equal to AD; 


through the point Æ draw (E. 11. 1.) the straight 
line BEC perpendicular to AE, meeting AX 
and AF in B and C; the triangle ABC is a 


maximum. 


For, let APQ be any other triangle having Æ 
for its vertical angle, and the bisection, R, of its 
base, at the same distance from 4 as E is; through 
R draw (E. 31. 1.) ST parallel to BC, and through 
Q draw VQ parallel to dP; then, because QV is 

L 
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parallel to 4P, the angle QP is equal (E. 29. 1.) 
to the angle QPS; and (E. 15. 1.) the two vertical 
angles QRY, SRP are equal, and the side QR is 
equal to the side RP ; wherefore (E. 26. and 4. 9.) 
the triangle QRV is equal to the triangle PRS; 
add to both the trapezium 4QRS, and the tra- 
pezium AQVS is equal to the triangle 4PQ; 
but the triangle 4BC is greater than the tra- 
pezium 4QV S; for the point R must fall above 
BC, because it is in the circumference of a circle 
described from the center 4, at the distance 4D, 
which touches BC in Æ; wherefore, also, the tri- 
angle ABC is greater than the triangle dPQ, and 


is a maximum. 


Pror. XXX. 


121. Problem. To find the least of all triangles 
having the same given vertical angle, and the per- 
pendiculars, drawn from the common vertex to 
the base in each, all equal. 

Let XAF be the given vertical angle, and 4B 

A | 


equal to the perpendicular drawn from the vertex 
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to the base in any one of the triangles; it is re- 
quired to find the least triangle which can have 4 
for its vertical angle, and the perpendicular drawn 
from A to its base equal to AB. 


Bisect (E. 9. 1.) the angle XAF by the straight 
line AC, and make CA equal to 4B; through C 
draw (E. 11. 1.) the straight line DCE perpendi- 
cular to AC, and let it meet 4X and AY in D 
and £; the triangle 4DE is a minimum. 

For, let dPQ be any other triangle having 4 
for its vertical angle, and the perpendicular AT 
drawn from J to its base PQ, equal to AC or AB. 
Ít is manifest from E. 17. 1. that PQ cannot pass 
through C; let it cut DE in R; it is further evi- 
dent from the construction, and E. 27. 1. that DC 
is equal to CE; also (H.16. 1.) the angle PDE 
is greater than the angle DAE; if, therefore, 
through D, DS be drawn parallel to 4E, it will 
meet PQ between Pand R; and (E. 15. and 29. 1.) 
the two triangles DRS, QRE are similar ; there- 
fore (E. 19. 6.) the triangle DRS is to the triangle 
QRE as the square of DR to the square of RE; 
but DR is greater than RE, and the square of DR 
greater than the square of RE; wherefore the 
trangle DRYS is greater than the triangle QRE; 
but the triangle PRD is greater than DRS; much 
more, then, is PRD greater than QRE ; add to 
both the trapezium ÆQRD, and the triangle APQ 
is shewn to be greater than the triangle 4DE; 
therefore the triangle ADE is less than any other 


such triangle; 1. e. it is a minimum. 
L2 
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Otherwise : 

Let XAYF be the given vertical angle, and 4B 
equal to the perpendicular drawn from A to the 
base of any one of the triangles: Then, it is mani- 
fest, from the hypothesis, that if from Æ a center, 
at the distance 4B, a circle be described, the bases 
of the triangles will be tangents to it: And, if 
DE be drawn touching the arch contained between 
AX and AF in it’s bisection C, DE (Art. 105.) 
is the least base: Therefore, since the triangles 
have equal altitudes, the triangle ADE is (E. 1. 6. 
Cor.) the least triangle. 


Prop. XXXI. 


122. Problem. Of all equal triangles, having 
their vertical angles also equal, that which is 
isosceles has the least perimeter. 


Let ABC be any oneof a set of equal triangles, 


B 


each having its vertical angle equal to BAC, and 
let the triangle ABC be scalene ; its perimeter 1s 
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greater than that of an equal isosceles triangle 
having its vertical angle equal to BAC. 


Find (E. 13.6.) 4D a mean proportional be- 
tween AB and AC, and produce AC to E, so that 
AE is equal to AD; join D, E, D, C and B, E; 
and about the triangle DBC describe the circle 
BDCF; its circumference will pass beyond the 
point E; for it cannot pass through Æ, otherwise 
the angle DBC would (E. 21. 3.) be equal to the 
angle DEC; but DEC is equal (E. 5. 1.) to the 
angle ADE, and, therefore, (E. 16.1.) greater 
than DBC; neither can the point Æ be beyond 
the circumference ; for then the exterior angle of a 
triangle would be less than the interior opposite 
angle, which (E. 16. 1.) is impossible; produce, 
therefore, BE to meet the circumference in F, 
and jon D, F and C, F; and because, by the 
construction, 4B: AD:: AE: AC, therefore 
(E.17.5.) 4B: BD :: AE: CE, and (E.2.6.) 
DC is parallel to BE; therefore (E. 29. 1.) the 
angle DCB is equal to the angle CBF, and 
(E. 26. and 29. 3.) DB is equal to CF; also the 
angle DBC is equal (E. 21. 3.) to the angle DFC, 
and the angle DCB (E. 27.3.) equal to the angle 
CDF, and DC is common to the two triangles 
DBC, DFC; wherefore (E. 26. 1.) BC is equal to 
DF; and DB was shewn to be equal to CF; 
therefore DB, BC are, together, equal to DF, FC, 
together; but (Art. 13.) DF, FC are, together, 
greater than DE, EC; wherefore DB, BC are also 
greater than DE, EC; add to both AD, and AC; 
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then 4B, BC, AC are, together, greater than AD, 
DE, EA; i.e. the perimeter of the scalene tri- 
angle ABC is greater than that of the equal 
isosceles triangle .4DE, having the same vertical 
angle. 

123. Cor. An isosceles triangle is greater than 


any other triangle of equal perimeter, and having 
also an equal vertical angle. 


Prop. XXXII. 


124. Problem. Through a given point in a 
given circle, to draw a chord which shall cut off 
the least segment. 


Let PBQ be the given circle, and Æ a given 


point within it; it is required to draw through A 
a chord which shall cut off the least segment. 
Find (E. 1.3.) the center A of the circle; join 
A, K; and through 4 draw (E. 11.1.) the chord 
CAB perpendicular to AK; the segment CPB is 


a minimum. 
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For, through 4 draw any other chord PAQ; 
and from the center K draw (E. 12. 1.) KM per- 
pendicular to PQ; and because AMK is a right 
angle, ÁK is greater (E. 17. and 19. 1.) than AM; 
from KA cut off (E. 3. 1.) KN equal to KM; and 
through N draw (E. 1. 1.) the chord RNS at right 
angles to WK; therefore (E. 14. 3.) RS is equal 
to PQ; and (E. 28. 20. and 24. 3.) the segment 
RPS is equal to the segment PBQ; but the 
segment CPB is less than the segment RPS; 
wherefore, also, the segment CPB is less than the 
segment PBQ; i.e. the segment cut off by CB 
is less than the segment cut off by any other 


chord, PQ, passing through the point 4. 


SCHOLIUM. 


Many more propositions, of the same kind, might 
have been added, if those already given in this 
Section had not been thought sufficient, both in 
number and variety, to recommend the subject to 
the attention of the Student in Geometry. In 
the several branches of Natural Philosophy a great 
number of problems, relating to Maxima and 
Minima, will offer themselves to his invention: 
and he will do well to exercise his ingenuity in 
discovering geometrical solutions to them. They 
will seldom be either more difficult or more tedi- 
ous, when treated in this manner, than when they 
are solved by fluxional calculation. 
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The following questions may serve to exemplify 
what is here recommended. 


(I.) Of all truncated right cones, of the same 
base and of the same altitude, and moving in a fluid 
in the direction of a common axis, to find that which 
meets with the least resistance. 


Let OC be the semi-diameter of the given base, 
and OD the common altitude, of all the truncated 


CoR 


O Q D S 


right cones. * Bisect OD in Q, and join CQ; pro- 
duce QD to S, and make QS equal to QC; join 
C, S; from D draw DF perpendicular to the 
common axis OS; the resistance on the truncated 
right cone generated by the revolution of the 
trapezium FDOC isa minimum. — 


For, draw DM perpendicular to CS; and from 
the center Q, at the distance QO, or QD, describe 
the circle OAD cutting CQ in A; join O, K 
and K, D, and produce OK to meet CS in L; 


* This is the construction given, without an investigation, 
by Newton, in the Scholium to the 34th Proposition of the 
Second Book of the Principia. 
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then (E. 5. 1.) the angle QKD is equal to the 
angle QDK, and the angle QCS to the angle 
QSC: wherefore (E. 32. 1.) the exterior angle CQO 
is the double, both of GAD and QCS:; therefore 
the angle QKD is equal to the angle QCS, and 
(E. 28. 1.) AWD is parallel to CS; but (E. 31. 3.) 
OKD is aright angle; wherefore OLS (E. 29. 1.) 


is also a right angle. 


By the common principles of the motion of a 
body in a resisting medium, the resistance on the 
surface of the truncated cone is to the resistance on 
its base as the aggregate of the squares of DM and 
CL is to the square of CO; i.e. as the aggregate 
of the squares of KZ and LC, (E. 34. 1.) or of the 
square of CK (E. 47. 1.), tothe square of CO; and 
if CPDO be the trapezium by the revolution of 
which any other truncated right cone of the same 
given base and altitude is generated, and OR be 
drawn at right angles to CP, cutting the circle 
OKD in N, and C, N be joined, the resistance 
on this truncated cone is to the resistance on its 
base, as the square of CN is to the square of CO; 
but (E. 8.3.) CK is less than CN, and the square. 
of CK is, therefore, less than the square of CN; 
wherefore (E. 10. 5.) the resistance on the surface 
of the truncated cone generated by the revolution 
of CFDO, is less than that on the surface of any 


other such cone. 


(II.) A given weight being appended to a point 
in the axis of a cylindrical lever, at a given dis- 
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tance from one of its extremities which is the 
center of motion, and the diameter and specifie 
gravity of the lever being also given, to determine 
the length of the lever, so that the force applied 
at its other extremity, to raise the given weight, 
may be a minimum. 


Let the given distance from the center of motion 
at which the weight is hung be called 2a, and let 
2.x be assumed the length of the lever; call the 
force applied at the extremity of the lever, which 
is to be a minimum, P;; let the weight of one inch 
of the lever be unity, and let the given weight be 
(A) such unities ; therefore the weight of the whole 
lever will be 2x; and from the Principles of 
Mechanics, 


PxQr=—27.2474+A.2a; 0. P.2= +A... 


Let y be a fourth proportional to 2, a and A, 
so that (E. 16.6.) d.a=xy; <. P.x=2 + xy; 
c. P=x + Y. 


But the rectangle contained by x and yis a 
given quantity; wherefore (Art. 26.) the sum of 
x and y is a minimum when x=y; that is, P is a 
minimum when «x is a mean proportional between 


A and a. 


(III.) Inthe same manner, if it be inquired 
what curve, by its revolution, generates a surface 
best adapted for a Speaking, or a Hearing Trumpet, 
the question will be found to depend upon the 
same geometrical proposition as the preceding ; 
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l A.a L 
a quantity of the form x aa must be a mini- 


mum; that is, x must be a mean proportional 
between 4 anda; A, x, and a being three conti- 
guous portions of the air included in the tube, 
which is an elastic fluid; whence it is manifest 
that the curve sought is the Logarithmic curve. 


(IV.) Lastly, An horizontal space being given, 
to find the perpendicular altitude through which 
a heavy body must fall from rest, so that after- 
wards describing the horizontal space, with its 
acquired velocity, the whole time of its motion 
shall be a minimum. 


Let (a) denote the horizontal space, (m) 16 2, and 
(x) the required perpendicular altitude ; then, from 
the Principles of Mechanics, the time of the body’s 


é ; 1i a : 
motion is denoted by Ja + + —= =; and this 
| m m x 


quantity is to be a minimum ; therefore, also, its 
a 2 


i a ian 
square — + — + —— must be a minimum, 
m m <Amwx 


PRETI i A : 
which it will be when x + 78 least ; that is, as 


1 
before, when x = z ; 


This proposition is best demonstrated syntheti- 
cally, by the help of the parabola. It is, however, 
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not unworthy of remark, that the solution of this, 
and of a great variety of problems of the same 
kind, may be reduced to the simple geometrical 
theorem, which asserts the perimeter of a square 
to be less than the perimeter of any other equal 
rectangle. 


ON 


MAXIMA anno MINIMA. 
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ON THE ALGEBRAICAL INVESTIGATION OF 
MAXIMA AND MINIMA. 


SECTION I. 


ON THE BINOMIAL THEOREM. 


T He Binomial Theorem forms the basis of the 
algebraical investigation of Maxima and Minima. 
Unless, indeed, it be first legitimately established, 
neither the Principles of Fluxions, nor those of 
any other equivalent system, which furnishes the 
same rules of computation, can be freed from very 
weighty objections. It is, therefore, most inti- 
mately connected with this part of our subject. 
If, however, what has already been written and 
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published concerning this theorem, might be con- 
sidered as satisfactory, it need not have occupied 
a place in this Treatise. But the truth is, that the 
commonly received demonstrations of it have no 
just pretensions to logical exactness. It is, indeed, 
surprising that men of great talents and attain- 
ments have either overlooked the defects of the 
proofs which they have given of this theorem, or 
else have preferred the publication of an imperfect 
chain of reasoning, to the confession of their 1n- 
ability to be rigorously exact. Baron MASERES 
alone seems to have been scrupulously anxious to 
attain absolute precision on this point; and, where 
his laborious endeavours fail of success, he is the 
first to acknowledge the failure. These assertions 
can be justified only by a brief review of the 
methods of investigating the Binomial ‘Theorem. 
which are commonly thought to be the best. 


The proof, of which LanpENn was the author, 
seems to have been for a long time in great esteem 
with the algebraists of this country. It was exhi- 
bited, under its most advantageous form, in the 
Philosophical Transactions of the year 17 90 ; from 
which it has been copied, and re-copied, in several 
publications that have appeared since. 

The principal objections under which it labours 


are these. 
1, There is no previous detinition laid down 


m 


of what is meant by the expansions of (a + 2)”, 


(a+a)~™, and (a +a) a, nor is any enquiry made 
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into the general nature of those expansions, to justify 
the assumption of the series with which the proof 
sets out, 


2. The proof proceeds upon the supposition of 
a numerical equality between (a + 2)", (a+ x)”, 


(a + x)-*, and their respective expansions con- 
tinued without limit, which equality, does not exist. 
There is not, necessarily, even an approximation 
in value between those quantities and their several 
expansions, when particular numbers are put in the 
places of a and z. 


3. The sophism of shifting the hypothesis is 
next introduced ; that is, results are obtained by 
making a supposition in one part of the demon- 
stration, which, if it had been made in a preceding 
part, would have wholly stopt the process. The 
value of x is made equal to that of y in one equation, 
after building upon another equation, in which if 
that supposition had been made, the latter equation 
could not have been obtained. 


4, ‘The equality of the coefficients of the cor- 
responding powers of «x in two series of the form 
A+ Br+ Cr + &. = a+ba + ca + ke. 
is asserted ; and as this is asserted without proof, 
it is to be supposed that the common method of 
inferring that equality, by making x = 0, which 
proceeds upon a petitio principii, is deemed suf- 
ficient. 


One, or more of these principal objections may 
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be made to most of thẹ other proofs of the 
Binomial Theorem which are best known. 


That published by Lacrance in his Theorie 
des Fonctions Analytiques, has been rendered much 
less objectionable by the learned author of the 
Principles of Analytical Calculation, in whose 
work it appears. Still, it hardly seems judicious to 
employ the symbol of equality, where no equality 
exists, although the reader is forewarned of it. 
This is, in reality, not merely an extension, but a 
change, of the meaning of the sign. There is, 
perhaps, some impropriety in denoting by it the 
relation subsisting between a variable quantity 
and its limit; still less, then, ought to be used 
where no such approximation necessarily takes 
place. ‘There are degrees of inequality, but none 
of equality. An objection of such a nature, 
however, is comparatively light. But the proof 
is made to depend on the assumption, that if 


(a+r ++ z) = be expanded as a binomial, first by 
considering a + x as one quantity, then by taking 
x + zas one quantity, the resulting series shall he 
identical, whatever the index of the expansion be, 
whether integral or fractional, positive or negative. 
That this is true when the index is a positive 
integer, will be readily granted; for it may be 
intuitively perceived. But can it fairly be assumed 
to obtain in any other case? How is it that the 
mind assents to any general proposition? It in- 
stantaneously verifies the included assertion, or 
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negation, by having recourse to definitions, or to 
some obvious instances to which the proposition 1s 
applicable, and in which it is manifestly true, 1n- 
dependently of any particularity belonging to any 
one of the instances considered. If there be not 
this perception of the agreement, or disagreement, 
of ideas, no genuine conviction can follow. The 
plausibility of the énunciation of a proposition 
may, indeed, be such as to win a hasty consent 
from the indolent; but, without that necessary 
verification, there can be no real knowledge. 
That “the same result must be had, when the same 
algebraical operation has been performed on the 
same quantity’ is a proposition, at first sight, 
sufficiently plausible; but in the application made 
by LaGrancGe of that assertion, the quantity ope- 
rated upon cannot, strictly speaking, be said to be 
the same quantity in all the cases; and when the 
proposition is more precisely enunciated, it be- 
comes necessary to resort to the usual method, 
m order to judge whether it be true or false. 
3 m. l j 
Now + > 18 the index of several operations, and 
there is none of them which manifestly produces 
two identical series, when (a +a) +2 anda+(r+3) 
have been subjected to it. In so simple a case as 
that in which the index is — 1, the resulting series 
are far from being manifestly the same; and they 
are in no case necessarily so, excepting that in 
which the index is a whole positive number; for 
then only is there a numerical equality between 


M 
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(@+x+z)”and its wholeexpansion. The assertion 
is, undoubtedly, true; but it requires, and admits 
of, a proof, as much as the Binomial Theorem 
itself; and it does not appear that any advantage 
would be gained by previously establishing the 
truth of this assertion. 


The faults, here imputed to Lanpen and 
LAGRANGE, secm to have arisen from the de- 
sire of being concise, where conciseness is not 
attainable, and where precision should have been 
chiefly aimed at; and from the affectation of gene- 
ralizing too hastily, where all the included parti- 
culars do not readily occur to the mind, and where 
they have scarcely enough in common, to furnish 
the basis of a demonstration equally applicable to 
each of them. 


A proof very lately published, in the second 
part of the Philosophical ‘Transactions, for the year 
1816, which sets out from the assumption, that 
(a + x)” . (a + y)"=[(a+ x). (a+y)]”, whether 
m be positive or negative, integral or fractional, is 
evidently liable to some of the objections which 
have been urged against the methods of LANDEN 
and Lacrance. The equation thus assumed for 
the foundation of a general proof, is intended to 
comprehend some cases, in which, strictly speaking, 
no equality obtains, Or, if it be otherwise explained, 
it supposes, 1n the form of the results of the opera- 
tions, designated by the index m, an identity 
which is far from being self-evident. 
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Considered with respect to exactness, Professor 
RosreRrTSON’s proof of the Binomial Theorem, has 
vreat merit; and this is the place to acknowledge 
that his manner of inferring the form of the coeth- 
cients of the expanded binomial, when the index 
is a positive fraction, has been adopted in tne 
following attempt. The author had, indeed, pre- 
viously applied the same principle, in the case ofa 
negative index; but, before he had perceived its 
application to the former case, it fell in his way 
to sec the Professors demonstration. It is re- 
markable that Mr. Robertson himseli is not exact, 
when he investigates the expansion of (a + x)”. 
He does not obtain it without the same shifting of 
the hypothesis, the same reduction of the value 
of e to 0, a supposition implicitly excluded in 
the previous reasoning, which has been noted in 
Landen’s proof. He also places signs of equality 
between quantities which are not equal. 


After what has been said, the reader will not 
look for conciseness in the following demonstra- 
tion; but the Author has studiously endeavoured 
to avoid the imperfections which have here been 
pointed out. His original intention was merely 
to supply the defects, and to rectify the errors 
of other writers better known than himself. It 
appeared to him to be necessary, both to the 
correction of Landen’s proof, and to the demon- 
stration of the assumption made by Lagrange. 
that the ratio of any two successive coefficients, in 

2 
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every case of the expansion of (a + x) +% should be 
shewn not to exceed any finite ratio; but the in- 
vestigation of this ptoperty, he found, led so 
directly to the law of the coeficients in each case, 
that there was no advantage in deducing it sepa- 
rately, in order, afterwards, to form one general 
demonstration. He could not, however, proceed 
satisfactorily, in bis inauiry into the nature of the 
scries obtained by algebraic evolution, without the 
help of the Polynomial Theorem. This theorem, 
therefore, he was obliged previously to demon- 
strate; the demonstration of it followed, with the 
greatest ease, from the method which he had em- 
ployed for the simple involution of the binomial ; 
and it gave him, more than he at first expected to 
follow immediately from it, namely, the law of the 


1 
coefficients of the expansion of (a + x)". He has 
since found that he had been anticipated in this 


step by Dr. Hutton. 


Complete precision has, undoubtedly, been 
aimed at in the following proof; the reader will 
judge whether it has been attained. One objec- 
tion, however, may probably be foreseen, namely, 
that some of the conclusions here drawn, may 
seem not to be arrived at without the help of 
induction. This term properly denotes the in- 
ferring some general preposition from observing 
that it is true in a multitude of separate instances ; 
no necessary connexion being perceived between 
the instances themselves and the common pro- 
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perty. It is thus that the laws of motion are col- 
lected, and other axioms in Fhysies. Induction, 
in this, the proper sense of the word, is wholly in- 
admissible in abstract mathematical science. But 
there is nothing of this kind in the inference, drawn 
froin a partial division of unity by 1—., that the 
m term of the quotient must be #”~!; the con- 
nexion between the subject and the predicate, the 
forin, and the law of continuation, of the series, is 
intuitively known ; and the mind is as fully satisfied 
of the iruth of the assertion, as it can be of that 
of any other proposition in Euclid’s Elements. 
The same may be said of the equations which 
determine the g" terms of the involution of 
a binomial, or a polynomial, raised to the m” 
power. When a series admits of being continued 
without limit, as the expansion of (aia)~™” and 


(a + x) t% , only a finite nnmber of terms can then 
be exhibited; but if, in all cases, the Jaw of the 
formation of the terms be found for any two suc- 
cessive terms whatever, the p™ and the (p + 1)", 
it may be fairly concluded to obtain in them all; 
and this law being once determined, the series 
may be continuéd to any number of terms what- 
ever, without Induction, 


Art. 1. Der. The word Function in the fol- 
lowing articles, is used to designate any algebraic 
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expression, containing one or more variable quan- 
tities, mixt, or not, with constant quantities; sucii 
an expression ts called the Function of the variable 
quantity, or quantities, which it contains. 


29, Der. The Limit of a Function is a constant 
guantitv, from which the function may be made 
to differ less than any other given quantity, but te 


uch if can never be equal. 


Prop. I. 


3. Theorem. If, in a series of quantities, con- 
tinued indefinitely, each term be the half of that 
immediately preceding it, any term whatever 1s 
ercater than the sum of all the terms which 
follow it. 


Let A be any term whatever of such a series ; 


. K KK 
therefore 5 ee 
terms; but, by the common rule, investigated in 
the Elements of Algebra, 2 A is the limit of the 

, K K sen 
progression K + >+ aw &cţad infinitum; 


+) 


td 


&e. are thie succeeding 


Eag 


; 2 2 ÅA K 
that is, 2A is greater than ÆA + ae oe ra + &c. to 


whatever number of terms the series be continued ; 

take A from both, and there remains A’ greater 
K K A Taas 

than tn J A + &c. ad infinitum. 
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4, Cor. [f each term of a series be less than 
the half of that immediately preceding it, any 
term whatever is greater than the sum of all the 
terms which follow it. 


Prop. Il. 


5. Theorem. In a series of quantities, either 
finite or continued indefinitely, of the form 4 + 
Be + Cx? + Dx? + &e., in which the value of x is 
arbitrary, and the coefticients 4, B, C, &c. are 
constant quantities, none of which has to that 
preceding it a ratio greater than any ratio assign- 
able, x may be taken such that any term shall be 
indefinitely greater than the sum of all the terms 
of the series which contain higher powers of «x. 


Let the constant coefficients 4, B, C, &c. be 
supposed to be all positive, and to go on increas- 
ing from A, so that the second is greater than the 
first, the third than the second, and so on; and 
let Ra, Sart! be the two successive terms in 
which the ratio of the latter coefficient to the 
former is greatest; then, since this ratio, by the 


O oe J r . 
' hypothesis, is finite, Risa finite quantity, and, 


i ae 
therefore, also Fr sa finite quantity; but the 


value of x is arbitrary; let, then, æ become less 
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than therefore S.r is less than — , and 


28’ 9 
R , 
S. P+! Jess than zor: that is, the term Sa?t! 


is less than the half of the preceding term; but, 
by the supposition, no other coeficient has to that 
of the term immediately preceding it, so great a 
ratio as ð has to Aè; wherefore, the second term is 
less than the half of the first, and every term in the 
series, after the first, is less than the half of the pre- 
ceding term; therefore, (Art. 4.) any term ofthe series 
is greater than the sum of all the remaining terms; 
and, if this be the case, when the coefticients are 
supposed to be all positive, and to go on increasing 
from .4, it will, a fortiori, be the case, when any 
other supposition 1s made, relative to the magnitudes, 
and the signs of the coefficients ; wherefore v may 
always be so taken, as that any term of the series 
shall be greater than the sum of all the terms that 
follow it: and, itis manifest, that by continually 
diminishing the arbitrary value of x, any term may 
be made to become indefinitely greater than the 
sum of all the following terms‘. 


è 
E PEER DP NEIE P EALE a ee N E N AEE PET OAA E ARES 
* All the cocflicients, A, B, C, &c., of the series being sup- 
pesed to have finite and constant values, the proposition may be 
proved, independently of Art. 4, in the following manner, 
First, the value of x may be taken such, that the first term 
A ot the series A + Bau + Cx’ + &c. shall have to any other 
term, as Qu’, a ratio greater than any assigned ratio, as that of 
r to unity, 


bor, 
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6. Cor. The first term (4) of a series, such 
as that described in Art. 5, is its limit: and as 4 may 
be of any finite value whatever, it is plain that the 
sum of all the terms, but the first, of such a series 


Á i R a a 


_—_— 


For, let s denote any number greater than r. 


And, if x, the value of which is arbitrary, be taken equal 


A NL 
19 G i 3)» 


A 

A: QWus ae 
A A 
"yd 5,2 
ie \ 


That is, the first term A has to the term 22? a greater ratio 
than that of r to unity, which is any given ratio, 

Next, let m denote the number of all the terms of the series 
but the first, and ¢ any number whatever : let the coefficients be 
supposed to be all positive and to go on increasing from 4; and 
let x be taken so tha. A : Bare mt: 1; the possibility of 
which has been demonstrated. Wherefore, 

a DN aa T3 


7 


° - > t. brx, 

Now, it is plain from what has been proved above, and from 
the suy position made relative to the magnitudes of the coefficients, 
that x siust be taken ofa still smaller and smaller value, in order 
that A may have to C a*, Da’, &c. a ratio greater than that of 
mt io unity : when, therefore, æ is taken so that A may have to 
the last of the terms a ratio greater than that of af to unity. 


ye . | 

= will still be greater thant. Ba, t. C2°, t. Dx’, and each 
(7 z ; 

of the following terms; 

A 


e 
mi 


a 
© 


A Ab we. (m terms) > (¢. Bat. Ca’ 4t. Datt ece.) 


1, €. 
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may be made to become less than any given finite 
quantity : Further, 4 is also the limit of a series of 
the form 4+ Bar + Ca + &c. + Rz, R being 
a function, either of the arbitrary quantity %, or of 
xand g, containing only positive powers, and not 
containing any coefficient which has, to that of the 
term immediately preceding it, a ratio greater than 
any assignable. 

For, if z, the value of which is arbitrary, become 
equal to x, this series may be made to agree with 
the series of A + Ba + Cx + &e., from which 
it differs only in form; there being no real differ- 
ence between two perfectly arbitrary quantities, 
however they may have originated, or by whatever 
notation they may have been expressed. 


Prop. IH. 


7. Theorem. If two series, of the form de- 
scribed in the last proposition, be equal to each 
other, the first term of the one is equal to the first 


ee ee ee ee ci eens Gente dilate a IED D LIE GOOD te oe SE ea ae 


ie A> (Bet Crt Dai + ke. 
Wherefore, Ba + Ca? + Dv? + àc. may be made less thar. 
A dike Tois 
PE however great f is. Whence it is evident, that the sum of 


all the terms but the first may be made indefinitely less than 
any assignable quantity. In the same manner it may be shewn, 
that x may be so taken, as that any term of the series, shall 
be indcfinitely greater than the sum of all the other terms, which 
contain higher powers of a. And if this be true when the 
coefficients are all positive, and go on increasing from A, it will, 


a fortiori, be true in all other cases. 
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term of the other, and the coefficients of the same 
powers of the arbitrary quantities, in each, are 
severally equal. 


First, let 
a+bet+er+ee.+qar=A+ Bet Cat &e. + Qa’, 
let bbe + cx” & Ke. Bg a sey ta, 

and + Be+Ca’?+ &. + Gar= + Hl; 


— 


therefore a + r = A + NO. 


If it be possible, let a and 4 be unequal, and let 
their difference be 6, which is, therefore, a finite 
and constant quantity. 


Then a~ A= 6 = H ~ a, whatever be the 
value of x; but (Art. 6.) x may be taken such that ~ 
and II shall each of them be less than any finite 
quantity ; in which case their difference Tl ~ x will 
manifestly be less than any finite quantity; sup- 
pose, therefore, x to be so taken, as that II and x 
shall each of them be less than 8; wherefore Tl ~ x 
is less than è; but I ~ ~ is equal to; which is 
absurd; therefore a=A; and + be+cea'+ &e. + 
qe? = + Bet Ca? + &e. + Qar; divide, now, 
this equation by v, and + b+cxr+ &e. + 7 
+ H+ Crt &. + Garr; b may, therefore, 
be shewn to be equal to B, in the same manner 
as @ was proved to be equal to 4; and the same 
may be shewn, in the same manner, of the rest of 
the coefficients of the corresponding terms of the 
two series, 
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8. Cor. t. If 


be + cx? +&e. + 


pond 
‘a 


14+ Bret+C2’? + wet 


Agp” 


ae [ou + Xe. + yam? 


then 1=13, B=b, and the rest of the coethcients 
of the same powers of x, in the two sertes, are equal 


to cach other; the same limitation being laid down 


with respect to the ratio of any two successive 


coefficients in the three series, as in Prop. H. 


For, let the given equation be multiplied by 


1+ Bx + &e. + ra”, 
Then, 


t 
T = + 
+4. 
+ 


w+ BC 


d + &e, 
aed 
| vb ge 


+ D 


1 


+ XC. 


a 
+ yB 


' 
+ 6, 


o (Art. 7.) 4b4+B= + B+ f,andb= B; 
c+ Bbl+y=C+ Pb+ 4; 
but B has been proved to be equal to b; 
obs Bb+ y= $ Bb + y, and ce = C. 


In the same manner, d may be shewn to be equal 
to D, and the rest of the coefficients, of the one 
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series, to the rest of the coethcients, of the other, 
each to each. 


For, if p and P be any two corresponding co- 
efficients, in the two originally given serics, the 
coefficients of the same power of x, in the two 
series resulting from the multiplication, will mani- 


festly be 
tpt B.o+4y.n + &e +r, 
and + P+B.0+4.N4 &..4+ 11; 
but 8.0, y .n, &c. will have been proved to be equal 
to B.O, y.N, &c. respectively ; wherefore (Art. 7.) 
pr, 
9. Cor. 2. The same limitation being made, 
with respect to the coefficients as before, if 
a + brp ce + &e. + lÉ +rg = 
A+ BatiCvt+ &e. + Lat Ve; 


if, also, the values of x and z be both of them 
arbitrary, and independent of each other; and if v 


and J be functions of z, or of x and z, containing 
only positive powers, then shall 


@= A, b= Bb Sexe Re, lL 
For, first, the series 
a+ bx -pea + &e + lat, 
ts equal to 
A+ Bx Or + &e. + Laf, 
whatever be the value of «: If not, there is some 
certain value which put for æ in the two series will 
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vender them unequal. Let therefore, that value of 
ie be substituted in the given equation, and let the 
difterence between the two series, which involve 
only powers of x and constant quantities, be 
denoted by o: 
Therefore, ò = (VW ~v) z=0: 

Now this equality is to obtain whatever be the 
values of x and z. But, if the value of x continue 
to be as it was last assumed, the value of z 
(Art. 6.) may be so taken as that (V ~ v) z shall be 
iess than the constant quantity c; wherefore, the 
equality does not obtain, in the equation 


Ome Act) > = O, 


whatever be the value of z; which is contrary to 
the original supposition. The two series 

a + br -b ca + &e. + la, 

4 Bry Ct ke. + Le’, 
cannot, therefore, have any finite difference: that is; 
they are egual to one another: whence (Art. 7.) 


mas b= b, c= G kre Ke. eL, 


SCHOLIUM. 


The value of v in Art. 7. 8. 9. is supposed to 
be absolutely arbitrary, so that if may be made 
either greater or less than any finite quantity ; but 
the proposition is true of two such series, which are 
equal to each other, when x has any particular 
value, and are also equal, when x has any less value 
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whatever; even although they would not be equal 
if x had a value greater than that particuiar value: 
the demonstration, indeed, proceeds only upon this 
latter supposition. 


It is, however, implied, in all the cases, that 


whatever value x has on the one side of the equa- 
tion 


atberter4+ &e = A+ Be + Cr? 4+ &e. 


it shall have the same value on the other. In 
order, therefore, to render the demonstration of 
Art. 8. unexceptionable, it may be necessary to shew 
that there is some one value of a, which being sub- 
stituted for it on both sides of the equation, both 
m and II become less than any proposed finite 
quantity. Now, it is evident from Art. 5. that 
there is some value of x, which renders ~ less than 
the finite quantity ô: let this value be denoted by 
l. Itis evident, hkewise, that there is some value 
of x which renders H less than 6: let that value be 
denoted by L. If, then, cither of these two values. 
as L, be greater than the other, it is manifest, that 
if é be substituted, instead of L, for x, Li will still, 
a fortiori, be less than ô: so that the same value 
of x renders both JI and ~ fess than the given finite 
quantity 6, | 


10. Definitions. I. The expansion of CESK 
is the series arising from. the multiplication of 
{a EE T) A (a T v) a to m factors. 


it is manifest, from the actual process of this 
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multiplication, that the resulting series is of the 
form 
an + bet cat + &e. ta”; 

and that the coefficients b, c, &e. are independent 
of the value of x. Itis further evident, from the 
first Principles of Universal Arithmetic, that if two 
numbers be divided, cach into any parts whatever, 
the product of the one, multiplied by the other, 
shall be equal to the sum of the products arising 
from multiplying the parts of the one by the parts 
of the other; and bence it follows, that, if specific 
numbers be substituted for a and x in (a +x)”, and 
in lts ia ‘saa already obtained according to 
anv given value of m, the number, en is the 
sum of a and a, shall, when raised to the m” power, 
be equal {6 the sura of the terms of the expansion. 
Che sign of eguality is, therefore, rightly placed 
between (a4 x)" and its expansion, w haa the index 
(m) is positive and integral. 

The same is true of the series 

A+ Bri Ce + Dv Ae + La”, 
which arises from the actual oe of 
(a+òbr +e + &e. tiat). (at+ba+erv + &e. -i 
to m factors, and wiich is called the expansion of 
(a + ba -+ ex + &e + iry”. 

II. By the expansion of (a + oc Is meant è 

series, of the form 


at Bat yat ton + &e. 
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such, that if any number (p + 1) of its terms be 
raised to the n® power, that product is of the form 


At wE pE pE a RE F &c. + p® 2”, 


whatever be the value of x. And the expansion of 
(a + x)» 1s the series arising from raising the ex- 


l 
pansion of (a + x)» to the m® power; itis, therc- 
fore, of the form 


A+ Be+ Cx + De + &e. 


in which expression, the coeficients 4, B, C, D, &c. 
are independent of the value of x. 


HI. The expansion of (a + x)~™ is the series 
arising from the actual division of unity by the 
expansion of (a + x)”; which series is of the form 

a F bx -pea F da + ke. 
involving only positive powers of x, and having its 
cocficients a’, V, c, &c. independent of the value 
of x. 


‘Phere is, also, an arithmetical equality between 
; ’ J y 
] 
(stay: 


8 


and a’ 


Q. a? 


e 


20 Disa ar ee dg? l ae" ya * 
(a) 


This is manifest, from actually dividing 1 by 
a F bx + er F &e F a”, 


which is the expansion of (a + a)", and is also 
egual to (@ + xy". 
N 
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e M . e 
IV. The expansion of (a + x)~x is the series 
arising from the division of unity by the expansion 


of (æ + x); and it is, therefore, of the form 
A+ Bx it Cv + D' xv? ke: 
and the coeficients A’, B’, C’, D‘, &c. are also 


independent of the value of wx. 


Pror. IV. 


11. Theorem. The two first terms of the ex- 
pansion of (1 + 4)” are 1 + ma. 


For, Art. 10, 
Q a) = l o be + e d -i &e p 2”; 
cG) G Ha) = (1 a). (1 Forter ke. a); 


1 e (E +4)" ty ey ? -e ; 4- &e, parti 
41S 4 bg? 
when, therefore, the mmdex of the power is in- 
creased by unity, the coefficient of the second 
term of the expansion ıs increased by unity; if, 
then, the coefficient of the second term of the ex- 
pansion of (1 + x)’ be 2, that of the second term 
of the expansion of (1 + x)” ism; but the cvefh- 
cient of the second term of the expansion of 
(1 + x)? is known, from actual multiplication, to 
be 2; wherefore the coefficient of the second term 
of the expansion of (1 + x)” is m, 
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12. Cor.1. The expansion of (1 — x)” is of 
the form 
1 — mg + ceg — d' Æ+ &e. (Art. 10.) 


13. Cor.2. The expansion of (a+.)” is of 
the form 


a 4+ mar™'! e + kce. 
an” x y? g" 

(1 +=) =1 + mte tiet. 
a a a> a 


Te 


But ( am =) = (== -+ D _ (a + x)” | 


oy” 
‘Therefore, 
(a -Ł x)” r 42 122 
SO =p m= + <4 Bet 


multiply both sides of the equation by a”; then. 
(a 4- x)” = a” + ma™' gx + &e. 


In the same manner, it may be shewn that 
the expansion of (a + x)” ıs of the form. 


a7” — ma-™— ae + &e.; 


or, that it is the series arising from dividing the ex- 


pansion ot ( 1 + =) by qa”. 


Prop. V. 


14. Problem. To find the expansion of (a + £)”, 
the index (m) being positive, and a whole number. 
N2 
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It follows, from Art. 10. that, 
(A)... (Hr) =1 ber ct +d +&c. +2” 
and (B)....(l+y)"=1l+by+ey+dy +&e.+y”™ 
Let y, the value of which is arbitrary, be taken 
equal to x+ xz, the quantity z having also an arbi- 
trary value; and let æ + z be substituted for y in 
the equation marked (B). 
Then ()+a+s%)"=14+6.(a+2)+c. (x+ rY + 
C. (£ + 3)’ + &e. + (x + z)” = 
rl+bæ+ceč +d + i. 
E E E 
= 3 - Art. 10. and 11. 
+- C x \ 
+ ds’ 


But G +x + 2)" = (0 +a) + = ye m 
(i-ry"-m.(b+a)yr ste. 0 4 ay" 72? + &e. +2" 
(Art. 11.) z 
(yee (1-pa)"-pin( Lp)" abe. (ba) R? Leete” = 


1+bx+ca* + du’+&c. 
y ays aie 4 eee 
a + ¢37 
Ņ 
+ dz. 7 


Let now the equation (A) be taken from the 
equation (C), and 
m. (Lay ste. (dba) r2? + Ae $2" = 
( be +2crzr4+3da°z% + Xe. f 
ar ; +e" 
Came 5 
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Every term of the last equation is divisible by z; 
let it, theretore, be divided by =; and 
m.(L+ay?'+e(l + cet &e. $e = 

$ b 4 2cë 3de + &e. Ì 
“ +- cz + &e. > 
o + dz’; ) 


therefore, (Art. 9.) 
rv. (1 tv"! = b+ 2c" 4+ 3dr + 4er + &e, 
Ch we)... (1 poy) = 
= (1 + æ). ib- 2c% + 3d 4e + &e) ie 
m. (ite), or m-tmbg+ mea’ +mdi + &e- mr" > 
(b+ 2cx+ 3d 4e t ke. ? 
ea i + bat 2cr+3dzx3+ &e. J 


And, since this equation is true, whatever be 
the value of x, therefore, (Art. 7.) 
m=b, 20c+b=m.b, 3d+2c=m.¢, 
Ae+-3d=6m.d, &c. = &e. 
rq-+(r— 1)p= mp; therefore 


m — I m — l 
c =b. — =n : 
2 
m — 2 m — 1 m—-2? 
d =c =m 
3 2 3 
m—-~3$ m—1 m—-2 m-3 
€ =d. = M . = 2 s &e, = R&C, 
2 3 4 
m— (r—l| m— | Mw — (r— ] 
(m=) „n1  m=(r-1) 


— ls -c Wis cere » 
g P r 2 3 
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Therefore the expansion of 


m—I1 . 3 
(1 -Hæ)” IS lime + m.——— CHi +o p 


and (Art. 13.), that of 


=i i 
a" 7 a A eae 


ad 


(a+ x)” is A 4+ma"~'x2+m. 
15. Cor.1. ‘The expansion of 


l š 
ae —&e, ba", 


(a— x)" is a” — ma" x+mM, 


For, it is evident, from the actual involution of 
(a— x)”, that the coefficients will be the same as 
those of the expansion of (a+ x)”, and that the 
signs of its terms will be alternately positive and 
negative. 
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Since, (Art. 14.) uf b, c, d, &c. 
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be the coefticients of the first, second, third, 


Cor. 2. 


16. 


` 
Ya 
vÅ. 2 


powers of x, in the expansion of (1 + <)”, 


y 
o) X PR TERRE ESN EE Š 
8 T y iP ç — u = 
E : A 
‘v0 GE ko es £ I 
Y t vq, E Pe 
G G G G 
‘J T seems xaq’ ie |. 
Wy 249 1 ~u [—u F E 9,1 coun 4 [—uw t 
‘OH + 429 : N Oh eR T 
X if cS — ut UG || I — wu T 9.9 q 
V e G 
‘ON + Vp +X 9 + £q +UQHET = uzul HI) 


Gat  * gm * -E— ee 


‘sal1as OM} 9} 1943000} FUÁ jdyw Ayyenjoe ‘asofarayy 


PE roe F f a G ea 
-925 1 pl P c—U 5 gt 9 g= u + tq Pies ne xq + ps «(£ + I) pue 
CR H p 4 + x2" z + 1q £ +xrgtt= u(r%+1) 
e—uw  * GS U [— ue | 
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But also, Art. 14, (1 + a2)”*" = 


m+ern- | 
=1l+(m+n)xr+(m+n). eee . £” 


m n — | m + n — 2) . 
+ (m+n) . Luka ) š u kam ) -+ AC, > 


therefore, (Art. 7.) 64+ Dom +n, 


e sy À WY 22> y m -n — l 
nb Vb + = b= (m tn). —, 
pL — 2 oe] = i R= 
aes R ie nh Pe 
2 t F 2 i 3 
, mn- m-n-Q 
= (m +n). tame ra 


and the rest of the coefficients of the different 
powers of xin the product of the two series mul- 
tiplied together, are severally equal to the coeffi- 
cients of the same powers of x in the expansion of 
(1 + x)™”+”; therefore the former set of coefficients 
are reducible to the form of the latter: and that 
they admit of being reduced to this form does not 
at all depend upon m and n being integers. 


r ; 
If were put for m, and 7 for n, in the two 


series multiplied together, the resulting coefficients 
would be of the same form as before, and might, 
therefore, be resolved in the same manner; so that if 
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af ae 2 a l i a &e. 
ro al a ae 7 a ere 


be multiplied by 


T r r 
r 1 1- = r |: = i) Rn 
> Js S ` 
{fs Go, | he E + &e, 
a + S 2 f T S P i 3 t 


the several coefficients of the different powers of a 
in the product, are reducible to the form 


s +i- 
pn ED Eh ae 


And (Art. 13.) if 


p r 
S 


the resulting series will be of the form 
Leak 


p r\ +2 
ae’ + G z -) a’ c+ &e, 
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SCHOLIUM. 


If the problem solved in Art. 14. had been the 
limit of our enquiries, in this part of the subject, a 
plainer course would have been chosen, than that 
which has there been pursued. The mode of 
demonstration actually employed in that article, 
has, indeed, been adopted, for the sake of giving 
uniformity to the whole investigation of the form 


T 4” . 
of the expansion of (a + z)-7z, in all its several 
cases. 


The following proof of the Binomial Theorem, 
in the case of a positive and integral index, is 
perhaps less circuitously derived from frst prin- 
ciples, than any other. It is founded principally 
on the Doctrine of Permutations; than which no 
part of Algebra is more free from difficulty and 
obscurity. 


The problem is, to determine the form of the 
product of (a + x) . (a + x). (a + x), &c. when 
there are m factors. 

Let the multiplication be supposed to proceed, 
without any algebraic addition of the several partial 
products thence successively arising; putting, 
always, the letter which is the multiplier before 
that which is the multiplicand. Thus, 

(a+x)'=a +x 
(a +x =(a+zx).(a+ xr) 
=4a4 +4 4&4 744272, 
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(at+a)’=(a + xf. (a + x) 
=(aa+ax+xa+ xx). (a+2) 
=aaa+aar+ara + ALL + LAQA + 
+XLAR + rA + LXT, 


&c, = &e. 


Thus, the process of multiplication consists, en- 
tirely, in placing, at each step, first a and then x be- 
fore each of the permutations, which, together, form 
the next preceding product ; and thus, it is very 
evident, that the square consists of all the different 
permutations that can be made out of aaxz, taken 
two by two; the cube, of all that can be made out 
of aaaxxx, taken three by three ; and so on; the 
m“ powe1, of all that can be made out of aaa... (m) 
bbb ... (m) taken m together. It is, also, equally 
manifest, that the partial products, or several collec- 
tions, each containing m of those 2m quantities 
will be of the forms, 


OO "By De RO CLA ee, oe 


and that there will be as many products, of any 
one of those forms, as there are permutations of the 
betters which compose it. The form a”-—3a°, for 
example, will occur as often as there are different 
permutations of the letters aaa... (m—3) xxx, 
taken m together. Hence, from the well-known 
theory of permutations, 


(a+x)"=a"+ma"—v+m. 


a” —*4? + &e, &e, + 


o m-l : See 
m ad CLT he mM. ULT he, 
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Cor. The number of all the terms, in the 

product of 
(a + x). (a+ x). (a+ az)... ... (m), 

when no addition has been made of the several 
partial products successively arising, ts equal to 2”: 
for it is 4, or 2”, in the product of (a + x). (a+ x), 
and it is doubled at every succeeding step. It is 
evident, therefore, that the sum of the coefficients, 
in this case, is equal to 2”; for each coetticient 1s 
unity; so that their sum is equal to the number of 
terms, that is, to 2”. And, as the sum of the coef- 
ficients, inthis dilated form of the product, 1s neces- 
sarily equal to the sum of the coefficients in that 
more compact form of it, which is expressed by the 
Binomial Theorem, therefore, 


m—_-1 m—? 


; XC. 
2 id s 


se m— |] 
Q% = mem a +m. 


In the same manner may be investigated the 
expansion of the polynomial 


(at+b+cect+d+ &e.)”, 
when the index m is integral and positive. 


Thus the demonstration of the Binomial and 
Polynomial Theorems, in the simplest case of them, 
is made to depend on the solution of this question : 
“Ifthere be p quantities all of one kind, and q 
quantities all of another kind, and if p+ q =m, 
what is the number of permutations of which these 
quantities admit, taken m together?” To this 
question the following theorem, deducible from 
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the common rules relating to combinations and 
permutations, affords a ready answer. 

If M be put for the number of permutations of 
which a quantities admit, taken all together, P for 
the number of permutations of which p quantities 
admit, and Q for the number of which q quan- 
tities admit; if m =p +q; and if C be put for 
the number of combinations of which m quantities 
admit, when p or g of them are taken together, 
then, 


N= P se. C. 
For, (Wood's Algebra, Art. 229, 230.) 
M =m.(m—1).(m = 2)......1. 


Pap: (p 1) Cp 2)jares l. 
Qg (q= 1 (GS eels 
C= NES ok ies [m —(q—1)]- 


| er a /| 
Sima Px Qa x C. 
Hence, if all the p quantities be of one kind, and 
the q quantities be all of another kind, 
Peele Q= 15 
and #7=Px@QxC= 
m.(m—1).(m— 2)....)m — (g — 1Y] 
Sa eee ee S 
which, therefore, 1s the general form of the coef- 
ficient of the g® term: of the expansion of (a++ a)”. 


é 


In the same manner it. may be shewn, in gcneral, 
that if 
Prgtr+ &. = mM, 
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and if there be p quantities of one kind, q of another, 
r of a third kind, and so on, the number of permuta- 
tions of these quantities, taken m together, is equal to 


Das Ct TON iy ee Deas arere daca 
ae Oe A RE GQ) AY e 2a?) &e. 


Prop. VI. 
17. Theorem. If A, B, C, D, &c. be a series 
of quantities, such that 


m+ ii 
B = mA, C=—— . Ð, 
O 


att 


oe, m+(p-1 
| ee : Gi kee G Q= eS de ; P: 
J p 
p. Q 
ie: AA eee & Be, + P p Pi, 
B 
For rt and, therefore, 
B lm iC 
m m m 
Hence, 
5. ee m +2 5 D 
A+ B+ C=CU4+ — = ——— C= ; 
n m m 
and thus it is evident, that 
oe 


if p terms be added together. 
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18. Cor. Hence, 
2C +m(B+ 4)=4C;3D4+m(C+B4+A4)= 
0D; &e.=&e.;rS+m(R+Q4+P+&c.4 A) =2rS. 


Prop. VII. 
19. Problem. To find the expansion of 
(at Brt yt +603 + &e. + oa)”, 


the index m being positive, and a whole number. 


Let, Art. 10., 
(a + Bax + yu? + dx? + &e. + oa)" = 
A + Be + Cè + Dx? + &c. +o, 
and (a + By + yy? + dy? + &e + oy)” = 
A + By -t= Cy’ + Dy, KC. 1. gy” 
and, the value of y being arbitrary, let y=xr +s 
then, 
a + Bx + y + e + &e. + ot m 
+Bst2yts4+30es á +roxr`'y _ 
+ &e. + &e. + &e, 
ate 
A+ Baxr + Cx + Dv + &e pota 


+ Bet 2eCre+30rctmr. ogly 
= -+ &e., ee + &e. 
l i 
De ap Og Oe a 


that 1s, if S be put for 
a -4 Be + yt? 4 &e, rao, 


and Ez ; for the rest of the terns of ihe first 
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wember of the equation, all of which contain x as 
a factor, 
(S+ Vz} = A+ Bat+ Cr’ + Dv’ + &e. 
+ Be pore + 3a z ( 
+ &e + &e. 
therefore, (Art. 13.) 
S77 aa yy Si} yV z a cy? | g? ne &c. = 
A+ Be + Cr + Dawe + &e. 
£ +624+2Cv2+3D2x' 2 
+ Cx + &e. 
+ Dg’ 
But S” = A+ Ba + C2? + DE + &c. 
therefore, 
it aeee fe Seana 
Bz+ 2Crz+43 Dre 4E stae. ? 
< C2 «4. he + Se - 
? Det Ex. \ 
Every term of this last equation is divisible by z; 
let it, therefore, be divided by <, and, 
mS Ve ceS t+ kas 
Beers SDA + &. ) 
_ > + &e. + S&C. 


| C 
l + Mz 
+E 23 


Now the only part of 7’, which does not contain 
any power of z, Is 
Bt2yvyrxt+3 ov + &e. + raw 
therefore, (Art. 9.) 
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peara 
Se 


+4 Ex + &c.) 


A] 
~ 


mS" (B+ 2Qyx4+ 3047 + &c. + roxr™') 
(B+ 2C024+3 Der 
mS"(B+2ya+3da* + &e. + roa") 


re- 
meres. 
7 


C.) 


S. (B+2Ce +3 D 4E +A 


e 
© o 
as Å 


qg 4+ 
Ige TE 

ye * (ONG Ts - Uy ket ga F 
TJP C'd et wv 2. do+ Sad + 


opt \ peg + avert Carret” Ugnstg = 


pc jusg + 
gq°swr+ | ade ee 


= E'S Q'emet Jay euet v (UET 


(q ` Auz E g'Aug+H wong: Lwe+ SE hat 


I+ AA gua + q gu + T gu -+ lg cfu +y ofl 


oyysoy poydyjnw Suq aseo youd ur fsəəs om} ƏY} ULY 


Cop HAt + erqet@rgt +g) (g+ eet wA t+uegt») = 
= (o8 + .vroetarksgtg): (Coytaqut.zAagwtegut pu) an 
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Wherefore, (Art. 7.) 
a. B=mß.A 
Ia. C = (m—1)B.-B-+2my.A 
3u. D=(m—2) B.C + Om — 1).y.B43m0A4 
da. E=(m—3)B.D+ (2 — D) ep Me 
+(3m — io. B+ame.d 
sa, F= (m—A)B.E aa (2m — 3).y. D +- 
(3m—2)6.C+(4m—1)-c. B+5mC.A 
&e. = &c. 
pa. Q=(m-(p- D) È. P + (2m—'p- D) O+ &e. 
+ (p—-Dm-—1)r. B+ pmp _ A, 


Q being the coefficient of the (p -+ 1)" term. 


Now it is manitest, that Æ = a’; 


B l ar _ 
n Bam! = ma" B. 
a 
er. ipa ec z 
=mi g aT B p ma” ro 
D=; m — l} m- 2 =: 23 4 
me — ht. S7 9 uz d ae a i +. 


l A oe Y 
an a! Be p mea’! ey 


Se. = &e, 

and, all the assumed coefficients having been thus 
snvestigated, the expansion of the polynomial 1s 
found. 

20. Cor.1. If B, à, €, &e. the coeflicients of 
the alternate terms of 

a+ Bep yt tt + &c. 

be negative, it ts manifest, from the equations last 
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obtained, that the values of B, D, F, &c., the co- 
efficients of the alternate terms in the expansion, 
will also be wholly negative. 


21. Cor. 2. The first (p +1) terms of the ex- 
pansions of 


(a + Bx + ey 4 -|- &e. z pay”, 
and of 
(a + {3x F of r 4 &e. + p xP 4ga ti E &e.)" 
will be the same. For the same equations deter- 
mine the coefficients Q, P, &c. in both cases. 


22. Cor. 3. Ifa, B, y, &c. be each unity, the 
equations which determine the coefficients of the 
expansion of 

(1 +x + a + &c.)™ 
become 
B=m. A =m 
2C = (m—1).B +2 B= (m + 1). B 
3D= (m—-2).C+2C+m.(B+4)= 
=(m — 2). C + 4C = (m +2). C (Art. 17.) 
4h=(m—3).D4+3D+m.(C+h+ A) = 
=(m—3).D+6D = (m + 3).D, 


&e. = &e. 
Whence, 
(1 oad. a” j &e. y” = ] + Mm x +. 
| l m + 2 3 
+= Bap" | Eer i Dr ke. ; 


and (Art. 20.) 


92? 
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o à m 1 7 
TERE T ii i a = 1-— mat a Da 
m + ,,m4+3 
a Ce 4+— D — ke. 
3 + 4 


23. Cor. 4. The expansion of (a +x);isofthe 


1 
m 1) 5 
(a * a + &e. 


n 2. 


in which the law of formation of the coefficients 1s 
the same as that in the expansion of (a + x)”. 
For, let 
a+ Bre +2? + &e. + pa? 

be the (p + 1) first terms of the expansion of 

(a+ rr: then, (Art. 10. Def. ID), 

(a + Ba t+ ya? + &e. + rar + par)” = 

=a +g +t * 4*4 &e bt Rat) + &c. + par”, 

And, comparing this with the equation which de- 

termines the coefficients of the (p-+'1)" term of 

the expansion of a polynomial, d=a, Bais C 

D, &c. P, Q, are each equal to nothing ; whence 

pax o=0+0+&c. + ((p — lm- 1) awxXl+pup.u, 
-—(p—1) 


aie n 
snpp-a= (1 -ip i.u). m and p= = A 


but p and r are any consecutive coeflicients of the 


] 


4 


expansion of (4 + ¢)*; wherefore the law of the 


P 
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formation of the coefficients is the same as that of 


een ] 
the coeficients of (a+ x)”, substituting a for m 


1 


] — 
(Art. 14.); and the expansion of (a +x)” is a” + 


=A Wa e a" r A ee; 
n ( 2 


24, Cor. 5. The expansion of (a+ x)” is the 
same as the series obtained by treating a + æ ac- 
cording to the rule for algebraically extracting 
the n™ root of a compound quantity; that is, by 


1 
taking a” for the first term of the series, as being 


1 \ 27 
tl e n 
the n" root of a, subtracting * ) , or a, from 
a+r: dividing the first term of the remainder 


n— 1 
by na” , and making the quotient the second 
term of the series; which will, therefore, be 
] x =) 
T Pe Or - a as 
n —? 2 
a 


then subtracting from @ +a the n” power of the 
terms already found, and repeating the same 
process. 


For the three first terms thus obtained being: 


2 
Gg + x = yale, 


it follows from Article 21. that 


7 
Cy -+ Bx + wat) =AaA+ Tt +t 0 -+ D Pe -- &e. s 
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and (Art. 19.) 
1 


3a". D = (n—2).B x O+ (Qn—1).¥; 


2n — | 
therefore D = =e a and, by the rule. 
a” 


the next term of the series is 


as before. In the same manner, the remaining 
terms of the series obtained by this rule, may be 
shewn to be identical with those of the expansion 

1 
of (a + x)”. And thus, after p + 1 terms have 
been found 

1 n 

(a 4+ Batya? + &e. ai) = 
atr+0+0-4 &c. +, Qa? + Xena?" : 


whence, 


pa”. Q = (p—1).n—- 1).73 
therefore, 
Q= ee and 
P a” 
-Q a laa} 
a p a 


In the same manner it may be shewn that the ex- 
pansion of 


1 
1 1 j ] ae i 223 
(a =x) is a —- a +-. —( a" x2 — &e 
| r n 2 


25. Cor, 6. The expansion of 


m 
we m ; mn x E 1/ m 
E e AO nh En on eee 
(ee ay is a Bea ae he eee uv + &c.; 
n n 2 ) 


in which series the coefficients are formed accord- 
ing to the same law as those of the expansion of 


(a =f- v) "a 


For the expansion of (a + v)” is (Art. 10. and 23.) 
the product of 


a a E {12 1 ? 
a + ra ae ; ge" i SE 


(, 1 TE l 


| = 1 1 n ore : 
x qe’ + -ë x+. m ae x &e, 
N n 2 à 


to m factors: but (Art. 16.) the product of 
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-2 
o n a ee l D 
td 5) a f "y 
ML = n i ; 2 n no ` N ’ 
is a + Por t+~.)—— {u a? He Oe ss 
72 Ai 


wherefore, also, by the same Article, 


1 5 
(o pssi t 
ta 2 r C. 
} e i v + &e § 
I5 
S ` 
3 3 ~ |- G l 3 
= r a i 9) n cae : ~ G 
4 + -a ee fe es -a t + &e.,;: 
n n yy | 
and 
Sar en 
geo + -a" e+ ke $ 
IS 
m i 
m mt ay Po 27) 
bs i Zs mn n 2 
ota at—. | | E AANG 
n n 2 


And it is manifest (from Art. 20. and 23.) that 


ne 
the expansion of (a — x)" is the same, with the ex- 
ception of its even terms having the negative, 
instead of the positive, sign. 


20. Cor. 7. Ifm=n the expansion of (a -+ v)*, 
becomes a + x, or the m™ root of (a+ x)”; for 
every term, after the two first terms of the series, 
then vanishes, and the two first terms become 
ate. Also, if S be put for the sum of any 
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number (p+1) of the first terms of the series, 


: l 
L 1 =-i 1 n / a2, 
aw + -@ «+=, j— \“ vob &e. 
n n 


| and a, B, y, ô &e. be put for the first term, and 
the successive coefficients of the powers of x in 
the expansion of (a+ x)", then, 

SS. &e. (m)=a + Ba + ya? + &e. + qg”; 
non Oe) ‘a (m). (S.S... m). &e. to n factors, = 
(a+ Bx+yar+&c.) x (at Beaty 2?+&c.) &e. (n) 
ne. (S.S... (0). (8.8...) . &c. to m factors = 
(a+ Part+ya'+&c.) x (a+ Bart yu?+&c.) &e. (n), 


because (Euclid 16.7.) m times nis equal to n 
times m. Wherefore (Art. 10. Def. IT.) 


(a + æ + K -+ % =- &e, -4 Ryr+'! + &e. + pa! = 
= (a + Bæ + ya? + &e. + qg” arr): 
whence, the expansion of (a +x)” is a series, such 


that if any number (p+ 1) ofits terms be raised to 
the n“ power, that product is of the form 


(a + £)” +4 0 +04 &e + ma" Raet + ke 


For, (Art. 21.) the first p + 1 terms of the ex- 
pansion of 


(a+ Br + ya? + &c.)” 
will be the same, whether p +1 terms, or more, be 


taken. The expansion of (a+ x)” is, therefore, the 
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same as that obtained by the rule for extracting the 
n* root of a compound algebraical quantity. 


27. Cor. 8. The expansion of (a+2x)~” is 


a’ m+1 b’ mi+2 ¢' 
nm —_ mM ~ ° PY H ° —— 7 Eni ans 3 &e. ee 
4 j 2 a 3 a si 


in which series the coefficients are formed according 
to the same law as those of the expansion of 
(a+z)"; a’ being the first term, b’ the whole 
coefficient of x in the second, c’ that of a? in the 
third, &c. 

For, (Art. 10. Def TIL.) 


l Q.a? 
—[— =] = hb OHE Ml ELA + -———*. 
(1 +r)” = (1 +- xy” 

Also, 

: 2 3 x" 
= l-r+277*—2 + &e. + 

Ita L +g 
But 

1 I 1 

&c. (to m factors) = -————--x;, ; 
I+ l+ (1 T xy 


* Ifb,c,d,e, &c. be the coefficients of the powers of 2, 
in the expansion of (1+ a)”, and unity be actually divided by 
that expansion, it will be found that 


b' = b 

c’ = bb = OG 
d'’=cb—b'c+ad 
&c. = &c. 


lix=k’b—t’cthd—&+ 1. 
Which equations contain the law of the formation of the co- 
efficients in the expansion of (1 + +)”, although it cannot 
readily be deduced from them. 
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qÝ m 
Slate — &e.+ ‘fea = 
p 
= 1 — b'xr p c'a — d’xv + &e. + TET 


But (Art. 22.) 


k 
si gta o- ke t d . I= 


1 mM 2 
mT . Ba? — = 


=1—mxt SCF 


+ &e. + fr far B, C, &c. 


being put for the coefficients of 4°, 2’, &c. ; 
ta (Art. 8.) b = Bsc’ = C; d’ = D: &e. = &e. 
Wherefore, the expansion of 
+1 mt+t2 , 
MT bae- Cet &e. 


l 


(1 +2)” 1s 1- mx + 


And, by substituting 7 for x in the equation last 


investigated, the expansion of (a+.x)~” may be 
shewn to be 

ma’ m+1 Bb’. _m+2 c’ 
— £ + Rae 

a 2 a 3 
Also, since 


— Nn. 
a — 


7a +&c.: 


1 a 
=] eta + &e. 
e a eer 


the expansion of (a — x)” may in the same manner 
be shewn to be 
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r 77 d 
sa a m+) D mt+2 c 
an" 4 m— et . -ar t+ 7L +e. 
a 2 a 3 a 


—77? —7 


Eanan aa 


28. Cor. 9. The expansion of (a +x)” isa” 


m m 
m n Tkp n 4 

F — A'r +- .— °F C' x’ + &e. 
n 2 a 3 


For (Art. 26.) when unity 1s divided by 


a” + ma"—!aeekm ea vr + &e 
A te A (J 9 e t A ® 


the cocilicients of the different powers of x in the 

quotient can be reduced to the form 

m+ l m+ttil m+2 
, M. ——. -NE 


Dooi 2 3 


at as 


m, m. 


And when unity is divided by 


770 
m HL Jn ) š . 
a Se roy F D -L. SA . a A ae j ° L ra A 
n n 2 | 


the cocflicients of the several powers of x in the 
, l m 
quotient will be the same as before, except that z 


must be written for m; wherefore, these coefficients 
may be reduced to the form 


m 
— + 1} 
m mM. n 


5 A nel y AE 
2 n 2 


29. Cor. 10. Thus, whether the index m of 
(a+2)”" be positive or negative, integral or frac- 
tional, it may be shewn, that the coefficients of the 
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expansion of (a +x)” are formed according to the 
same law ; and, that in no case of the expansion of 
a binomial, is the ratio of the latter of two conse- 
cutive coefficients, to the former, greater than any 
that can be assigned: And, therefore, the value of « 
may be taken such, that the difference between any 
one terin, and the sum of all that follow it, shall be 
less than any given finite quantity. | 


For, let p and q be any two consecutive coeffi- 
cients ; it has been demonstrated, in every case of 
the expansion of (a +x)”, that 


+ m—(r—1).p. 


+ ig = 
tg = 
+m+(r— ] 
therefore 4 — Em RTN., 
p p 


m + (r — 1) 


which quantıty is always less than 


e 
2 


and, if r be greater than m, it is less than 2. 
Fherefore the ratio of g to p can never be so great 
as that no ratio can be assigned which is equally 
great; and, therefore, (Art. 6.) the value of x may 
be taken such, as that any one term of the expansion 
shall become the limit of all the terms which 
follow it, 


ON 


MAXIMA ann MINIMA. 


CPP SFO LOGD PETS PIBGD CPI? # 


PART II. 


BOLE LE ALLTOP LG EL aL TS 


SECTION H. 


ON THE EQUATION WHICH SERVES TO DETERMINE 
TUE VALUE OF ANY FUNCTION OF ONE OR MORE 
VARIABLE QUANTITIES, WHEN IT IS A MAXIMUM 
OR A MINIMUM. 


} REVIOUSLY to the estimation of continued 
quantity, it is necessary to make some hypothesis 
respecting the generation of variable magnitudes. 


Barrow cnumerates eight different modes in 
a 

which quantity may be supposed to be gencrated. 

Its increase and decrease by motion, which is the 

foundation of the doctrine of Fluxions, is readily 

conceived in a vague and general manner. but 

there is no inconsiderable diffculty in deducing, 
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logically, from that primary notion, the rules of 
algebraic computation, without which mere theory 
is of little valüe. Motion implies velocity ; velocity 
requires the consideration of time; and to any 
enquiry concerning the nature of time we are not yet 
enabled to return a much more satisfactory answer 
than that of AUGUSTIN, so often cited, “ Sz nemo 
gueerat, scio; st quis interroget, nescio.” 


All that seems necessary, in the first instance, 
in the place of the fuxional hypothesis, is to express, 
in as general a manner as is possible, the condition 
of a quantity being variable according to a certain 
law; 1. e. of its admitting any variation whatever 
with respect to magnitude, so as to continue to be 
the same species of magnitude, as it was before 
that variation took place. If z denote a line vari- 
able at pleasure, and z’ any addition or diminution 
of which it 1s capable, then g + x’ will denote the 
condition of that line: and if ag” denote a sur- 
face, or a solid, variable at pleasure, but always 
retaining its species, expressed in terms of a variable 
line z, a (g + 3’) wiil be a general representative 
of its value. Of this kind is the notation adopted 
in the following section. 


There is little real difference, in the methods 
used by the ancient and modern authors, who have 
treated the investigation of Maxima and Minima 
algebraically. The reasoning of LacraNncE has 
been principally followed, in the most important 
propositions belonging to this part of the subject 
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His rules of computation are the same with those 
of LerBnitz, and all the writers on Fluxions. It 
was the demonstration only of these rules, and not 
the rules themselves, which needed to be improved. 


30. Der. A quantity is said to be constant, 
when it is always of the same value throughout 
any calculation: A variable quantity 1s that which 
may have any value within certain limits: An 
arbitrary quautity is that of which the value may 
be supposed, in any calculation, either greater or 
less than any given finite quantity: In the lan- 
guage of Algebra, a function containing only one 
variable quantity, is called a Maximum, when the 
variable quantity can neither be Increased nor 
diminished, without the value of the function being 
thereby made less than it was before: And it is 
called a. Minimum, when the variable quantity can 
neither be increased nor diminished, without the 
value of the function being thereby made greater 
than it was before. 

31. Der. Variable quantities being denoted 
by the last letters of our alphabet, the same letters, 
with an accent placed above them, are used to’ 
express arbitrary quantities, by which those varia- 
ble magnitudes are supposed to be increased or 
diminished. | 
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Thus z — z’, g, g + 2 express different suc- 


A 


cessive values of the variable quantity represented 
by z. 

32. Der. If, in any algebraic function, cou- 
taining one or more variable quantities, for each of 
the variable quantities be substituted the sum of 
that quantity and its arbitrary increment, and the 
function be then expanded, that part of the expan- 
sion which contains the first powers only of the 
several increments, is called the Derivative, or 
First Derivative of the function ; that containing 
the second powers of the increments, multiplied by 
1. 2, is called the second Derivative ; and that con- 
taining the third powers, multiplied by 1.2.3, is 
called the third Derivative, and so on. 


Thus 2’ is derivative of =; 2.7.2’ is the derivative 
of x’. 


Prop. lI. 


33. Problem. ‘To find the derivative of any 
power of a variable quantity. 
Let z represent any variable quantity ; it is re- 


7n 


quired to find the derivative of z7:7. 


PE 
The expansion of (z+ 2’)~* is (Art. 28.) 
gg eee z phe, 


n 


And, because the second term is the only one 


P 
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which contains the first power only of 2’, the deri- 


pe. 
vative of z was (Art. 32.) 


> wl 
_ Fn ee Sa 
Kee, 5 


" ~ as 


n 


Hence the derivative of any power of a variable 
quantity is found by the following rule : 


Multiply the proposed power by a number 
which ts equal to its index, and then diminish its 
index by unity, and multiply the result by the 
derivative of the variable quantity. 


tained from the frat, the third from the secound, 
and so on, by the sane rue 


u o 


n = > ESS ally 3 2 ae x 7 _ ; a ; vc a ` 
Itis manifest that the second derivative is ob- 


1 rey ty a: « 7? . e l 
s4. Cog. 1. The derivative of the suti: of any 
ad a | e T ae . ai e i . 
nuper oj powers on ye ate quantities is Lhe SIUN 
b x S : - n F at E - aE SE } Tan a 
of the derivatives of ihe several powers, 
E 
e a a E.: 
then the derivative of #7 is 


; 


thane | A e es eli a} a t K'a ae 
nng cans" a Aa ONN 


-ne A 


io 
2 


Cor. 2. The derivative of 
te - bs bea’ + &e,)” 

1S 

m. (abote t Keer (b+ 2e¢ 43 dz + Sees 
Let 

(pte et CSP EE RS eS 


-~ 
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bs’ + 2cezz' + 3dz'x’ + &e =2'; 
aud the derivative of 
(a+ bz + c2 + dz? + &c.)” 
is equal to the derivative of «”; i.e. (Art. 32.) to 
ma”! x", or to 


m.{(atbztes’+&e.)""! (b4+2e74+3dz'4 &e.).s’. 


Pror. L. 


36. Problem. To tind the derivative of the 
product of two or more powers of yariable quan- 
titles. 

I. Let it be required to tind the derivative 
late a 


| nm — I 
§ a mT te Lm, 


d 2 


#8 


| F = Rn : 
Pee ye je? eS Aa ani a gZ? -h ke. 


+ mae Tx AmE ong. a. a 


o Avr 


Bee Des AG 


+o" m. 


.. (Art. 32.) the derivative of 2” 2” is 
wns ee” ee ogee hae 
PrP 2 


(a 
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2. Inthe same manner the derivative of x” z” y? 
may be shewn to be 


/ 


xr” pyr" a tary? n ZT 4 ty? mam" x. 

And the derivative of two, or more, powers of 
variable quantities is found by this rule ; 

Multiply the derivative of each of the powers 
by the product of the rest, and take the sum of the 
resulting products. 

Or, take the derivative of the given product, 
upon the several suppositions that each of its 
factors 1s variable, whilst the rest are constant; 
and add the results. 

37. Cor. The derivative of 
(a + ortet + &e.)”" x (44+ Be 4+ Cr’ + &c.)” 


iS 

Cat be + er t+ &e.)". (A+ Bot Cv? +&c.)"™' . 
(B42Cz + &e.)2'+ (4 + Bz + Cs’? 4+ &e.)”. 
m(a+ be + er + &e.)“" . (b+ 2c + &e.) wv 
(Art. 34.) and is, therefore, found by the same 
rule as that of r” z". | 


Prop. II. 
38. Problem. To find the derivative of a 
traction, the numerator and denominator of which 
are two variable quantities. 


“an 


Let it be required to find the derivative of ~-- i 


(x + æy” 


‘The quotient of jie or 
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l j is] 1a 
PTRA + &e, 


-= 


M m~l m? y n 
v™ M0 x +m. - 


- — 


as n— | ae 
ttre ls’ +n. pe OT E GO 
is the same as the product of 


> 2 m— 1 
(a” + mera + Mes gee 


n ~- I 
2 


ete? & Be. ) x 


e] tiny es! tn, 


. —" Ja 
ee ae ee &c. ) 


or of 


m 


a ak ee 
(«” + ma" a +m. oy Ya a i &e. ) x 


oe E: goan ng?! g’ a &c.), 
(Art. 19.) ; which product is 
Ce a Ge ay a a RG. 
+2" ma av’; 
e (Art. 32.) the derivative of 


apne 
er SS ae a = ee ae ow 


welt > 
Aw 


P SMe ee Sea! ks 
ro 1i iSi’ 


ov an 
f~ 


Hence the derivative of a fraction, the nume- 
rator and denominator of which are powers of 
two different variable quantities, is found by this 
rule ; 


Multiply the derivative of the numerator by the 
denominator, and also the derivative of the deno- 
minator by the numerator; subtract the latter 
product from the former, and divide the result by 
the square of the denominator. 
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39. Cor. The derivative of a fraction of the 
(a+ be + ca’ + &c.)” 


fori Ae eee ee 
(i+bs +O + &c.)” 


is found by the same 


rule. 


Prop. IV. 


40. Theorem. If the function of a variable 
quantity be a maximum, or if it be a minimum, 
its first derivative is equal to nothing. 

Let 2” be any * function of a single variable 
quantity. 


ł ` } tS ‘Ses } i » t hii % de ~ ~ E 
9 
ad 


and the expansion of 


id 


io 7) a i m= | r = ae) Te vet ey 
(Seg PS ee es ae 
i 


m — i m — 2 Ta a g 
H m o, Maea a T A AC; 
2 2 
therefore (Art. 28.) 
, ml | 


(is) os = Gas) + (a. ergs) =. ee 


wom ae e eee 
tat 
pee eres ee oe IO CO ee ee LO e CC LE LL -ama meget 


* The word function is used in the sense of the definition in 


Art. 1.3; so that z may represent ‘binomial or polynomial 
L 
quantities; such, for example, as uæ— a”, aa + €+ F &e.: 


and z is the derivative of those quantities; 2° may likewise 


E (aay , 
represent (a~ Aa ae ae &e, 


OF MAXIMA AND MINIMA. 931 


m— | 


(3.) z” + (mz 2") + ( m. —; a 2") + &e. 


represent any three consecutive values of the func- 


tion: let / be the value of z” when it 1s a max- 
imum, or when it is a minimum; then, (Art. 30.), 
if / be a maximum, it must always be greater both 
than the first, and than the third of the three con- 
secutive values; and if it be a minimum, it must 
always be less, both than the first and than the 
third of those values, however little =’ be, and 
whether it be positive or negative. 


Let z’ be taken (Art. 29.) such that m.2"7! z’ 
shall be greater than the sum of the succeeding 
terms, in both the expansions; therefore the sum 
of all the terms but the first will then be positive or 
negative, accordingly as the second term mz™~! 2’ 
is positive or negative ; that is, accordingly as z’ is 
positive or negative, for the sign of mz™"7! is 
necessarily the same in both the expansions; 
whether, therefore, g’ be positive or negative, 

+ (mz”™: z’) and — (mz”—!z’) 
have, necessarily, contrary signs: the three conse- 
cutive values, therefore, upon the supposition here 
made, will be of the form, 


(li) Fa ma 2 Gale. 

(2.) V. 

(3.) VE mam '*s’ + 6. 
ò being a quantity less than m z”™* z’; so that the 
first or third value of the function is greater or less 
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than the second, accordingly as mz”! g” has a 
positive or negative sign. It is manifest, therefore, 
that as long as m2"~' z” has any magnitude, J can 
neither be greater both than the first and third 
value, nor less both than the first and third value ; 
that is, it can neither be a maximum, nor a mini- 
mum, unless mz”~'3s’ be equal to nothing: 1f, 
therefore, the function be either a maximum, or a 
minimum, its first derivative, mg”T* z’, is equal to 
nothing. 

41. Cor. 1. When the value of the function 
is a maximum, its second derivative is negative; 
and when it is a minimum, its second derivative 1s 
positive. 

For, whether the function / be a maximum or 
a minimum, its first derivative (Art. 40.) is equal 
to nothing; therefore J is greater than 


M—1 nia on 
V 404m, ats 4 


m-l m-l . . , 
M. seme T 1 Ke, 


2 3 


when it is a maximum, and less than the sum of 
that same series, when it is a minimum, however 
little z’ be; let z’ be taken (Art. 29.) such, that 


i — SS el 
2 
shall be greater than the sum of the succeeding 
terms of the expansion; then, since 2” is neces- 
sarily positive, J 1s greater or less than 
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m 1 aD es 
V-o nailer oy E a Ore; 


accordingly as 


a m — l m=z 
d 9 > ¢ 
is negative or positive; if it be necessarily greater, 
that is, if it bea maximum, 
m — | 


4 ~in mS ~ 
m E ee ate te 


2 


a? 


must be negative; and if it is a minimum, 


m — | 


m—2 42 
M ~m J ® 


2 


must be positive; therefore (Art. 32.) the second 
derivative must, in the former case, be negative, 
and it must be positive in the latter case. 


42. Cor. 2. But, if the second and third 
terins of the expansion be each equal to nothing, 
the value X, of the function, when it isa maximum, 
must be greater than 


> m—-1lm—?2 Anat 
V+o+0+m. ia ae gm—3 gg’ + &e.; 


and it must be less than the sum of that series, 
when it isa minimum: As before, let z’ be taken 
such, that 


O 3 a !3 
2 3 

shall be greater than the sum of all the succeeding 

terms of the expansion; then, since the sign of 
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z? depends upon that of v’, and is the same with 

it, Z cannot always be greater than the value 

of that series, nor always less than it, unless 

m — Lo m-- 2 
"se 3 

be equal to nothing; that is, (Art. 52.) unless its 

third derivative be ecual to nothing. 


eht — à my "3 
fw tw 


43. Cor. 3. In the same manner it may be 
shewn, if the » first derivatives of the function be 
cach equal to nothing, z being an even number, 
that the (n + 1)" derivative of the function must 
also be equal to nothing, if the function either be 
a maximum or a minimum; and that if it bea 
maximum, the (an+ 2)" derivative must be nega- 
tive; but that if it be a minimum, the (n+2)” 
derivative must be positive. 


Prop. V. 


44. Problem. To determine the conditions 
under which the aggregate of several functions, 
each being the function of one variable quantity 
only, is a maximum or a minimum. 

Let V+ V4iZ+&c. be the aggregate of the 
functions, which is to be a maximum or a minimum, 


X being a function of x, F of y, Z of z, &c. 


i. Itis manifest that X+¥+Z, &c. all the 
terms being positive, will be greatest, when A, 
V, Z, &e. are each a masimum, taken separately ; 
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and least, when each of these quantities, taken 
separately, is a minimum. 


But, in determining the maximum value of the 
ageregate, care must be taken lest the minimum 
value of any one of the functions, taken sepa- 
be joined with the rest; and, likewise, 
when the minimum value of the aggregate is 
sought, none of the maximum values of the several 
functions, taken separately, must be joined with 


the rest. 


ratel y 


) 


2. The binomial X — F is greatest, when A is 
a maximum and F a minimum; and it is least, 
when A is a minimum and F a maximum. 


3. The trinomial X-F- Z is greatest, when 
(X+) is a maximum and Z a minimum; and 
it is least, when (X + 2°} isa minimum and Z a 
maximum. 


Also, X—2°— Z is greatest, when A is greatest 
and KF +Z least; and it is least, when X is least 
and F +Z greatest. 


The solution of this case is, therefore, reduced 
to that of the two former cases; and the same 
method is applicable, to discover when the aggre- 
gate of any number of such functions is a max- 
mum or a minimum. 


The following example is given in order to 
illustrate the above proposition. The remaining 
examples will be taken so as that the determina- 
tion of the maximum or minimum shall depend 
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upon the solution either of a simple or of a quad- 
ratic equation. 


EXAMPLE. 


Let it be required to determine when the aggre- 
gate of the two functions 
(1 — 327 — 3 æ) + (zt—8 2° +18 2°- 82) 
is a maximum. 


Call the former function X, and the latter 2; 
the first derivative of 


X =3 ær — Orn —32, 


which (Art. 40.) must be equal to nothing; there- 
fore 


T = Oo) S50; 


The two roots of this equation are 1 +,/2, and 
l-a / 2; if] D be substituted in (6 x — 0) . <”, 
the second derivative of X, the result is positive ; 
therefore, (Art. 41.) when x has this value, the 
function X is a minimum; if the other root, 
1— fs be substituted in the second derivative 
of X, the result is negative; this, therefore, must 
(Art. 41.) be the value of a, in order that the 
function X shall be a maximum. 


Again, the first derivative of Z 1s 
ge — 24272’ + 3023" — 82; 
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therefore, whether Z be a maximum, ora minimum, 
g — 62°+927-2=0. 


The three roots of this equation are 2, EN A 3, 


and 2 — J 3; and when 2 is substituted for = in 
the second derivative of Z, 1.¢. in 
(122° — 482 + 36).2”, 

the result is negative; and it is positive if either of 
the other roots be substituted for z in the second 
derivative of Z ; therefore (Art. 41.) 2 is the value 
of z, which renders the function Z a maximum. 
Therefore the two values of x and z, which must 
be taken, in order that X + Z may be a maximum, 
are 1 — /2and 2; not 1 +4/ ®, and 2 + Rye 
which would make that aggregate a minimum ; 
nor yet 1 — / 2 and 2+./3; norl+/ 2 and 
2, If the proper values of x and z be substituted, 
the value of X + Z, when it is a maximum, will 


be found to be 3+44/ 2. 


SCHOLIUM. 


It appears, from Art. 40, that, whether the 
value of a function be greatest, or least, its first 
derivative is equal to nothing; if, therefore, there 
be several values of the variable quantity of the 
function, which answer this condition, of rendering 
its derivative equal to nothing, some of them 
may be such as make the function a maximum, 
others such as make it a minimum: and it mav 
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he determined whether any particular value (a) 
of the variable quantity, thus found, belong to the 
greatest, or the least, value of the function, either 
by means of Art. 41, as in the preceding example, 
or by successively substituting in the function a— ð, 
a and «+c, for the variable quantity : for then, if 
the first and last result be both less than the second, 
it is manifest that the valuc (a) renders the func- 
tion a maximum; if the first and last of these 
results be both greater than the second, (4) renders 
the function a minimum; and if, of the first and 
last results, the one be real and the other imaginary, 
the function may be at once a maximum and a 
minimum ; a maximum in one respect, and a mia. 
mum in another. 

But if there be no vaine, of the variable guain- 
tity, which will make the first derivative of the 
function equal to nothing; or, in other words, the 
first derivative being equated with nothing, if the 
roots of that equation be all impossible, it is piain 
that the function does not admit cither of a maxi- 
mum or a minimum. | 

It may also be determined wheter anv value 
(a) of the variable quantity, found according to 
Art. 40, render its function a maximuin, or a 
minimum, by substituting for it a — ò in the first 
derivative: for, this being done, if the first deri- 
vative thus become positive, the whole variation 
of the function may be considered as positive, 
previously to its having the value, which is either 
createst or Jeast; that value must, therefore, in this 
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case, be a maximum, since the function was gra- 
dually increasing, before it arrived at that mag. 
nitude: on the contrary, @—¢ being substituted for 
the variable quantity in the first derivative, if the 
result be negative, it 1s evident that (a) renders 
the function a minimum; butif, when a— ô and 
a-+c have been severally put for the variable quan- 
tity in the first derivative, the results have the 
same sign; that is, the derivative being equated 
with nothing, if that equation have an even number 
of equal roots, cach equal to (a), then (a) will not, 


properly speaking, give the function a value which 
Isa maximum, or a minimum; for, in that case, 
f the function be increasing before it had that value, 
it will manifestly go on increasing after having ac- 
quired it; and, if it be decreasing, it will g0 on 
decreasing. The same discovery might be made 
by the application of Art. 43. Thus it appears, that 
though the proposition stated in Art, 40, be true, its 
converse is not universally true. 


Further, the language of Algebra is not so 
perfect as always to express, clearly and com- 
pletely, all the limitations of any proposed ques- 
tion; and the equation, derived from the proposi- 
tions implied in a problem, tnay have a root which 
shall indicate a construction, or an operation, in- 
consistent with the conditions given, and the 
grounds on which the reasoning was bnilt: the 
solution, thus obtained, will not then be true ; 
although the root of the equation be real and 
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positive. It is necessary, therefore, to ascertain 
whether the answer to a question respecting 
maxima or minima, and, generally, whether the 
result of any other application of Algebra to 
Geometry, be so circumstanced. This remark 
was made and exemplified by Tuomas Simpson, 
and it may be seen more fully explained by 
Carnot, in his Geometry of Position. 


Pror. VI. 


45. Theorem. When a function of two or 
more independent quantities is a maximum, or 
when it is a minimum, if its first derivatives be 
obtained, upon the several suppositions that each 
of the variable quantities, in its turn, is the only 
variable quantity in the function, each of those 
derivatives is equal to nothing. 


First, let / be a function of the two indepen- 
dent variable quantities x and y; and let P.r’ be 
the derivative of V, when y is constant, and Q. y’ 
the derivative of V, when x is constant: if Q . y’ be 
put equal to nothing, such a value of y will be 
obtained, in terms of x and known quantities, as 
will render / a maximum or a minimum (Art. 40.) 
in respect of y, whatever be the value of x; since 
the two variable quantities v and y are indepen- 
dent of each other; this value of y is, therefore, a 
function of x; let its derivative be g . x’; substitute 
the value of y, thus obtained, in the given function, 
which will, therefore, become a function of «x; call 
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that function X; wherefore, the given function is 
already a maximum ora minimum, as far as re- 
gards y; and will be absolutely a maximum, if X 
be a maximum; and absolutely a minimum, if X be 
a minimum ; that is, if the first derivative of A 
be equal to nothing, and its second derivative be 
negative, / will be a maximum; and if the first 
derivative of X be equal to nothing, and its second 
derivative be positive, 7 will be a minimum, (Art. 
40, Al.) Now it is manifest, y being considered 
as a function of x, that the first derivative of X 
will be P.2'+Q.qev’; which is, therefore, in the 
case either of a maximum ora minimum, equal to 
nothing ; and the part P x’ has been shewn to be 


ra 


~ 


equal to nothing; wherefore Q.qga’, or Q.y' ts 
also equal to nothing. 


(2.) Let W be a function of three independent 
variable quantities x, y, and x; suppose z to be 
the only variable quantity, and thus find the value 
of x, in terms of x and y, and of known quantities ; 
which will render the function a maximum or a 
minimum, as far as regards z; when this value is 
substituted in the given function, it will become 
a function of x and y only; and, thus, this case 
will be reduced to the former. 


In the same manner, the proposition may be 
shewn to be true, when it respects a function of 
four, or more, independent variable quantities. 


The proposition may also be readily proved ex 
absurdo : for if any of the derivatives, taken upon 
O 
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the supposition that only one quantity is variable, 
be not equal to nothing, it is evident that the 
function may be greater, if itis to be a maximum, 
or less, if it is to be a minimum, whatever may be 
the values of the other quantities. 


Or, by reasoning as in Art. 40, it may be 
proved, that whenever any given function of a, y, 
v, &c. is a maximum, or a minimum, the whole 
of its first derivative 

Pie’ +Q.y 4+ Rov + &e 
must be equal to nothing; but 

P ə x’ J- Q Y -p R . oa -j Kc. 
cannot necessarily be equal to nothing, whatever 
x’, y, and be, and whatever signs belong to them, 
unless P. x, Q. y, R. zx, &c. be separately equal 
to nothing: and (Art. 36.) the derivative 

r | r 
P.t +Q. y + R.Y, &e. 

is the aggregate of the derivatives of the given 
function, taken upon the several suppositions de- 
scribed in the proposition. 


46. Cor. It may be shewn, as in Art. 41, 
that when (77) any given function of the indepen- 
dent variable quantities x, y, x, &c. is a maximum, 
the aggregate of the terms in which a’ y’, 2, &e. 
have two dimensions, in the expansion resulting 
from the substitution of 

gree, y kay, tt. ke. 
in 7, is negative: and that itis positive, when F 
is g MINNU. 
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SCHOLIUM. 


In the preceding proposition, the variable quan- 
tities contained in the function, of which the 
greatest, or the least, value is sought, are supposed 
to be independent of each other: but if there 
exist any relations between them, expressed by 
one or more equations, as many of the variable 
quantities, as is possible, must be eliminated by 
means of those equations ; and then the greatest, 
or the least, value must be investigated, of the 
function containing the rest of the variable quan- 
tities. 


Again, if the number of variable quantities, 
assumed in the calculation, exceed the number of 
the conditions of the question, it is evident that 
any functions, of each of these quantities, may be 
considered as constant; provided that these arbi- 
trary conditions, so introduced, together with the 
real conditions of the question, do not exceed in 
number the variable quantities. 


It may here, also, be remarked, that when the 
maximum, or minimum, value of a function is 
sought, it is not always necessary to take the 
derivative of the function in order to find that 
value. If an equation be obtained upon the sup- 
position that the function is of a given magnitude, 
ıt will sometimes appear, from the form of the 

a? 
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aleebraical result, what is the greatest, or least, 
magnitude, which the function can have. 


The following Examples of the application of 
the method of investigating Maxima and Minima 
algebraically, are taken from the propositions of 
the First Part of this ‘Treatise. 


FixamMpce Í. 


To tind the least triangle which can be con- 
tained by two straight lincs, inclined to each other 
at a given gngle, and a third straight line, which 
passes through a given point between then. 


bet 4F and AF be two straight lines. inclined 


to cach other at a given angle, and P a given 
point between them, through which the straight 
line FDG passes: the triangle AFG is required 
to be the minimum. 
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Let DE be drawn parallel to AF; and let the 
given line AE be denoted by a, the given line ED 
by b, and AF by v: 

Then, (E. 4. 6.) 

FE: ED :: FA: AG; 
he &— a:b x : AG. 
: b: l 
Wherefore AG =- -—. But it follows, from 
E. 23. 6, that triangles which have equal vertical 
angles have to one another the same ratio as the 


rectangles contained by their sides. Therefore, 
the triangle APG is the least, when the rectangle 
bx 


AFx AG is the least ; so that the quantity 0 


L—-a 
is to be a minimum; therefore, (Art. 40.), 


as in Ari. 3. Part I; and the triangle = 4ab. 


In erder to prove that this value of x renders 
the triangle the required minimum, let 2a— 6, 2a, 


and 2a-+06 be successively substituted for æ in 
PA 


—; and the results are 
a 


t 
LEA 


2 


D 
A tig ING AD ee 


4a + - 
a— 0’ dae oa 


wherefore, the triangle is less when æ has the 
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value 2a, than when it has any other value either 
greater or less; that is, it 1s then the least that ıt 
can be. 


The solntion may also be obtained upon the 
principle mentioned at the conclusion of the last 
Scholium : for let it be required to make the tri- 
angle equal to a given rectangle, represented by 


Pe 
2 bc; the area of the triangle, as before, 1s —— 
xr— Ga 


bx 
> a ca 
. £2 Ce — bae: 


oi > 2e7 4c mc = 24ce8(c=2a) e 


CPC 2 Dalene Daa) O, 
and x=c + geo ne E 

Whence, it is manifest that c cannot be less than 
2a; otherwise the value of x becomes impossible ; 
and the triangle has the least. value, when c has 
the least value ; therefore, when the triangle is the 
required minimum, x = 2a, and the triangle itself 
is equal to 4 ab, as before. 


EXAMPLE Il. 


To find the greatest parallelogram which can 
be inscribed in a given triangle, so as to have 


the vertical angle of the triangle for one of its 
angles. 


Let AFG be the given triangle; the parallelo- 
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gram AEDH, which is inscribed in it, and has 


NS 
Ny 


r a 7 

i > L 
r an 
LY 


ie 


the vertical angle 4 for one of its angles, is re- 
quired to be the maximum. 


It follows from E. 23.6, that equiangular 
parallelograms have to one another the same ratio 
as the rectangles contained by the sides about 
equal angles in each; therefore the parallelogram 
AEDH will se the greatest when tue rectangle 
EA x AH, or AE x ED, ìs the greatest. 


Let AF be denoted by a, FG by b, GA by c, 
and FÐ by x: 
Then, (E. 4. 6.) 
FG :GA:: FD: DE; 
b: ece xz «2 : DE, 


. x; and in the same manner it may be 


shewn, that 


AF a | 
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W herefore 


CX a. : 

ee X ee, (0T 

oe Beek ) 

is to be the maximum; which will be greatest 
when x. (b-— x) is greatest ; 


6 Oo = 22 ESO: 
b : 
“0 == 5, as in Art. 4. Part I. 


The problem may, also, be readily solved by 
supposing bv — 3° to be equal to a given rectangle, 
as was done in the preceding example. 


Exampce TII, 


fo find the greatest of ail equiangular and 
isoperitnetrical parallelograms. 

Let 26 denote the common perimeter, and x 
one of the sides of any of the parallelograms ; there- 
fore b — x will denote the other side, and, as in 
the preceding example, the parallelogram will be 
greatest when æ (b —- v) Is greatest; it will, there- 
F Wen : ; b 
jore, as in Example 2, be greatest, when g = 53 
i.e. when the figure is equilateral, as in Art 6. 
Pael 

Cor. if the angle Æ, of the parallelogram, be 
varied as well as the proportion of the sides, the 
parallelogram will be greatest (Art. 45.) when its 
sides are all equal, and when 4 is at the same time 
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greatest; 1. e. when the figure is a square: For, if 
& and S’ be the two sides about the angle 4, the 
surface of the figure is expressed by $.S’ sin Æ: 
aad the sine of Æ is greatest when // is a right 
angle. But if the sides remain censtant, and the 
angle, at which they are inclined to each other, 
be varicd, it is manifest, from the expressed value 
of the parallelogram, that it is greatest, when it isa 
rectangle ; which agrees with Art. 6. Part I. 


EXAMPLE 4. 


To find a point, in an indefinite straight line, 
from which, if two straight lines be drawn to two 
given points, without the indefinite line and on 
the same side of it, their aggregate shall be a 
minimum. 

Let XF be the indefinite straight line, and 4, 
and B, two given points, without it; a point P is 
to be found, in AY, such that AP + PB shall be 


a minimum. 


Let the perpendiculars drawn from <Æ and B to 
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AY be denoted by a and b, the portion of AF, 
included between them, by c, and CP by x; then 
AP = fu + è, and BP = JU + (c — x); 


wherefore Væta + s/b +(c—x)? is to be the 


minimum ; 


i ame 3 (C= PB) car ye. 
" a@+e ser(e—ae 
3 7 cow 
O JEEE SO EH a) 
x (e — a) 


at a b+ (c = ay? 

c Pto. (crf =a. (c= t+ a .(c~ 2); 
peba s e =n) 

2. bra (e a); 

ssla +0). tS ae; 

eTR © aes 

Pe Os 6 = 2%, asin Art. 12. Part I. 


EXAMPLE 5. 


t 


To determine the greatest of all isoperimetrical 
triangles, which stand upon the same given base. 


Let a denote the given base, 2p the common 
perimeter, and x either of the sides of any of the 
triangles; then will 2p~a — x denote the other 
side of that triangle. 


The triangle (Woodhouse’s Trig. p. 23.) 1s 
equal to 
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J p. (p—a).(p- zx). (a+2—p); 
which is, therefore, to be the maximum; and it 
will plainly be greatest when (p—x).(@+2—p) is 
greatest ; 


<. (p—-—2).a — (a+ux—p).v=0; 
n% 2p—a- 2x = 0; 
2p—- a 

oes 
wherefore, the triangle is greatest when it is iso- 
sceles, as in Art. 16. Part I.; where this conclusion 
is deduced from another proposition, with which 
it is connected. It may, however, be seen demon- 
strated directly and geometrically, in two different 
manners, by Pappus and Legendre. 


.. 4 =E 


EXAMPLE 6. 


To find the greatest of all isoperimetrical tri- 
angles. 


It is evident, from the preceding example, that 
of whatever magnitude the base of a triangle of 
given perimeter may be, the triangle cannot be a 
maximum, unless it be isosceles; let it, therefore, 
be required to find the greatest isosceles triangle of 
a given perimeter. 

Let 2p denote the given perimeter, and 2 z the 
base of an isosceles triangle of that perimeter ; 


+, 2p—2 r 
then will ol , or p—«x denote the side of the 
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triangle, and ,/(p—.z)*—a* the perpendicular 


drawn from its vertex to the base; therefore the 


triangle is equal to ./(p — a)? — 2*.2, or to 


a/p? — 2px2.x, which is to be the maximum. 


m y pe on 
Se Af Pm tpl. = J pia ape Fragma ih Be 
n p” = 2px nw prs 
OP’ = p's 

2p. 


) 
a=! andar ==, 
2 3 


therefore, when the triangle is greatest, 1t is egui- 
lateral, as in Art. 25. Part Í. 

Or, the given perimeter being denoted, as before, 
by 2p, let x and y denote the two sides of any 
triangle of that perimeter, and z and s the two 
segments of the base made by the perpendicular 
drawn to it from the vertex ; s denoting that which 
is adjacent to the side denoted by 2. ‘Then 


aty+s+v=2p, and 4 (s+v). PY 

is to be the maximum; and since there are four 
unknown quantities, and only two conditions be- 
longing to the question, two more conditions may 
be introduced. Let, therefore, »/ a —s? and its 
equal, the quantity ./y* — v’, be supposed to be each 
of them invariable, whatever be the values of x and 
z,and of y and v; so that the derivatives of these 
quantities shall be equal to nothing. 


And, because 4 (g + v) a/a — x is to be a 
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maximum, and the derivative of ./a'—=' is equal 
to nothing, 
LD) Pow as, 
(Art. 36. and 40.) 
es, O 

Also, because «v + y + s+v is equal to the in. 

variable quantity 2p, | 
ety +e’ + =0; 

but s -+v has been shewn to be equal to nothing ; 


ar 2 i 
Whence — = a, Again, from the conditions 
z v a 


introduced, 
, f 
Y. y -v.v Ue a ae 
a Pa Sa; 
SP Jre 
Y.Y — v.v = 0; anda.a’—s.2’ = O; 
ree N vV 
a So v y’ 


GEETE ES? 


Wherefore (E. 3.6.) the perpendicular bisects the 
vertical angle of the triangle, when the tr langle is 
greatest; also the two triangles, into which it is 
divided by the perpendicular, have (E. 26. 1.) 
their other sides and angles respectively equal. 
lence the origina] equation becomes 22 -+22= 2p; 


and g. /a? — = is now to be the maximum; or, 


since s =p- g, (p-x)./2px—-p is to be the 
MAXIMUM 3 
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ed 
aed (p—x). -< | 2px — p .X=0; 


/ %9 
AJ 2px— p 
pp —pxr= 2px = p°; 
“ SX = 2P, 
2p 
and x = d as before, 


EXAMPLE 7. 


Of all quadrilateral rectilineal figures, which 
have equal perimeters, to find the greatest. 


Let ABCD be a quadrilateral rectilineal figure 


A e B TF 


of the given perimeter, the area of which is to be 
a maximum; join B, D, and 4, C; then it is 
manifest, from Example 5, that the two sides 4b, 
AD, and also the two sides CB, CD, must be 
equal to each other ; and, therefore, (E. 8. and 4. 1.) 
AC must bisect BD, at right angles, in the point 
E. 

Let the perimeter be denoted by 2a, AE by x, 
EB by y, and EC by z; therefore (E. 47. 1.) 


AB + BC = (x + y?)2 + GESHE =; 


OF MAXIMA AND MINIMA. 2:3 


and the figure 
ABCD = (x + 2).y, 
which 1s to be a maximum. 

Thus, there are three unknown quantities, and 
only two conditions implied in the problem ; there- 
fore, either 

S ğ A 2 2 i 
(uv + y), or (2 + ¥°)?, 
may be supposed a constant quantity, and its 
derivative will, consequently, be equal to nothing. 


Whence (I.)z.8+y.y=0; ox = — C2, 


(Ii) s.d +y. y =0; n = - lM 


(UID) x.y ty .a+s.y'+y.7=0; 
therefore, 


y — YY = 


a a) ea = a 
“. Se = y’, 
ANG ery i: ae ee 
wherefore (E. 6. 6.) the two triangles AEB, CEB 
are similar to each other, and the angle ABC is a 
right angle, as is aiso the angle ADC. 
Again, the two triangles 4BC, ADC being 
(E. 8. 1.) equal to each other, the figure ACD 
is the double of ABC, and is, therefore, equal to 3 
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the rectangle BA x BC; the two sides of which 
AB, BC are, together, equal to the given semi- 
perimeter a. The question is, therefore, reduced 
to the finding of the greatest rectangle contained 
by a given perimeter ; but (Example 3.) such a 
rectangle is greatest when its sides are equal. 
Wherefore the greatest quadrilateral rectilincal 
figure, contained by a given perimeter, is a square. 


SCHOLIUM. 


The same conclusion may be arrived at, if no 
two sides of the quadrilateral figure ABCD be 
supposed equal to each other, by drawing DG and 
CF perpendicular to 4B, and CK parallel to it, 
and making 4G, GD, GB, BF, CF the unknown 
quantities; the perimeter and area of the figure 
may then be expressed in terms of these quan- 
tities; the expression for the perimcter will be 
found to contain three radical quantities, which, 
as the number of unknown variable quantities 
exceeds the number of conditions, implied in the 
problem, by three, may cach be supposed a con- 
stant quantity. Eliminating, upon this supposition, 
the several derivatives of the unknown quantities, 
it will first appear that 4G =0, and that, therefore, 
the angle DAB is a right angle; it will next be 
found that B&=0, and that, therefore, the angle 
ABC is also a right angle; and lastly, as in the 
example, the area of the figure will be expressed 
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by ABx BC, AB + BC being the half of the given 
perimeter; whence, it is manifest, that when the 
area is greatest the figure is a square. And by 
the same method it may be shewn that, when the 
number of sides and the perimeter of any polygon 
are both given, the area is greatest when the figure 
ts equilateral and equiang ular. 


EXAMPLE 8. 


Of all triangles standing upon the same given 
base, and on the same side of it, and having their 
vertical angles equal and given, to find that which 
has the greatest perimeter. 


The converse of E. 21. 3. having been proved 
ex absurdo, it will be manifest that the locus of 
the summits of all the triangles, standing upon the 
given base, and having their vertical angles each 
equal to the same given angle, will be the arch of 
the segment of a given circle, described about any 
one of the triangles, of which the given base is the 
chord, 


Let the remainder of the circumference be 
bisected ; let the straight line joining the point of 
bisection and the vertex of any one of the triangles, 
be denoted by g, and the chord of half the bisected 
arch by a; also, let b denote the given base of the 
triangle, and wand y its two sides: ‘Then x+y is to 
bea maximum. But (Simson’s Euclid, Prop. D. 
Book VI.) | 

R 


LAS, 
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a (x -l- y) = bz; 
Whence, it is manifest, that (x +y) 13 greatest when 
z is greatest: but g is greatest when it passes 
ili ` center; that is, when the triangle 1s 


o 


isosceles its perimeter is a maximum, as In Aes 69. 


The trigonometrical solution of the problem is 
as follows: 


Let ABC he any one of the triangles, on the 
civen base BC, and having its vertical angle A of 
the given magnitude: Let 

D = 180° - wf, and let a = sin B, 
a = sm D, b = cos D. 
Thea, AC = 2x 
ea? ase 
„sin (D — B) 
= 2. (a 1 =a? — ba). 
And AB+AC, i.e. 2% + 2 (ay 1—7 — ba) is to 


be-a Maximum ; 


e 
‘wd 


ie. fan i D = tan B; 


Hale D., 


P 


Whence (1.52. 1.) the triangle is isosceles, when 
its perimeter Is the greatest. 
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EXAMPLE. 9. 


Of all triangles inscribed in the same given 
circle, to find that which has the greatest peri- 
meter. 


By the preceding example, the inscribed tri- 
angle of the greatest perimeter is necessarily 
isosceles, 

Let, therefore, ABC be any isosceles triangle 
inscribed in the circle 4DE : and let AF be drawn 
perpendicular to its base BC; therefore (E. 26. 1.) 
AF bisects BC, and is, therefore, (E. 1. 3. Cor.) 


when produced, a diameter of the circle. 


Let 2r denote the diameter of the given circle, 


x the straight line 4F, y the straight line BF 
or CF; then (E. 8. €.) 
R 2 
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y =2re =; s. y=(2 rx—r)3, 

and AB* = ara; <. AB = (2rz)2. 

And 

24B+2.y, or AB +y, i.e. (2 r£)? +(2rx — AE 


is to be a maximum; 


r. E & 
D o ee es 
(2rr)?  (2rx — x)? 
T A E ee 
(2rx)? (2 pa x?)3 i 
ah aa ie 
OPE E Spee ge a 


6 DPE- PLIPA PeP 
3ra = 2r 
oo. Ore o, 


Whence, 
AB = (2rx)2 = (3 r)3, 
and 
ee 3 
2 BF, or BC = 2 (3r - ory 
4 Z 
= (3 r*)2 : | 


wherefore, the triangle which has the greatest 
perimeter is equilateral, as in Art. 71. Part I. 


EXAMPLE 10. 


Of all quadrilateral rectilineal figures inscribed 
in the same given circle, to find that which has 
the greatest perimeter. 

Jt is manifest, from Example 8, that at least 
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one of the diagonals of the greatest inscribed qua- 
drilateral figure must divide it into two isosceles 
triangles; and, therefore, the other diagonal is 
(E. 8. and 4. 1. and E 1.3. Cor.) necessarily a 
diameter of the circle. 

Let a denote the diameter of the given circle, 
and x and y the two sides of the inscribed figure 
which are not supposed equal to each other; 
then (E.31.3. and 47.1.) «+ y =a’, whence 
y = (¢ —x ‘)8; and 22+2y, or x “ee that 1s, 
x + (a — x*)2 is to be a maximum. 


Lae ig 


(€ — u7)2 


oS 2e =a? + af; 
y, and x = y; 


wherefore, the inscribed figure which has the 
greatest perimeter is a square, as in Art. 72. Part I. 


EXAMPLE 11. 


Of all triangles standing upon the same given 
base, and having their vertical angles each equal 
to the same given angle, to find the greatest. 


Let x and y denote the two sides of any one of 
the triangles, and a the tabular sine of the given 
vertical angle; then the area of the triangle is 


equal to —, which will manifestly be greatest 
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when ry is greatest; but (Example 9.) the aggre- 
gate of x and y is greatest, when the triangle 1s 
isosceles, i.e. when xv=y; and (Example 3.) a 
square is greater than any other rectangle of equal 
perimeter; wherefore the rectangle ry cannot be 
ereater, than it is when r=y; and the greatest 
triangle standing on the given base, and having its 
vertical angle also given, is, therefore, that which 
is isosceles, as in Art. 73. Part I. 


EXAMPLE 12, 
To find the greatest of all triangles which can 
be inscribed in the same given circle. 


The greatest inscribed triangle 1s necessarily 
isosceles (Example 11.); let, therefore, APR be 


any isosceles triangle, inscribed in the given circle 
ABC; and draw AM perpendicular to PR. 

Then, if the diameter be denoted by 2r, AM 
by x, and PM by y, as in Example 9, y = 
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(2rx — 2°)2; and the arca of the triangle is the 
half of the rectangle contained by AM and PR, 
and is, therefore, equal to y x, or to (Qra— x’). ie 
which is to be the maximum; 


, 

te (272 = w)? 4 ar AE =o 0 
(2rx — x)? 

27k — eee — Te: 

or se 2w 


whence, as in Example 9. the maximum souglit 
is an equilateral triangle, according to Art. 76. 


Part I. 


EXAMPLE 13. 


To find the greatest quadrilateral rectilineal 
figure which can be inscribed ina given circle. 


It is evident, from Example 11, that at least 
one of the diagonals, of the greatest mscribed 
quadrilateral figure, must divide it into two iso- 
sceles triangles; and, therefore, the other diagonal 
must be a diameter of the given circle, and must 
cut the former diagonal at right angles ; wherefore 
an inscribed quadrilateral figure, of this kind, is 
equal to the rectangle contained by the diameter 
of the circle and the other diagonal; and it will 
be greatest when that diagonal is greatest; that is, 
when the diagonal is equal to the diameter of the 
circle; in which case (E. 6. 4.) the figure is a 
square, as in Art. 77. Part I, 
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EXAMPLE 14. 


To find the greatest of all pentagons which cau 
be inscribed in a given circle. 

Let ABCDE be a pentagon inscribed in the 
given circle AE DCB, of which the center is A; 
it may be shewn, by means of Example 11, that 
at least four sides of the figure must be equal to 
each other, when it is a maximum. 


For, first, if 4, D and B, D be joined, the two 
sides dE and ED must (Example 11.) be equal 


to cach other, and also the two sides BC, CD: 
jom A, A and K, B, and A, C and K, D, and 
K, E ; then (E. 8. 1.) the two triangles EKA and 
EKD are equal, and also the two triangles BKC, 
DKC; again, if the arch EDC be bisected in F 
and E, F and F, C, and C, E and K, F be joined, 
the triangle #FC is greater (Example 11.) than 
the triangle ADC; and if the triangle EAC be 
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added to both, it is evident that the two equal 
triangles EKF, FKC are, together, greater than 
the two triangles EAD, DKC; wherefore four 
times the triangle EKF, or FAC, is greeter than 
the aggregate of the four triangles AKE, EKD, 
DKC, CKB; but the arch EF, or FC, is a fourth 
part of the whole arch AE FDCB; wherefore, the 
side 4B remaining the same, the inscribed pen- 
tagon 1s greatest when its four remaining sides are 
equal to each other. 


Let the pentagon, therefore, be supposed to be 
made up of four equal triangles and the triangle 
AKB; and let a denote the vertical angle of each 
of the equal triangles, x its sine; b the vertical 
angle AK B, y its sinc, and r the radius KA; then 
4a and b will have equal sines, but if the one sine 
be positive, the other will be negative; also the 
area of the pentagon is equal to 47° a4+77y, which 
is to be a maximum; or 4æ~sin 4a is to be a 
maximum. 

Sin 4a = (4x — 82’). (1 — 2°)2. 
(Woodhouse’s Trig. p. 41.) 
n~ æ ~ (x = 22°). (1 ~ æ) 


is to be a maximum; therefore 
i ? a 
v'~ ((1-62") (la E) a’ — (x -- 2u°).——+ 2 —— ) =0; 
(1—4)? 


1 | 
(1-2)? = (1 — 62°).0 — 2’) — a+ 22% 
=1—8.2°.(1 — a°); 
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w — 2) 1 — (1 — 27)2; 
l. €e. 8.sin? @. cos? a = 1 — cos a. 


But 
sin @.cos @= + sin 2a, 


(Woodhouse’s Trig. p. 41.) 


— a 
and 1 — cosa = 2. sin’? (=) 5 


(Foodhouse’s Trig. p. 13.) 


tè 


”, 2 sn? 2a = 2 sin 


; . a 
*, Sin 24 = SIN =; 
2 


a 
wherefore the two arches 2a and 5 must be sup- 


a 
plements to each other, and 2a + == 180; 

5 

ls e. = = 180: 
2 
300 
wie. ae eens 
5 


but 4a + b= 360; 


360 l 
b = e and the pentagon is equilateral. 

In the same manner it might be shewn, that 
the perimeter of the equilateral pentagon inscribed 
in a circle, is greater than that of any other 
pentagon inscribed in the same circle. 
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SCHOLIUM. 


It is manifest that the process, by which the 
preceding problems have been solved, is the same 
as that which would have been employed, if they 
had been treated fluxionally. In reality, from the 
principles laid down in Sect. I. and II. Part II, all 
the rules of the Method of the Fluxions have been 
deduced by Lagrange: and by the help of one of 
the elementary propositions of that method, the 
solutions of some of the problems, which have here 
been proposed cs examples, may be shortened. 

In all treatises on the Methed of Fluxions, or 
the Differential Mcthod, it is shewn, that if 4 bea 
circular arch, of which r is the radius, s the sine, 
and c the cosine, 


. 5 
A=r. ee 
Cc 


Hence, in Example 8. if a circle be supposed to be 
described about the triangle, which, having a given 
base and a given vertical angle, is to have its peri- 
meter a maximum, and if A be the given angle, 
and B and C the two angles at the base, the sides 
will be the doubles of the sines of the opposite 
angles ; 


«e. sin B+sin C, i.e. sin B+sin (4+ B), 


is to be a maximum; 
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"4 B — Bx 0”: 


cos B », cos(d+ B) _ 
r r = 


-- cos B—cosC=0; 
B = C; 
that is, the triangle is isosceles. 

In the same manner, in Example 9, where 
the perimeter of the triangle inscribed in a given 
circle is to be a maximum, if 4, Band C be the three 
angles of the triangle, it may be shewn, since the 
triangle must necessarily be isosceles, that 

2.sin B + sin A, i.e. 2 sin B-+sin (180° — 2B) 
is to be a maximum: 
.2B cos B — 2B. cos (180° — 2B)=0; 
.. cos B = cos (180° — 2 B); 
.. B= 180° — 2B; 


oe Poed L = 60°. 


From which it is plain, that the triangle must be 
equilateral. 

Lastly, in Example 14, since it 1s there shewn 
that 

4 sin & ~ sin 4a 
is to be a maximum; therefore, 
4 á cos.am~m 4a cos4a=O0; 
ʻ. COs d = COS 44; 


a i a + e 


* The cosines of Band A + B have necessarily contrary 


S] gns. 
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. a+ 4a = 360°; 
360 


aA = ma 


5 


Whence it is concluded, as before, that the greatest 
of all pentagons, which can be inscribed in a given 
circle is equilateral. 


EXAMPLE 15. 


To draw the shortest tangent to a given circular 
arch, which shall be terminated by the semi- 
diameters, produced, that pass through the ex- 
tremities of the arch. Let Æ be the given arch: 
then, it is manifest that any tangent, terminated 
by the two semi-diameters produced, is divided by 
the point of its contact into two segments, which 
are the trigonometrical tangents of the parts P, 
and Q, into which that same point divides the given 
arch. If, therefore, æ be the trigonometrical 
tangent of 4, x of P, and if the radius of the circle 
be denoted by unity, then (Woodhouse, p. 30.) 
a 


=. . 
——-- 1s the trigonometri 
rere gono rical tangent of Q: and 


a~— x ax +a 
LE Se a or ————— 
1+ ax ax + 1 


2 


is to be a minimum: .. is to be a mini- 


ax -+ i 
mum ; 


Ce DURK + Qaa — arl me a =O: 
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< Ae +9X —-a=O; 


oe U — X 
E 


e 1 
>. o tU 


that is, the trigonometrical tangent of P is equal 
to the trigonometrical tangent of Q, or (as in 
Art. 103.) the given arch Æ is bisected, when the 
tangent required to be drawn is to be a minimum. 


EXAMPLE 10. 


If two straight lines touch a given circle, to 
draw the shortest straight line which can be termi- 
nated by them and touch the given circle. 

If the two given tangents be parallel to each 
other, the angles which they make, with the 
tangent which is to be a minimum, are, together, 
(E. 29. 1.) equal to two right angles; and they 
are equal (E. 32. 1.) to the supplement of a given 
angle, if the two given tangents meet cach other ; 
the aggregate of these angles is, therefore, in both 
cases, equal to a given angle; and consequently, 
(E. 32. 1.) the angle, subtended by the tangent, 
which is to bea minimum, at the center of the 
circle is also a given angle. So that the problem 
is reduced to that which was solved in Example 15: 
and the tangent, required to be drawn is a mini- 
mum, when as in Art. 56, it is bisected in the 
point of its contact. 

If, therefore, *47 and AL be the two given 


ee ee 


-n t l ee ee eee eee eee 


* See the figure in pe 79. 
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tangents, touching the given circle BFC, the 
shortest tangent JZ makes with them an isosceles 
triangle: And, if PO be any other tangent termi- 
nated by the given tangents, since the perimeter of 
the triangle 4PO is the double of PO and of the 
given line 4B, taken together, the perimeter is 
manifestly least when PO is least; that is, when 
the triangle is isosceles. 


In the same manner it may be shewn, that the 
quadrilateral figure contained by two given tan- 
gents to a circle and two other straight lines 
touching the circle, in two points lying between 
the given tangents, has the least perimeter, when 
those two straight lines are bisected, each in its 
point of contact. 


SCHOLIUM. 


The problem, solved in the above example, is 
evidently reduced to the dividing of a given cir- 
cular arch into two such parts, that the aggre- 
gate of their tangents shall be a minimum: it 
has appeared that the given arch must, in that 
case, be bisected: and if it were shewn that when 
a circle is divided into 27 equal parts, the aggre- 
gate of the tangents of the parts is greater, than 
when the circle is divided into 2x parts which are 
not all equal ; it might thence be concluded, that a 
regular polygon, described about a given circle, 
has a less perimeter than any other polygon of 
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the same number of sides, described about the 
same circle, which is not equilateral and equi- 
angular. It is manifest, at once, from the above 
conclusion, that when the circle is divided into 
pairs of equal arches, the aggregate of all the 
tangents of the parts may be made less, by bisect- 
ing the aggregate of any two contiguous arches, 
which are not equal: and, by following the method 
of reasoning indicated in Art. 28. Part I. it may 
be shewn, that the several divisions which must be 
made, in order to render the aggregate of the 
tangents less and less, will bring the arches nearer 
and nearer to a state of equality. A proof of the 
proposition, which asserts that a regular polygon, 
inscribed in a circle, has a greater perimeter than 
another polygon of the same number of sides, 
inscribed in the same circle, which is not regular, 
may be deduced, in a similar manner, from the 
conclusion, that when a given circular arch 1s 
bisected, the aggregate of the sines of its part: 
is a maximum. 


ON 


MAXIMA ann MINIMA. 


CDP FPP OO PP LOL BELL EPL EO 


PART HI. 
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ON THE STRUCTURE OF THE CELLS OF BEES, 


I; has been asserted, that to have read the 
celebrated work of Cervantes, in the original, is 
an ample compensation for the labour of learning 
the Spanish tongue ; and the peculiar excellence, 
in its kind, of that inimitable performance may 
seem to justify the assertion. But if the pleasure 
arising from the perusal of a single work of fiction 
can be thought to counterbalance the pains of ac- 
quiring a foreign language, it may with greater 
justice and seriousness be maintained, that the time 
and study consumed in acquiring a competent 
knowledge of the Mathematics, are more than re- 
paid by the satisfaction to be derived from the 
speculations upon which we are now toenter. They 


terminate in conclusions so astonishing, so curious, 
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and so strongly evincing the operative wisdom of 
the Creator of the world, that even the Grecian 
mathematician, when he introduces the subject of 
the Œconomy of the Bee, seems to forget the 
grave and simple style of his science in his admı- 
ration of the geometry of Providence. 


But the light, with which we have been in- 
dulged by a gracious Revelation, whilst ıt enables 
us more clearly and more certainly to assign an 
effect like this to its true Author, has not rendered 
useless the contemplation of such an instance of 
divine contrivance. On the contrary, we shall do 
well, from the same source with Paprus, to im- 
prove our reverence for the Being, who has endued 
an insect with the power of working such wonders, 
and to share the gratitude, which he expresses, 
for having been enabled to comprehend them. 


Natural religion, when it 1s rightly cultivated, 
will be found most powerfully to administer to our 
faith and to our devotion. May it not, indeed, 
be questioned, whether an unlettered. person, who 
is unacquainted with such instances of the divine 
contrivance as are exhibited in the mechanism ot 
an eye, the structure of a honey-comb, or the 
laws of gravitation, and the planetary motions, 
can have a veneration for the Deity, of the same 
kind and degree, as that of the Christian philo- 
sopher who has diligently studied Nature? There 
is, undoubtedly, enough that is obvious, in the 
visible world, to inspire the least cultivated, and 
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the least acute, of understandings, with sufficient 
awe of our common Maker ; nor can it be disputed, 
that the smallest portion of genuine religious prin- 
ciple is infinitely more valuable than the most 
accurate and extensive knowledge 1s, without it. 
Still, if we mistake not, there is a peculiar sense 
of the character of God, which flashes upon the 
mind, from the consideration of such instances of 
his wisdom as those which have been alleged ; 
it is the present reward of a successful enquiry 
into his works, and, perhaps, the fore-taste of 
some of those intellectual enjoyments, which will 
constitute the happiness of our future state. 


The observation has already been made, that 
that part of the Collections of Pappus, in which 
he treats of the Cells of Bees, is now imperfect. 
The principal proposition, which was wanting, was 
demonstrated, in a synthetic form, by MACLAURIN ; 
it is here reprinted, nearly as he gave it in the 
Philosophical Transactions ; and an anlytical solu- 
tion of it is subjoined. Several subordinate steps 
have, also, been supplied, which are not to be found 
either in Pappus, or in Maclaurin ; but which lead, 
by an easier and less interrupted ascent, to the 
great object of the vestigation. 


The two methods of mathematical reasoning, 
which, in the former parts of this Work, have been 
carefully kept distinct, are here apphed, in some 
measure, conjointly. But this mixt use of them 
may be said, if it need any apology, to be called 

$2 
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for by the subject; and it does not at all interfere 
with the main design of this treatise; which is to 
compare, in the instances adduced, the respective 
merits of Algebra and Geometry, in the investi- 
gation of Maxima and Minima. 


DEFINITIONS. 


1. A Prism isa solid figure contained by plane 
figures, of which two that are opposite are equal. 
similar, and parallel to one another ; and the others 
parallelograms: And, if the sides of a prism be 
perpendicular to the plane of its base, it is called 
a Right Prism. 

2. The vis of a right prism, of which the 
base is a regular polygon, isa straight line drawn 
through the center of that polygon, perpendicular 
to the plane of its base. 


3. A Parallelepiped is a solid tigure contamed 
by six quadrilateral figures, whereof every opposite 
two are parallel: and a Rectangular Parallelepiped 
is one which is contained by rectangles, having 
their planes perpendicular to each other. 


Prop. I. 


4. Theorem. lf, from the angular points of 
a given polygon, equal straight lines be drawn, all 
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of them perpendicular to its plane, and their 
extremities be jomed, the planes bounded by them 
will contain a right prism, of which the given 
polygon is the base. 


Let ABCD be the given polygon ; from the 


7 G 


A | D 


angular points 4, B, C, D, let there be drawn 
(E. 12.11.) the equal straight lines 4E, BF, CG, 
DH, each perpendicular to the plane AC; and let 
the points Æ, F, and F, G, and G, H, and HM, E 
be joined by the straight lines EF, FG, GH, and 
HE ; the solid figure AG is a right prism. 

For (E. 6.11.) AE and BF being egual and 
parallel straight lines, ÆF (E. 33. 1.) is equal and 
parallel to 4B; therefore AEFB is a parallelo- 
gram, and (E. 18.11.) it is perpendicular to the 
plane 4C. In the same manner BFCG, DHGC, 
and DHEA may each be shewn to be a paral- 
lelogram, and to be perpendicular to the plane ÆC. 
Join E, G and dA, C; then (E. 33.1.) EG is 
parallel to 4C, and the plane EFG is parallel to 
the plane 4C (E. 15. 11.); for the same reason 
the plane EHG is also parallel to 4C; wherefore 
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(E. 14. and 4.11.) EFG and EHG are in the 
same plane, and this plane is parallel to ABCD; 
therefore (Art. 1. Part III.) AG is a prism; and 
because the planes AF, BG, DG, and DE are each 
perpendicular to AC, it is a right prism. 


Prop. IT. 


5. Theorem. If a right prism and a rectan- 
gular parallelepiped stand upon equal bases, and be 
of the same altitude, they are equal to one another. 


First, let the base ABC of the prism be a tri- 
angle, and let P be the equal base of the parallele- 


G F 

\ f 
H D B 
piped of the same altitude as the prism. The two 
solid figures are equal. 


A 


For, through C draw (E. 32. and 12. 1.) ECF 
parallel, and CD perpendicular, to ÆB. Biscct 
(E. 10. 1.) 4B in H, and through 4, H, and B 
draw (E. 11. 1.) AE, HG, and BF each perpen- 
dicular to AB: then are ABFE, AHGE, and 
HB FG rectangular parallelograms ; and (E. 36. 1.) 
the parallelograms 4G and HF are equal; where- 
fore AG is the half of AF, and (ÈE. 41. 1.) the 
triangle ACB is also the half of ÆF; therefore 
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AG is equal to the triangle ACB; but, by the 
hypothesis, the triangle ACB is equal to the rect- 
angle P; therefore 4G is equal to P; and it 
is manifest, (Art. 4. Part III,) that the prism 
standing on ACB may be divided into two prisms 
standing on the bases 4DC and BDC respectively ; 
and since (E. 34. 1.) the triangle ÆEC is equal 
to the triangle 4DC, and the triangle CDB to the 
triangle CFB, therefore the two prisms standing on 
ADC and BDC will be equal to two right prisms, 
of the same altitude, standing on AEC and BFC, 
each to each: wherefore the prism standing on 
ACB will be the half of the prism, or parallelepr- 
ped, of which AE FB is the base, and, therefore, will 
be equal to the parallelepiped standing on AHGE, 
but (E. 31. 11.) the parallelepiped standing on 
AHGE is equal to that of the same altitude, of 
which P is the base ; therefore the prism standing 
on ACB is equal to the parallelepiped standing 
on P, 


But if the base ABCDE of the prism be a 

C Č L N H 
LAT JERN 
= E F K M T 


polygon, let FGHI be the equal base of the 
parallelepiped. Join 4, C and 4, D; to the 
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straight line FG apply (E. 44. 1.) the rectangle 
FGLK equal to the triangle 4BC; and to LK 
apply the rectangle KLNM equal to the triangle 
ACD; then, since the two whole figures are 
equal, and the part FG NM, of the one, has been 
made equal to the part d4BCD, of the other, the 
remainder MNHI must be equal to the remainder 


ADE. 


Again, (Art. 4. Part ITE) the prism standing on 
ABCDE may be divided into prisms, of which the 
triangles ABC, ACD, ADE, arc the respective 
bases; and the parallelepiped standing on FGHI 
may be likewise divided into similar solid figures, 
of which FL, AN, and MH, are the bases; and 
it hes been proved that the prisms standing on 
ABC, ACD, aud ADE are respectively equal to 
the parailclepipeds standing on FL, AN, and 
MIT: therefore the whole prism standing on 
ABCDE is equal to the parallelepiped standing 
on FGHI. 


Prop. IIT. 


6. Problem. To determine the regular poly- 
gons, which, by juxta-position, may fill space, 
about a given point; all of them being situated in 
the same plane. 


Let x represent the number of sides of any of 
the regular polygons, which, placed im contact, 
may fill space, about a given point; then, since 
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(Art. 22. Part I.) the angles of a regular polygon 
are all equal, if 4 be put for a right angle, one of 
the angles of that figure will (E.32. 1. Cor. 1.) be 
equal to 


0 A =e, of L- 2 
£ x 


which quantity, in order that the polygons may 
fill space about a given point, must be a divisor 


of 4 4; that is, - must be a whole number: 
£ — 2 
2x 4 
but = 2 + d 
L a 2 iC ca o 
A 
wherefore 


5 must, also, be a whole number; or 


ra 
an 


x — 2 must be a divisor of 4. But the only 
divisors of 4 are 1, 2, and 4; therefore æ — 2 is equal 
tol, cr 2, or 4; and x must, therefore, be equal 
to 3, 4, or 6; i.e. the regular polygons, which 
may fill space, about a given point, must either 
have three, four, or six sides; they must, therefore, 
be either equilateral triangles, squares, or regular 
hexagons, 


Prop. IV. 


7- Theorem. If two right prisms of the same 
altitude have for bases two equal regular polygons, 
that, of which the base has the greater number of 
sides, will have less superficies. 
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For, the lateral surface of a right prism standing 
upon a regular polygon, consists (Art. 4. Part IIT.) 
of as many equal rectangles, each of the same 
altitude with the prism, as its base has sides ; it is, 
therefore, (E. 1. 2.) equal to a rectangle of that 
same altitude, and the base of which is equal to the 
perimeter of the base of the prism ; but (Art. 39. 
Part I.) of two equal regular polygons, the peri- 
meter of that is the less, which has the greater 
number of sides ; wherefore, the lateral surface of 
the right prism, which stands upon the regular 
polygon having the greater number of sides, 1s 
the less: and the surface of the two ends 1s, by 
the hypothesis, equal in both; therefore, if two 
right prisms, of the same altitude, stand upon equal 
regular polygons, that, of which the base has the 
greater number of sides, will have the less surface. 

8. Cor. Hence, of all equal prismatic cells, 
of the same depth, which may fill space, about a 
given straight line, that of which the base is a 
regular hexagon, has the least surface. 


For (Art. 6. Part III.) the only kinds of cells, 
which may fill space, about a given straight line, are 
such as have either equilateral triangles, squares, 
or regular hexagons for their bases; and (Art. 5. 
Part III.) if their bases and altitudes be equal, each 
to each, the cell will be equally capacious; but 
(Art. 7. Part III.) that, which is hexagonal, will 
have the least surface. 
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Prop. V. 


9. Theorem. The diameters of a rhombus 
bisect each other at right angles. 


` Let ACBK be a rhombus, and AB, CK its 
diameters; 4B and CK are each bisected at right 
angles, in their point of intersection Z. 


For (E. Def. 32.1.) AK is equal to AC, AB 
is common to the two triangles CAB, KAB, and 


K 


C 
Z 


the base KB is equal to the base CB; wherefore 


(E. 8. 1.) the angle KAB is equal to the angle 
CAB. 


Again, because AK is equal to 4C, and AI 
common to the two triangles 47K, AIC, and 
that the angle K4J has been shewn to be equal 
to the angle CAZ, therefore (E. 4. 1.) KI is equal 
to IC, and the angle AIK to the adjacent angle 
AIC; wherefore, KC is bisected at right angles 
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in l: And in the same manner 46 may be shewn 
to be bisected at right angles in Z. Therefore 
the two diameters AB and AC bisect each other 
at right angles. 

10. Cor. 1. If BAC bean equilateral triangle, 
that is, (E. 15. 4.) if the angle ACB be one of the 
angles of a regular hexagon, CB is the double 
of CI. 

For, AC (Art. 9. Part Il.) is the double of C7, 
and CB is, by the hypothesis, equal to AC. 

11. Cor. 2. The same supposition being made, 
as in the preceding corollary, if JS be made equal 
to the side of the square of which /C is the dia- 
meter, and if C, S be joined, 

ISESE = CB : BA. 

For, (E. 47. 1.) the square of CS is equal to 
three times the square of ZS, and the square of 15 
is equal to three times the square of IC; therefore 
the square of JS is to the square of SC as the 
square of IC to the square of 1b; and, therefore, 
(E. 22. 6.) 

IS : SC: IC : IB 
: CB : BA 
(E. 15. and 11. 5.); for CB is the double of IC 
(Art. 10. Part IFI.), and BA (Art. 9. Part II.) 1s 
the double of Lb. 


12. Cor.3. The same supposition and con- 
struction being made, as in the preceding corol- 
laries, if CL be drawn (E. 11. 1.) perpendicular 
to BC, and made equal to ZS, that is, if LC be to 
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1C as the side of a square is to its diameter, then, 
if B, L be joined, 
Binet CL. =. 3) & 1, 

For, by the hypothesis, the square of IC is the 
double of the square of ZS or CL; wherefore the 
square of CL, which (Art. 10. Part IHE. and E. 4. 2.) 
is four times as great as the square of JC, is eight 
times as great as the square of LC; therefore 
(14. 47. 1.) the square of BL is equal to nine times 
the square of CL; and (E. 5. Def. 5.) the square 
of BL is to the square of CL as 9 to 1; but 
(E. 20. 6. Cor 1.) this is the duplicate ratio of the 
respective sides of the two squares ; therefore, 


BL: CL :: 3 + 1. 


Pror. VI. 


13. Theorem. If a right prism, bounded by 
a regular hexagon at each end, be cut by three 
planes, forming a solid angle at any point of its 
axis, and each of them passing through two alter- 
nate angles of the hexagon, the capacity of the 


solid figure, thus formed, shall be equal to that of 
the prism. 


Let AC, CB be any two adjacent sides of the 
hexagon, which bounds the right prism AH to- 
ward one of its ends; let A bethe center of that 
hexagon, and KM the axis of the figure; let P be 
any point in the axis, and PAQB one of the 
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planes, which form a solid angle at P; and let the 
plane PAQB pass through 4 and B. 


Join 4, B and C, K; and let 4B, CK cut 


each other in J. Then (E. 15. 4.) ACBA is a 
rhombus, and (Art. 9. Part III.) the diameters 
AB, CK bisect each other at right angles in J, 
In the plane PQ, join P, J, and Q, /: Then, be- 
cause AK is equal to AB, and (E. Def. 3. 11.) PK 
is perpendicular to AK and AB, AP (E. 4. 1.) 1s 
equal to PB. Again, because Af is equal (Art. 9. 
Part III.) to ZB, and AP has been proved to be 
equal to PB, and that PÅ is common to the two tre 
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angles ATP and BIP, the angle ATP (E. 8. 1.) is 
equal to the angle PIB, and, therefore, each of them 
is aright angle. In the same manner AQ may be 
shewn to be equal to QB, and Q74, QIB to be 
right angles; wherefore (E. 14.1.) PIQ isa straight 
line. And, because in the two trianvles PIK, 
CIQ, the angle PIK is equal (E. 15. 1.) to the 
angle CIQ, and the angles at K and C are night 
angles, and that CI is equal to IK, therefore 
(E. 20.1.) PK is equal to CQ, and PT is equal 
to IQ; wherefore, also, (E. 4. 1.) AQ is equal to 
AP; and the figure AP BQ isa rhombus, where- 
ever P be taken in the axis KM., 


Lastly, because the triangle BKA is equal 
(E. 34. 1.) to the triangle BCA, and PK has been 
proved to be equal to CQ, therefore (E. 5. 12.) the 
solid figure Q4BC, which is cut off from the prism, 
is equal to the solid figure PABK; and, therefore, 
the whole of what is cut off from the prism, by 
the three rhombs, which form the solid angle at P, 
is equal to the solid space, which they add by 
their junction; and the capacity of the solid so 
formed is equal to that of the prism. 


Prop. VII. 


14. Problem. To determine when the solid, 


described in the sixth proposition, has the least 
superficies. 


Let AH he the original prism, and, the con- 


€ 
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struction remaining as it is described in the pre~ 


ceding article, in CF, the common section of any of 
the rectangles which bound the prism, take CL 
to CI as the side of a square is to its diameter . 
and let AMBL be a rhomb, passing through 4 
and B, and cutting CF in L: then, AMBL is one 
of the rhombs which contain the solid angle, when 
the surface of the figure is a minimum. 


For, join L, I; let dP BQ be any other rhomb 
passing through 4 and B; and, first, let ıt meet 
CF, in a point Q, which lies between C and F. 


From Q draw (E. 12. 1.) QO perpendicular te 
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AL. The triangles LOQ and LCI having a right 
angle in each, and another angle common, are 
similar; therefore (E. 4. 6.) 


LO: LQ: LC: LI; 
but, by the construction, and (Art. 11. Part IIT.) 
LC: LI. CB : BA; 
therefore (E. 11. 5.) 
LO: LQ: CB: BA, 


and (E. 16. 6.) the rectangle contained by AB and 
LO is equal to that contained by LQ and CB. 


But (E. 34. and 41.1. and Art. 9. Part III.) 
the rhomb ML is equal to the rectangle contained 
by AB, LI, and the rhomb PQ is equal to the 
rectangle AB, QI; and (E. 17. 1.) the angle CQT 
is less than a right angle ; wherefore (E. 13. 1.) the 
angle QL is greater than a right angle, and 
(.19.1.) IL is greater than /Q; and, therefore, 
the rhomb MAL is greater than the rhomb PQ, 
and exceeds it by the difference of the two rect- 
angles 4b, LI, and AB, IQ; i.e. by a rectangle 
which has 4B for its altitude, and the excess of 
IL above IQ for its base; and, because (E. 19. 1.) 
IQ is greater than JO, LO is greater than the 
excess of IL above 1Q; wherefore, the rhomb ML 
exceeds the rhomb PQ, by a rectangle which is 
less than that contained by 4B and LO. 


Again, the excess of the two trapeziums 4H FQ, 
FQBG above the two trapeziums dH NL, FLBG 
is equal to the aggregate of the two equal tri- 
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angles BQL, AQL, or to the rectangle (E. 41. 1.) 
contained by CB and LQ, which has been shewn 
to be equal to the rectangle 4B, LO; therefore 
the excess of the two trapeziums AEFQ, FQBG 
above the two AE FL, FLBG is greater than that 
of the rhomb ML above the rhomb PQ ; therefore 
the rhomb ML, together with the two trapeziums 
LE, LG, is less than the rhomb PQ, together with 
the two trapeziums QE, QG. 


If, now, a similar construction be made at D, and 
at the angle opposite to C, the surface of the solid 
figure thus formed, may be shewn to be a mini- 
mum. And the same mode of proof is applicable, 
if the point Q lie between L and F. 


15. Cor. 1. In the solid figure, thus deter- 
mined, bounded by three equal rhombs and six 
equal trapeziums, the obtuse angle of the rhomb is 
equal to the obtuse angle of the trapezium; the 
acute angle, also, of the one, 1s equal to the acute 
angle of the other; and the three plane angles, 
which form any of the solid angles of the figure, are 
equal to each other. 


For, let dALBM be one of the equal rhombs; 
bisect MI in R, and join AR; wherefore (Art. 9. 
Part III.) LJ is the double of JR; also, from the 
construction, 

LC: CB: LI: AB: IR: IA 
(E. 15.5.) because LZ is the double of ZR, and 
AB is the double of J4 (Art.9. Part HI, ) 


wherefore 
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LC: CB :: IR.: fA, 
and the angles LCB, AIR, are right angles; 


therefore (E. 6. 6.) the triangles BCL, ART are 
similar; and (E. 4. 6.) 
AR: RI: BL : CL; 
but (Art. 12. Part III.) 
BL & CL #3 313 
therefore ÆR is equal to three times RJ; and RL 
is also equal to three times RJ; therefore ÆR is 
equal to RL, and (E. 5.1.) the angle RAL is 
equal to the angle RLA ; and (E. 32. 1.) the angle 
ARM is equal to the double of ALM, that is, to 
the obtuse angle ALB of the rhomb; but the 
angle ART is equal to the angle BLC, the two tri- 
angles ARI, BLC having been shewn to be 
similar; also, since (E. 8.1.) the two triangles 
ALC, BLC, are equal, the angle ALC is equal to 
BLC, and is, therefore, equal to ARI; wherefore 
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(12.13. 1.) the angle BLF is equal to the angle 
ARM, and consequently to its equal, the obtuse 
angle ALB of the rhomb; therefore, also, (E. 13. 
and 29. 1.) the acute angle BLC is equal to the 
acute angle of the rhomb. 


Again, since the angle ALC is equal to the — 
angle BLC, therefore (E. 13.1.) the angle ALF 
is equal to the angle BLF, and the three obtuse 
angles, which contain the solid angle at L, are 
equal to each other. It is manifest, also, that the 
three acute angles, which form the solid angle at 
B, may, in the same manner, be shewn to be 
equal, as well as the three angles at the summit M 


of the figure. 


t6. Cor.2. The surface of the solid figure 
thus determined, in the seventh proposition, 1s 
less than the surface of a right prism of the same 
capacity, which has a hexagon for its base. 


For the demonstration of the seventh propo- 
sition may be applied to the case, in which the 
rhomb AP BQ, instead of cutting the hexagonal 
prism, coincides with the rhomb AKBC; so as to 
shew, that the surface of the solid figure, deter- 
mined in that proposition, is less than that of the 
hexagonal prism: and (Art. 13.) the capacities of 
the two solids are equal to one another *. 


a eee eee Pee ae a POETER ee 


* The surface of the cell, when it is terminated by a 
hexagon, will be found to exceed its surface when terminated 


by 
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Pror. VIII. 


17. Problem. To determine, algebraically, when 
the solid described in the sixth proposition has the 
least surface ; and to compute the angle, at which 
each of the equal rhombs is, in that case, inclined 


to the axis of the solid, and also the angles of the 
rhomb. 


It is manifest, from the description of the 
figure in Art. 13, that the aggregate of the rhomb 
ALBH and the two trapeziums AEFL, LFGB, 
is to be a minimum. 

For CI, or (Art. 10.) 4 CB, put a; for CF, b; 
and for CL, s; therefore 

LI = (LC? + CI’)? = (x? + @)?; 
and 
AB=2BIl=2(BC*—CP)2 = 2 (4a? — a?)2 = 2/ 3.4; 
*, the rhomb ML=2,/ 3.a x (2* +a°)2. 


by a pyramid of the form above described, by 34B. (IC— IN), 

that is, by 

(3)2—(2)2 
(3)2 


and the whole surface of the three terminating rhombs is 


SAB. 


. IC, or .55 X AB.IC nearly: 


SARS ILS SO IB AC, BES ET IC teat: 
(2/2 
therefore the excess of the former surface, above the latter, is 
nearly one-sixth part of the whole surface of the three termi- 
nating rhombs. 
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And the two trapeziums 
= 2(CG — BCL) 
= 2(2ab — az) 
== 2a(2b — 2). 
oni arf 3 a. (3 + a*)2 +-2a(2b — 2) 
is to be a minimum, 
or a/ 3. (x* + d) + 2b—2% 


is to be a minimum; 


n VEe ~2 = 0; 


to 
22 
il 
S 
v N 
= 
id 
z» 
22 

iS] 
< 


s= 7p mds: a lial 2; 
Le CL: Cl: 1 saf 2, 


as the side of a square is to its diameter, according 
to the construction in Prop. 6. 

To compute the angle JLC, which is equal to 
the angle, at which the plane of the rhomb is 1n- 
clined to the axis of the figure: 


In the right-angled triangle LCZ, 
CL: CI :: rad. : tan z ILC; 
Le l: J2 «ıı rad. : tan z ILC; 


». log. rad. + log. r/ 2=10.1505150 
= log, tan 54°, 44’. 8". 
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.*. the angle ZLC is an angle of 54°. 44’. 8”. 


To compute the angle of the rhomb. 


In the right-angled triangle BCL, 


BL: LC :; rad. : cos 2 BLC; 
i.e. (Art. 12, Part III.) 3 : 1 :: rad. : cos z BLC; 
“. log. rad. — log. 5 = 10—.4771212 
90.5228788 
= log. cos. 70°. 31’. 44". 
Therefore, the acute angle LBM of the rhomb, 
which (Art. 15. Part III.) has been shewn to be 
equal to the angle BLC, is an angle of 70°. 31’. 
44”, } 

Therefore, the obtuse angle of the rhomb 1s an 
angle of 109°. 28’. 16”, which is the double of the 
angle at which each of the equal rhombs is in- 
clined to the axis of the solid. 


SCHOLIUM. 


The fabrication of the system of cells which 
compose a honey-comb is carried on in strict con- 
formity with the theory which has been established 
in the preceding articles. 


In order that the honey-comb may be compact 
and strong, and that it may not occupy more space 
than is absolutely necessary, it is evident that there 
ought to be no interstices between the cells of which 
it is composed; it appears, from Art. 6. Part ITT, 
that there is a choice of figures, which have this 
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important property, of filling space about a given 
point, when placed in contact with each other; 
and it is shewn, in Art. 7. Part II, that, of all 
these, the hexagonal prism is of the most cecono- 
mical structure. Now this is the model according 
to which the bee really works. 

But a complete hexagonal prism is not, in 
every respect, suited to its purpose. The safety 
of the grub, and the preservation of the honey in 
which it is bedded, and which is its nutriment, re- 
quire that the cell should terminate in a solid 
angle rather than in a flat surface. Here again 
there is a choice of figure, and indeed an infinite 
variety of modes, in which such a termination 
might be formed; but it is proved, in Art. 14. 
Part III, that there is one particular mode, that is 
the most advantageous, as requiring the least 
quantity of labour and materials: and the cells of 
the honey-comb were found by MARALDI, upon 
exact measurement, to terminate in that very 
angle, which is mathematically ascertained to ren- 
der the surface the least possible, in such a struc- 
ture. Further, the surface of the cell, which from 
its figure thus secures the safety of the embryo, 
is demonstrated, in Art. 16. Part III, to be less 
even than that of a complete hexagonal prism of 
equal capacity. 

Another remarkable consequence of the actual 
construction of the cell, is the simplicity of the 
component parts of its termination. It may be 
seen, in Art. 15. Part ILI. that there are only two 
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different angles, and those each the supplement 
of the other, employed in the fabrication. This 
advantage is not wholly unconnected with the 
hexagonal form of the cells. If they had not been 
hexagonal, but had still, for a reason which has 
been given, ended in pyramids, these pyramids 
must have been bounded by trapeziuins, and not 
by rhombs; and there would neither have been 
the same regularity, nor the same facility of con- 
struction. A saving of a different kind, also, 
from that which has been pointed out, accrues 
from the termination of the cells in these equal 
solid angles, and from the rows of cells being 
placed back to back. For, by the combination of 
two bases of cells belonging to one row, with a 
third belonging to the same row, the bottom of a 
new cell is formed, belonging to the opposite 
row; and the work is strengthened by this junc- 
tion of opposite cells, and their locking, as it were, 
into each other. The regularity with which this 
most ingenious structure is carried on, by so many 
thousands of insects, labouring together without 
any plan to imitate, the great delicacy of the work- 
manship, and the extraordinary exactitude with 
which three sets of rhombs are continued in three 
planes, are truly surprizing. 

But if such depth of Geometry be manifested in 
the form, there is displayed as wonderful a regard 
to the principles of chemical science in the size, also, 
of the cell of the honey-comb. For, had its dimen- 
sions been larger than they are, the honey, with 
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which it is filled, would have fermented, and would 
thus have been spoiled. | | 

Many other circumstances, also, belonging to 
this portion of Natural History, which do not lie 
within the sphere of mathematical enquiry, are 
most worthy of observation. Se, 

Such, for example, dre the anatomy of the bee, 
the conformation of the different organs with which 
it extracts the honey and the wax, and the mecha- 
nism of its sting; its habits and propensities, its 
prognostications of the weather; its prospective in- 
dustry in laying up stores for winter, and hermieti- 
cally sealing those cells which are last to be opened ; 
its precautions against cold, which appears to be its 
greatest physical evil; its- strong affections and 
hatreds; the distribution of labour which takes 
place in the hive; the modelling of a few cells of 
larger dimensions for the propagation of drones, 
and of a still less number, apart from the rest, as 
nurseries for the queens of future swarms; the 
singular instinct by which the queen-bee constantly 
deposits the proper egg in the peculiar kind of cell 
which is accommodated to it. All these particulars 
might be enlarged upon, if this were the proper 
place, and many more, equally curious, might be 
described, which it is at once delightful and instruc- 
tive to contemplate. 
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